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BETWEEN PAIRWISE —a— PERFECT FUNCTIONS
AND PAIRWISE -7T- o— PERFECT FUNCTIONS
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ABSTRACT. Many academics employ various structures to expand topo-
logical space, including the idea of topology, as a result of the importance
of topological space in analysis and some applications. One of the most
notable of the generalizations was the definition of perfect functions in
bitopological spaces, which was presented by Ali.A.Atoom and H.Z.Hdeib.
We propose the notion of a— pairwise perfect functions in bitopological
spaces and define different types of this concept in this study. Pairwise
—T'— a— perfect functions, pairwise —a—irr-perfect functions, and pairwise
—T— a— irr-perfect functions, are all characterized in addition to pairwise
—a—perfect functions. We go through their primary characteristics and
show how they interact. Finally, under these functions, we introduce the
images and inverse images of certain bitopological features. About these
concepts, some product theorems have been discovered.
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1. Introduction

Covering spaces are well known to serve a significant role in topology [8],
[17], [18]. Many authors investigated the connections between compactness and
other topological and analytical ideas after the concept of compactness was de-
fined see [19]. Furthermore, the topologists provided a variety of compactness
generalizations based on the types of covers, open sets, and subcovers. The de-
bate over these covering spaces is still a fascinating topic in topology. Also, a
prominent topic in research is the idea of delivering weaker and stronger forms
of open sets. J.C. Kelly [11] first proposed the concept of bitopological spaces
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in 1963. There are two (arbitrary) topologies in such spaces. For detailed def-
initions and notations, the reader should consult [11]. Kelly also applied some
of the usual separation axioms produced in a topological space to a bitopologi-
cal space see [6]. Pairwise regular, pairwise Hausdorff and pairwise normal are
examples of such extensions[9]. There are several publications dedicated to the
study of bitopologies or pairs of topologies on the same set;the majority of them
are concerned with the theory, but only a few with applications. In this study,
we look at the concept of pairwise perfect function in bitopological spaces and
present some results. A set G equipped with two topologies #; and 65 is called
a bitopological space and will be denoted by (G, 601,62). A cover Q of the space
(G,6:,0,) is called p-open cover ( Fletcher et al., 1969) )[8] if Q C (G, 61,65)
and Q contains at least one non-empty member of 6; and at least one non-empty
member of 02. A space (G, 61, 65) is said to be pairwise compact (p-compact) (
Fletcher et al., 1969) if every p-open cover of X has a finite subcover. A subset
K of (G,0) is called semi-open ( Levine, 1963) ) [17], if K C Cl(IntK). The
complement of a semi-open set is called semi-closed ( Biswas, 1970) [8]. The
semi-interior of K, denoted by sInt(K), is the union of all semi-open subsets
of K while the semi-closure of A, denoted by sCI(K), is the intersection of all
semi—closed supersets of K. It is well known that sInt(K) = KNCIl(IntK) and
sCI(K) = KUInt(Cl K). If K is a subset of (G, 61, 602) then the topologies on K
inherited from 6; and 6> will be denoted by 6k and 03k respectively. In 1965,
O.Nja°stad [14] introduced the notion of a—sets. Since then, a large number
of topologists studied various properties of point set topology with the help of
a—sets we can find that in [1] , [2] , [7] , [10] , [12] , [16] . In 1985, utilizing
a-sets, Maheswari et al.[12], [13] defined the notion of a—compactness in spaces
with single topology. In 1988, Noiri et al. [14], [15] obtained further properties
of this kind of spaces.The notion pairwise compactness is current in the existing
literature. Pairwise open cover defined by Fletcher et al. [8] is instrumental for
the introduction of this concept. In like manner, defining pairwise a—cover ,
we have introduced pairwise a—compact (briefly pac) spaces. Ali.A.Atoom and
H.Z.Hdeib [3] defined the perfect functions in the bitopological spaces and gives
many properties of them.The notion of pairwise -perfect functions in bitoplogical
spaces is defined in this study. Pairwise a—perfect functions and pairwise T —
a— perfect functions are described in considerable detail. Under these functions,
we also look at the images and inverse images of specific bitopological features.
Finally, certain product theorems relating to these concepts were discovered.

2. Preliminaries

Many notions of generic topology were expanded by mathematicians. Sepa-
ration and countability axioms, compactness, connectedness, paracompactness,
metric space, and perfect functions are some of these concepts. We introduce
the context of our investigation by using the term spaces to refer to bitopological
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spaces throughout this publication. The typical perfect functions operations and
relations such as union, intersection, and inclusion will be followed. First, we’ll
go through the essential definitions and results that will be used throughout
this project.Then we go through some of these functions’ features and give some
instances.

Definition 2.1. [12] In (G, 0), K C G is called an a—set iff K C Int(Cl(Int(K))).

Nja°stad [14] used the symbol % to denote the family of all a—set in G and
showed that 8¢ is a topology on G.

Definition 2.2. [13] The complement of an a—set is called a—set closed. The
family of all a—set closed sets in G is denoted by £(6%).

Definition 2.3. [8] Let (G, #:,62) be bitopological space. K C G is termed
bi-compact iff K is both #;-compact and 6s-compact.

Definition 2.4. [11] A cover Q of (G,0;,6) is called pairwise open if Q C
01U Bgfor i =1,2, Q N6; C {p#K CG} . If every pairwise open cover of
(G, 01,05) has a finite subcover, then the space is called pairwise compact.

Definition 2.5. [11] A space (G, 01, 65) is called pairwise Hausdroff (pairwise -
Ty) if for each two distinct points g and h in G, there are a f1-open set @ and a -
open set W such that g € @, h e W, and QW = ¢.

Definition 2.6. [18] A function ¥ : (G, 61,02) — (H,e€1,€2) is called pairwise
continuous, if ¥y : (G,0,) — (H,e1) and ¥y : (G,02) — (H,ey) are continu-
ous functions .

Definition 2.7. [18] In a space (G, 01,63), 6 is said to be regular with re-
spect to 0o, if for each point g in G and each 6;-closed set N such that g ¢
N, there are a 61-open set Q and 6#s-open set W such that, g € Q, N C
W, QNW =¢.

Definition 2.8. [9] A bitopological space (G, 61, 62) is said to be pairwise normal
Jif given a 01-closed set N and 6s-closed set O with N N O = ¢,there exist a 05-
open set (), and 61-open set W, such that N CQ,0 C W, QNW = ¢.
Definition 2.9. [11] A function VU : (G, 61,02) — (H,e€1,€2) is called pairwise
closed (p-open), if ¥y : (G,01) — (H,e1) and Uy : (G, 02) — (H, €3) are closed
(open) functions.

Le., if Nyis closed in 67, then W4 (N7) is closed in €1, and if Ny is closed in 65,
then Wy(N3) is closed in es.

Definition 2.10. [3] A function ¥ : (G, 61,02) — (H,e€1,€2) is called pairwise
perfect if f is pairwise continuous, pairwise closed, and for each h € H , f~1(h) is
pairwise compact.

Definition 2.11. [16] A cover Q of (G, 61,02) is termed pairwise a—cover if
QCoy UOFand QN C{K #¢},r=1,2.
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Definition 2.12. [7] A bitopological space (G, 601,63) is said to be pairwise
a—compact, simply p.ac. if each p.a cover of (G, 61,62) has a finite subcover.

Definition 2.13. [13] A space (G, 0y, 02) is called pairwise-a—Hausdroff
(pairwise-a — 1) if for each two distinct points g and h, there are a %-open set
Q and a 05-open setW such that g€ Q, he W, and QNW = ¢.

Theorem 2.14. [9] If (G,01,02) is pairwise Hausdorff and pairwise compact,
then it is pairwise regular.

Theorem 2.15. [11] If (G, 61, 603) is pairwise compact and either 11 is regular
with respect to Oy or 0o is reqular with respect to 61, then it is pairwise normal.

Theorem 2.16. [9] If (G,601,02) is pairwise Hausdorff and bi-compact, then
01 = 05.

Theorem 2.17. [9] If (G,601,02) is bi-Hausdorff and pairwise compact, then
01 =0, .

3. Main Results

The following definitions and results will be used to establish a sufficient
requirement for pairwise a—perfect and pairwise T'— a—perfect; such as pairwise
a—open, pairwise T'—a—compact, pairwise a—Lindelof, pairwise a—continuous,
pairwise a—irresolute, pairwise a—closed.

Definition 3.1. A family K of subsets of a bitopological space (G, 01,09) is
called 61,02 — a—open if K C 6 U 63. If in addition, K N 6O # ¢ and
Kn 05 # ¢,then K is called pairwise a—open.(simply pairwise-c—open).

Definition 3.2. A bitopological space (G, 61,0s) is said to be pairwise- T —
a—compact, simply pairwise. T-a—compact. if each pairwise.« (resp. 61605 —
a—open ) cover of G has a finite subcover.

The following question is natural: Is pairwise.T-a—compact space for the
topologies equivalent to pairwise.a.compact.?

Every pairwise.T-a—compact space is pairwise-a—compact and we can easily
show that the converse is not be true. In see (Example 2.9) in [13].

Definition 3.3. A space (G,#6,03) is called pairwise a—Lindelof, simply p-
a—Lindelof if each p-a—open cover of X has a countable subcover. It is obvious
that every p-a—compact space is p-a—Lindelof, but the converse is not be true.
In [13] see (Example 2.16).

To give a sufficient requirement for pairwise o — T'—perfect, and pairwise-
a— perfect, to be coincident, the following three definitions will be used:
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Definition 3.4. A function ¥ : (G,61,605) — (H,€1,¢e2) is called pairwise
a—closed , if Uy : (G,01) — (H,e1) and Uy : (G,02) — (H,e3) are a—closed
functions.

I.e.N; is a—closed in 6§, then W(N7) is a— closed in 6§, and if N5 is a—closed
in 0%, then ¥(N3) is a— closed in 65.

Definition 3.5. A function ¥ : (G,601,02) — (H, €1, €2) is said to be pairwise
a—continuous, if ¥~Y(W) is a—open (a—closed )set for each pairwise open
(pairwise closed) set W in H.

Definition 3.6. A function ¥ : (G, 0:,63) — (H, €1, €2) is said to be pairwise
a—irresolute, if W=1(W) is a—open (a—closed )set for each pairwise a—open
(pairwise a—closed) set W in H.

Starting off, let’s define the key ideas of the paper.

Definition 3.7. A function VU : (G,01,02) — (H, €1,€e2) is called pairwise
a—perfect function, if Wis pairwise a—continuous, pairwise a—closed, and for
each h € H, ¥~1(h) is pairwise a—compact.

Definition 3.8. A function VU : (G,01,02) — (H, €1,¢e2) is called pairwise
a—T —perfect function, if f is pairwise a—continuous, pairwise a—closed, and for
each h € H, ¥~1(h) is pairwise T'— a—compact.

Definition 3.9. A function ¥ : (G,01,05) — (H,e1,€e2) is called pairwise
a—irresolute— perfect, if Wis pairwise a—continuous, pairwise a—closed, and for
each h € H, U~1(h) is pairwise a—irresolute.

Naturally, the following query arises: For the topologies, are pairwise a—perfect
functions comparable to perfect functions?

The following theorem gives that every pairwise a—perfect function is a pair-
wise perfect function.

Theorem 3.10. If a function ¥ : (G,01,02) — (H, €1, €2) is pairwise a—perfect
function then it is pairwise perfect function

Proof. Since 6 C 0% for every topology 0, it follows that every pairwise-a—compact
space is pairwise compact. By definition of pairwise- a—perfect, then it is pair-
wise perfect. O

The following example shows that the converse of Theorem 3.10 need not be
true.
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Example 3.11. Let R be the real line with 6, = {R}U{K C R:1 ¢ K}and
0 ={R}U{K C R:2¢ K}. We assert that only a—set containing 1 in (R, 6;)
is R. Hence, any a—cover O of (R,6;) surely contains R. So,{R}( is a finite
subcover of O so that (R,6;) is a—compact. Pursuing similar reasoning, we
see that (R,62) is a—compact. But (R, 01,63) is not pairwise- ¢ . For, if
we consider the family @ = {{g}:g € R\ {1}} U {1}. Hence Q is a pairwise
a—cover for (R,6;,02). But it has no finite subcover. So, (R,01,62) is not
pairwise- a— compact. Hence the result.

The following question is natural: Are pairwise a—perfect functions for the
bitopologies equivalent to pairwise T — a—perfect functions?
The following proposition follows directly by Theorem 3.10

Proposition 3.12. If a function ¥ : (G,601,02) — (H,e€1,¢€2) is pairwise T —
a—perfect, then it is pairwise a— perfect.

We can quickly show that the reverse is untrue. The notation [5] is clear to
see.

In this section, we introduce and investigate pairwise a—perfect functions in
bitopological spaces, focusing on the relationship between pairwise a—perfect
functions of a bitopological spaces and pairwise T— a—perfect functions gener-
ated in this bitopological spaces, the relationship between homogeneity of pair-
wise a—perfect functions and pairwise T— a—perfect functions generated by
bitopological spaces.

The theorem that follows is crucial, because it will be utilized to prove the
next fundamental result.

Theorem 3.13. If U : (G,61,03) — (H,€1,¢e2) is a pairwise a—perfect func-
tion, then for every pairwise a—compact subset S C H, the inverse im-
age $=1(S ) is a pairwise a—compact.

Proof. Let Q = {Q~y € ©} be a pairwise-a—open cover of (G, 61,62), since ¥

is a pairwise a—perfect function, then Vh € H, W~1(h) is pairwise a—compact,

there exists a finite subsets Oy, G*h of ©, such that ¥=1(h) C |J {W, : vy €
YEO

ot U U {Jy 7€ @*h}, also {W, : v € O} is 07- open, {J, : v €
766h
@*h} is 5-open. Let P, = H — ¥(G — |J W,) is a €f-open set containing h,
€O
and PF= H-U(G- U J,)isa eg—o;)en set containing h, where U=1(P,) C
7€6h
UW,, 2 (P)C U J.LetP ={P:he HYU{P;:he H}isa

ey YE€EOR
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pairwise- a—an open cover of H. P is pairwise a—an open cover of S . Since S

is pairwise a— compact, S C U (Py,) U U (Pf.). Thus, T71(S) C O
. i=1 J

i=1

UertF,) )y yertrr)c U w,U U Jy It’sdemeaning U1(S) is
i=1 i=1 ! V€O, :

YEO
pairwise a— compact.

Theorem 3.14. If VU : (G,01,02) — (H,€1,¢€2) is a pairwise T— a— per-
fect function, then for every pairwise a—compact subset S C H, the inverse im-
age W~1(9S) is a pairwise T— a—compact.

Proof. By the same technique used in proving theTheorem 4.1. O

The following Remarks follows directly by Theorems 4.1 and 4.2.

Remark 3.1. (i) A pairwise a—compact space is inverse invariant under pair-
wise a— perfect function.

Remark 3.2. (ii) A pairwise T— a—compact space is inverse invariant under
pairwise T — a—perfect function.

The authors establish in [1] that a pairwise perfect function is the result of
the combination of two pairwise perfect functions. Natural questions include the
following two:

a) Is the composition of two pairwise T' — a— perfect functions is a pairwise
a— perfect function?

b) Is the composition of two pairwise T' — a— perfect functions is a pairwise
a— perfect function?

The following example shows that the composition of two pairwise a— perfect
functions need not be a pairwise a— perfect function and the composition of
two pairwise T' — a— perfect functions need not be a pairwise T — a— perfect
function.

Example 3.15. Let G = {1,2,3}, 6, = {G, ¢,{1},{1,3}}, 02 = {G,¢,{2,3}},
H= {47576}7 €1 = {H7¢7{4}a{5}{475}}a €2 = {H7¢a{5}}7 S = {778’9}7771 =
{Sa b, {7}} yTl2 = {Sa ®, {Sa 9}} :

Let W : (G,91,92) — (H,El,ég), 1I : (H, 61,62) — (S, 7]1,’[72), defined \I’(l) =
4,0(2) =6,T(3) =5, II(4) = 7,1I(5) = 9, II(6) = 8. It is obvious that ¥, II are
pairwise a—continuous, but Il o ¥ is not pairwise a— continuous, since
(o W)~ ({7,9}) = {1,3}, which is not pairwise a— open set in G. Hence the
composition of two pairwise a—perfect functions is not necessary pairwise a—
perfect functions, and the composition of two pairwise T — av— perfect functions
need not be a pairwise T' — a— perfect function.
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The following theorem is a sufficient condition for two functions to be com-
bined.

Theorem 3.16. If U : (G,01,02) — (H,e1,€2) is pairwise perfect function and
IT: (H,e1,€e2) = (S,m1,m2), is pairwise a—perfect function, then IloW is pairwise
a—perfect function .

Proof. Let K be any n{*— open set in S since II is a pairwise a—perfect function,
then TI71(K) is €{— open set in H. Since V¥ is a pairwise perfect function, then
U—HII}(K)) is a €}— open set in G. Simillarly let L be any 75— open set in
S, I1o ¥ is a pairwise a—perfect function. O

Using a manner similar to that used in the demonstration of Theorem [4.5],
the proof of the following corollary follows directly.

Corollary 3.17. If U : (G,0,,02) — (H, €1, €2) is pairwise perfect function and
IT: (H,e1,€e2) = (S,m,1n2) is pairwise o — T perfect function, II o Wis pairwise
a — T perfect function.

Several key features and links between pairwise a—continuous, pairwise a—
perfect function, and composition functions are summarized in the following
theorems.

Theorem 3.18. If the composition 11 o W of the pairwise a—continuous fun-

cion, U : (G,61,03) onge (H, €1, €2),and pairwise a— perfect function II :
(H,e1,€9) oo (S,m,1m2) is a pairwise a—closed, then the function

IT: (H,e€1,¢€2) oo (S,m1,m2) is pairwise a— closed.

Proof. Let K be a ef—closed in H, then U~ (K) is % — closed in G. Since IToW is
pairwise a— closed, then II(WW ! (K)) is nf*—closed in S,i.e II(K) is nf— closed
in S. Simillary we can show that if L be a €5— closed in H, then II(L) is €§—
closed in S . Thus II is a pairwise a—closed function. O

Theorem 3.19. If the composition IloW of the pairwise a— continuous funcion

U:(G,b64,60,) onge (H, e1,€2), and a pairwise perfect function I : (H, €1, €3)
onto onto

= (S,m1,n2) is pairwise a— perfect, then the function IT : (H,e€1,€e3) —
(S,m1,m2) is pairwise a— perfect.

Proof. For every s € S, II"1(s) = ¥((ITo ¥)~!(s)) is pairwise a— compact,
by theorem 4.7 IT o ¥ is pairwise a—perfect. Since II is pairwise a— closed by
theorem 4.5, we get that II is pairwise a— perfect. O

Theorem 3.20. If U : (G,04,65) oo (H,e1,€2) is a pairwise a—-closed
function, then for any L C H the restriction ¥y : W=Y(L) — L is pairwise
a— closed.
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Proof. Let L C H .Consider the function ¥ : (G,0,) — (H,e1), let K be
a 0¢— closed. Then ¥y (KNV~Y(L)) = Y(L) L is €}~ closed in L. Sim-
ilarly, we can show that if K a 05— closed, UV (KNY~Y(L)) = ¥(K) L is
€§— closed in L. Thus ¥y : W~1(L) — L is pairwise a— closed. O

Proposition 3.21. i) If U : (G,601,05) °° (H,e1,€) is a pairwise T —
a—perfect function,

then for any L C H the restriction ¥y : W~Y(L) — L is pairwise T — a—
perfect .

onto

Proposition 3.22. i) If ¥ : (G,01,02) = (H,e1,€e2) is a pairwise T —
a—perfect function,

then for any L C H the restriction ¥, : W~1(L) — L is pairwise
T — a—perfect function.

we introduce characterizations and investigate the relationship between (
pairwise a—Hausdorff, pairwise a—regular space, pairwise a—normal, pairwise
a—paracompact, pairwise a—homeomorphism, pairwise a—strongly function)
and (pairwise a—perfect functions, pairwise T'— a— perfect functions) in bitopo-
logical spaces.

The following lemma may be proved using a similar strategy as Remark 3.1
in [5] and will be used in the proof of the next two theorems.

Lemma 3.23. A bitopological space (G,01,02) is p.a.c. if and only if each
proper 0% -closed subset of (G, 01,02) is a—compact relative to (G, 02 ), wherer, e =
1,2; r #e.

Theorem 3.24. If ¥ :(G,0;,0,) onge (H, €1, €2) is pairwise a—perfect,
where (G, 01, 05) is pairwise a—compact, and (H, €1, €5) is pairwise a— Haus-
dorff, then VU is pairwise a— closed.

Proof. If K is 09— closed subset of (G, 61, 602), then it is 83— compact, because
(G, 6;,02) is pairwise a—compact. Since WU is pairwise a—continuous. ¥(K) is
a e§—compact subset of (H, ey, €2). Since (H, €1, €2) is pairwise a— Hausdorff,
then U(K) is a €— closed. Simillary if L is a 85— closed subset of G, then ¥(L)
is a e —closed subset of (H, €1, €2). O

The proof of the following corollaly, which are similar to theorems 5.2.

onto

Corollary 3.25. If U : (G,01,02) = (H,e1,€2) is pairwise T — a—perfect,
where (G, 01, 02) is pairwise T—a—compact, and (H, ey, €2) is patrwise a— Hausdorff,
then WV is pairwise a— closed.

A sufficient condition for a pairwise a—perfect and a pairwise T — a—perfect
will be given by the following definition.
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Definition 3.26. A function U : (G,61,605) — (H,e1,€3) is called pairwise
a—homeomorphism if Wis pairwise a—continuous, pairwise a—closed( pairwise
a—open), and V¥is a bijection.

Theorem 3.27. Let V¥ : (G,601,02) — (H,e1,€2) be a p-a—-continuous bijec-
tion function. If (G,01,03) is pairwise a— Hausdorff space, and (G,0;,0s) is
pairwise-a— compact, then ¥ is pairwise a— homeomorphism function.

Proof. It’s enough to show that ¥ is pairwise a—closed. Let A be a 6%-closed
proper subset of B, and hence A is proper ¢ - compact, for r, e =1,2; 7 # e,
by using Theorem 5.2 and hence W(A) is a ef-compact, but (H, €1, €2) is pairwise
a— Hausdorff space, U(N) is €%- closed, it is mean ¥ is pairwise a— homeomor-
phism function. O

The importance of the following definition in developing the concept of strongly
and weakly functions will be used in the proof of the next main theorem.

Definition 3.28. A function VU : (G,6,03) — (H,e€1,¢2) is called pair-
wise a—strongly function( pairwise a—weakly function), if for every pairwise
a—open cover @ = {Q, : 7 € O}, there exists pairwise a—open cover W =

{W, : k € A} of H, such that W1 (W) CJQs : v € ©1,0; C O, finite}, Vw €
Ww.

Theorem 3.29. Let U : (G,01,605) — (H,e1,€3) be a pairwise a—strongly onto
function, then (G,61,02) is pairwise a—compact, if (H, €1, €2) is so.

Proof. Let @ ={Q, : v € ©} be a pairwise a—open cover (G, 61,02). Since ¥ is

pairwise a— strongly function there exists pairwise a—open cover
W = {W, :x € A}of (H,e1,€e), such that V"1 (W) C JQs : v € O1, ©1 C

O, finite}, Yw € W, but (H, €1, €2) is pairwise a—compact, so there exists ©1 C

O, where O, is finite, such that Y = J W, . Hence, G = |J ¥~}(W,) so
KEAL KREAL
each W=1(W,) contains finite members of Q. Thus G is pairwise a— compact.

In the sequel, the following five definitions will be used in theorem [5.13].
a

Definition 3.30. If Q and A are pairwise a— open covers of the bitopological
space (G, 01, 62), then Q is called a parallel refinement of A, if each Q € Q NOYis
contained in some W e A NOY, r=1,2.

Definition 3.31. If Q and A are 6102 — a— open covers of the bitopological
space (G,01,05), then @ is called a refinement of A if each Q € Q NOY is

contained in some W e A NO%, r=1,2.

T
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Definition 3.32. A family K of subsets of a space (G,0) is locally finite in

(G, 0%) if for each g € G there exists a «— open set @ such that ¢ € Q and Q
intersects at most finitely many elements of K .

Definition 3.33. A bitopological space (G, 61, 65) is called pairwise T' — a—
paracompact, if each pairwise a— open cover of G has a pairwise locally finite
0162-a— open refinement.

Definition 3.34. A bitopological space (G, 6;,602) is called pairwise a— para-
compact, if each pairwise a— open cover of G has a pairwise a— locally finite
pairwise a— open refinement.

The following theorem enumerates several key features and relationships re-
lating to the concepts in Definition [ 5.8-5.9-5.10-5.11-5.12].

Theorem 3.35. Let VU : (G,0,,05) = (H,e1,€2) be a pairwise a— perfect func-
tion, and (H, €1, ¢€3) is a pairwise T — a— paracompact, then (G, 61,02) is so.

Proof. Let Q@ = {Q+y € ©} be a p-a—open cover of (G,¥6;,0s), since ¥

is a pairwise a—perfect function, then Vh € H, W~1(h) is pairwise a—compact,
*

there exists a finite subsets Oy, O, of ©, such that U=1(h) C |J {W, : vy €
YEO
0,}U U {J, : v € 6y}, where {W, : v € B} is 6{- open, {J, : v €
WGéh
O} is 05-open. Let P, = H — ¥ (G — |J W,) is a €7-open set containing h,
YEO
and P = H—V(G— |J J,)is a €§-open set containing h, where ¥~1(P,) C
7€@*h,
UW, 2 (P)C U Jy.Let P ={P,:he HYJ{P;:he H}isa
BEAy 769*;
pairwise a—an open cover of H. P is pairwise a—an open cover of S. Since

(H, €1, €9) is pairwise T— a— paracompact P has a pairwise locally finite 616, —
a—open refinement. say M = {Mp:Le Ay }U{M;:Le Ay}, O

where {My, : L € A; } is €¢-locally finite paracompact of P, and {Mj :
L € Ay } is €5- locally finite paracompact of P}, A = A;|J As. Let Uy =

{U=Y(Mp) MWy, 7=1,2,..., n, L € Ay, v € O,} is 6% —open locally finite
refinement of {W, : v € ©,}, and let Uy = {¥~' (M}) N J,,, r=1,2,...,n, L €

Ay, v € O} is 65-open locally finite refinement of {J, : v € O }.
Let U = {U; Uz}, then U is pairwise a— locally finite 6102 — a—open

refinement. @ , so (G, 61,05) is a pairwise T — a— paracompact space.

The proof of the following corollaly, which are similar to Theorem 5.13.
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Corollary 3.36. Let U : (G,01,05) — (H,€1,¢€2) be a pairwise a—perfect func-
tion ,

and (H, €1, ¢€2) is a pairwise a—paracompact, then(G, 61, 05)is so.

The following theorem enumerates several key features and relationships be-
tween pairwise a—Hausdorff space and pairwise a—perfect functions.

Theorem 3.37. The pairwise a— Hausdorff space is invariant under pairwise
a—perfect functions.

Proof. Let (G,01,63) be a pairwise a— Hausdorff space, ¥ : (G,6,,03) —
(H,€1,€2) be a pairwise a—perfect function, and hy # he in (H, €1, €3), then
U=1(hy), U=1(hy) are disjoint and pairwise a— compact subset of (G, 01,6s) .
Since (G, 61,62) be a p-a—Hausdorff space, there exists a 6 —neighborhood Q
of G, and 0§ —neighborhood W, such that W=1(h;) C U, ¥~ (hy) CV, QNW =
¢. Let the sets H— VU (G —Q) be e§-open set in (H, €1, €2) and containing hy, H —
V(G —W) be e§-open set in (H, €1, €2) and containing hg, such that [H — ¥ (G —
Q) N H-W(G-W)| = H-[W(G—-Q) U ¥(G—W)] = H-W(G-QNW ) =
H —9(g) = ¢. Hence (H, €1, €3) is pairwise a—Hausdorff space. O

Now, based on Theorem 5.15, we can make the following remarks:

(i) The pairwise a—Hausdorff space is inverse invariant under pairwise T —
a—perfect.

(ii) The pairwise a—Hausdorff space is inverse invariant under pairwise
a—perfect.

(iii) The pairwise a—Hausdorff space is invariant under pairwise T'—a—perfect.

The following definition will be used to give a sufficient condition for lemma
5.17.

Definition 3.38. In a bitopological space (G, 01, 02), 6 is said to be a—regular
with respect to 05 if for each point ¢ in G and each 6¢- closed set N such that
g & N, there is a 6¢-open set @) and 05- open set W such that g € Q, N C W and
QNW =¢. (G,01,05) is p -a—regular if 6% is a—regular with respect to 6%
and vice versa.

The following lemma will be used in the proof of the next main theorem.

Lemma 3.39. Let G be a pairwise a—regular space, and K be 8, —a—compact
subset of G, r =1, 2, then for each 0, — a— neighborhood @ of K,

there exists a 0%—open J, such that K ¢ J C s Cl , (J) C Q, 7, e =
1,2, ré¢e.

Proof. For each k € K, there exist a % —neighborhood W (k) such that
sClogW(k) C Q,s0 K C U Wi(k;) CsClg, U W (k;). Let J = |J W(k;), then
k=1

J is 0% —open, but s Cl ¢,J =s Cl ¢, UW( i) = s Cl g, UW(k;). Hence K C

JCsClyJ CQ, 1, e=1,2 r#e O
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Theorem 3.40. Let VU : (G,0:1,02) — (H,€1,¢€2) be a pairwise a—perfect func-
tion, and (G,61,03) is a pairwise a—regular, then (H,e1,€3) is so.

Proof. Given e-open set J, h € g, r, e = 1,2, ¥71(h) € ¥~ (w) in H, since
G is pairwise a—regular, there exists §%—open set U, (by using Lemma 5.17),

such that U=1(h) € s Cl g, |JQ C ¥~ (w). Since ¥ is 62, then there exists €2 —
=1

neighborhood J of h, such that U-(h) € f~1(4) Cc W, but J C ¥(s CI Q) C
W, since ¥(s Cl ,Q) is ex—closed, h € J C (s Cl ,,(J)) C ¥(s Cl ,Q) C
W. Hence H is pairwise a— regular. U

Now, based on Theorem 5.18, we can make the following remarks:

a)The pairwise a—regular space is inverse invariant under pairwise a.—perfect.

b)The pairwise a—regular space is invariant under pairwise T — a—perfect.

¢) The pairwise a— regular space is inverse invariant under pairwise T —
a—perfect.

Proposition 3.41. Let ¥ : (G,01,602) — (H,e1,€3) be a pairwise perfect func-
tion, and G is pairwis a—regqular space then H is pairwis regular space.

Proof. Since every a—regular space is regular space (see [7]) , and by the defi-
nition of pairwise perfect function. Hence the result. O

In the sequel, the following definition will be used in Theorem 5.21.

Definition 3.42. A bitopological space (G, 01, 63) is called pairwise a—normal,
if each 0% —closed set K and 0% —closed set L, there exists 2 —open set ) and
0% —open set W, such that K C Q, LCW, QNW =¢, r, e=1, 2, r#e.

Theorem 3.43. Let VU : (G,01,02) — (H,e€1,€2) be a pairwise a—perfect func-
tion, and (G, 61,02) is a pairwise a—normal, then (H, €y, €2) is so.

Proof. Tt follows by using Lemma 5.17 and theorem 5.18. O

The following theorem and corollary show that some product and have been
discovered.

Theorem 3.44. Let (G,01,02),(H, €1, €3), be any bitopological spaces. If (G, 01, 63)
is pairwise T —a—compact, then the projection function, ® : (Gx H, 01 X €1 , 05X
€2) — (H,€1,€2) is pairwise a— closed.

Proof. If (G, 01, 02) is pairwise T'— a—compact, then (G, 0;) is T — a—compact,
(G, 09) is T — a—compact, thus the projection functions: ®; : (GX H, 61 xe; —
(H,e1), ®2: (G X H, 03 x ea — (H,e€3), are a— closed, thus ® is pairwise a—
closed. O

Corollary 3.45. Let (G, 01,602), (H, €1, €2) are pairwise T—a—compact then (G x
H, 01 X €1 ,05 X €2) is pairwise T — a—compact.
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4. Conclusions

In analysis, topology, and other fields, the usage of sets and functions for
topological spaces has recently advanced dramatically. This study is primar-
ily concerned with bitopological spaces. This work introduces a new class of
sets, together with certain related functions and separation axioms, that can
be used to define a variety of new topological spaces and functions. The study
of pairwise a—perfect functions and T"— a—perfect functions is of great impor-
tance because it provides a general frame that consists of parameterized classical
bitopological spaces. The present work aims to study the perfect function of
bitopological spaces in the a—setting. Our results mainly investigate invariant
properties between pairwise a—perfect functions and pairwise 7' — a—perfect
functions. Thus, we define additive and finitely addictive properties. In this
regard, we demonstrate some additive properties such as pairwise a—open, pair-
wise T' — a—compact, pairwise a—Lindelof, pairwise a—continuous, pairwise
a—irresolute, pairwise a—closed. With the help of illustrative examples. We
show that the properties of pairwise a—perfect functions and T'— a—pfuncerfect
functions are not equivalent and focus on the homogeneity and relationship
between pairwise a—perfect functions and pairwise T — a—perfect functions
generated in this bitopological spaces. We intend to research more concepts
in future studies, such as introducing characterizations and investigating the
relationship between ( pairwise a—Hausdorff, pairwise a—regular space, pair-
wise a—normal, pairwise a—paracompact, pairwise a—homeomorphism, pair-
wise a—strongly function) and (pairwise a—perfect functions, pairwise T — a—
perfect functions) in bitopological spaces. Finally, our new findings are ex-
pected to have applications in general topology (particularly in characterizing
some compactness notions) and a variety of other sciences, and we hope that this
work will aid researchers interested in topological functions in studying proper-
ties as a new characteristic of the concepts. The results of this study can be
further expanded according to the thought in [4, 5], which will be the way for
much future research.
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