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Abstract: - The continuity is generalized by the notion of w —continuous functions. In this research, we present
a new weaker form for continuous functions called pairwise w —continuous functions. Additionally, we define
pairwise barely w —continuous functions, a new, weaker form of barely w —continuous functions. We study
the basic characteristics and impacts of pairwise w —continuous functions, clarifying their connection with
typical continuity and providing perspectives on the wider field of topological analysis. It explores related ideas
like the w —limit, which describes how sequences behave over certain conditions when the function is applied.
In addition, the concepts highlight the importance of pairwise w —continuous functions in theoretical and
practical conditions by discussing their relationships with other functional structures. An extensive number of
demonstrative examples will be presented, along with the new results and theorems about pairwise barely
w —continuous and pairwise w —continuous functions that generalize.
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1 Introduction basic components. Moreover, these two concepts
Pairwise-o-continuous function analysis is seen as have a great deal of utility in implementations;
an extension of a similar topic in topological spaces, topology is employed in various fields of analysis as
whose was a development of topological spaces well as logical “mathematics, and  continuous
with simply one topology. function conceptions are utilized widely in

The primary goal for including w-continuous mathematlcal aqaly5|s. Slnce in, [1;|, first proposgd
functions in the topology is to generalize certain the idea of a bitopological space in 1963, certain
characteristics of continuous functions. In generic topological properties of single topology such as

topology, compactness and lindelof are the most compactness and paracompactness have been



generalised to bitopological spaces, as well as
separation axioms, connectedness, function types,
and more concepts. In 1982, [2],demonstrated that
the lindelof property is maintained by counter
images of w —closed mappings using lindelof
counter images for points. He introduced a new type
of mapping, called w —closed mappings, that are
strictly weaker than closed mappings. Also, he
demonstrated that if the inverse image of every
point in the range is paracompact with respect to the
domain  (lindelof,  respectively), then the
paracompactness  (strongly  paracompactness)
property is maintained by obtaining counter images
of w —closed mappings using regular domains.
Moreover, he defined P* —space as a generalisation
of P —space and demonstrated that for any
P* —space Y, the projection of P:EXV - V is
w —closed if and only if X is in a lindelof space.
Additionally, he derived various product theorems
related to lindelof for paracompact and strongly
paracompact spaces using P* —spaces. He then
discusses a few different examples that relate to the
definitions and theorems that are provided. In 2021,
in, [3], introduces pairwise w —perfect functions as
well as pairwise M — w —perfect functions,
describing their features and searching for
homeomorphisms between various bitopological
spaces under their influence. Finally, he provides
the product theorem characterizations. In 2022, [4],
presented the idea of weakly « —continuous
functions within bitopological spaces as a
generalisation of u — w —continuous functions, and
they obtained numerous features and some of their
characteristics. Also, in the same year 2022, [5],
proposed the idea of nearly w —continuous
functions  within bitopological spaces as a
generalization of u — w —continuous functions, and
they established several results and some of their
characteristics. While, in 2022, [6], created a new
type of function via w —open sets that he named
rarely w —continuous function and examined many
characteristics of this function. Throughout this
research, we will use pair—compact, which refers to
pairwise compact and pair— to denotes pairwise. If
(E, ay, ay)represents a bitopological space and
A < E; then the closure for A with regard to a; and
a,, respectively, will be indicated by the symbols
cli(A) and cl,(A). Let A be a subset of E and let
(E,a) be any topological space, a point e €
(E, a4, ay)is known as the condensation point of A
if HN A is uncountable set, for any H € a with
e € H. The following describes the way, [7],
described w —closed sets as well as w —open sets. If
A has all its condensation points, it is said to as

w —closed. w —open is the complement of a
w —closed set. Additionally, the intersection with all
w —closed sets that contain A will be indicated by
cl® (A4). Also, the space (E, a4, a3), or just E refers
to any bitopological space on which, unless
otherwise specified, no separation axioms can be
taken  for assumed in  this  resaerch.
Pair—w —continuous functions are a new kind of
weakened continuous function that is introduced in
this study. Additionally, we define pair—barely
w —continuous functions, a new, weakened type of
barely continuous functions. First, in Section 3, we
establish numerous characteristics of
pair—w —continuous functions. Several examples
are provided in Section 4 to show how
pair—w —continuous ~ functions and  certain
weakened forms of pairwise continuous functions
are connected. In the end, we show whether a
pair—o-continuous image that represents a
pair—lindel6f space is also a pair—lindel6f space in
Section 5 by presenting a new, basic
characterization of pair—lindel6f spaces.
Furthermore, as demonstrated in Section 5, a
pairwise only barely « —continuous image is
hereditarily. Applications of continuous functions
with different topological spaces can be found in
(8], [9], [10], [11], [12], [13], [14], [15], [16], [17],
[18], [19], [20], [21], [22], [23], [24], [25]. [26],
[271, [28], [29].

2 Preliminaries

This section presents some significant concepts
along with specifics are covered that used within the
research.

Definition 2.1, [2] A function y:(E,aq,ay) —
(R,B1,B2) is said to be pair—continuous if the
functions ¥;: (E,ay) = (R,B1) and ¢,: (E, ay) —
(R, B,) are continuous.

Definition 2.2, [2] A function ¥:(E,a,, @) =
(R, B1, B>2) is said to be pair—closed if the functions

Y1:(E,a1) > (R, By) and ¢,: (E, az) — (R, ;) are
closed.

Definition 2.3, [2] Let (E,a;, ;) be any
bitopological space. Then, a cover h of the space
(E,aq,ay) is called a;a, —open if h c a; U a,.
Moreover, h is called pair—open if h has at least
one-nonempty member of a,.

Definition 2.4, [2] Let (E,a;,a,) be any
bitopological space. Then, the space is called



pair—lindel6f if any pair—open cover of (E, ay, ;)
has a countable subcover.

Definition 2.5, [2] Let (E,a;,a,) be any
bitopological space. Then, the space is called
s —lindelof if any a;a, —open cover of (E, ay,a,)
has a countable subcover.

Definition 2.6, [2] Let (E,a;,a,) be any
bitopological space. Then, the space is called
pair—countably compact if any countable pair—open
cover of (E, ay, @) has a finite subcover.

Definition 2.7, [2] Let (E,a;,a,) be any
bitopological space. Then, the space is called
semi—countably compact if any countably
a,a, —open cover of (E,a;,a,) has a finite
subcover.

Definition 2.8, [2] A function y:(E,aq,a;) —
(R, B1,B,) is said to be pair—lindelof if for any
pair—lindel6f closed subset H of the space

(R, By, B>), Y~ 1(H) is pair—lindelof.

Definition 2.9, [10] A function ¥:(E,aq,a;) —
(R, By, B,) is said to be semi—lindel6f if for any
semi—lindelof closed subset H of the space
(R, By, B2), Y~ 1(H) is semi—lindelof.

Definition 2.10, [10] Let (E,a;,a;) be any
bitopological space, then we called a, represents
locally lindel6f with a respect to a,, if there exists
ay nbd h,, of x for any y € (E, a;,@;), such that
hy,? is pair—lindelof.

Definition 2.11, [10] Let (E,a;,a,) be any
bitopological space, then the space called
pair—locally lindel6f if and only if «, is locally
lindelof with respect to «a,,, where n,m = 1,2 and
n +m.

Definition 2.12, [22] A function ¢: (E,a,, ;) =
(R, B1,B2) is said to be pair—w —closed if the
functions  represent  pair—closed sets onto
pair—w —closed sets.

Definition 2.13, [24] A function ¢: (E, aq, ;) —
(R, B1,B2) is called pair—weakly continuous if for
any pair—open set A c R, there is Y~1(4) is
pair—w —open.

Definition 2.14, [25] A function ¥: (E, a,, ;) =
(R, B1,B2) is called pair—almost continuous if for
any y € E and any f; —open set v of R containing

Y(y) there exists a; —open set u containing y such

that () < B; — int( B; — CL()).

Definition 2.15, [25] A function ¢: (E, a1, a;) =
(R, B1,B>) is called pair—weakly continuous if for
any y € E and any f; —open set v of R containing
Y(y) there exists a; —open set u containing y such

that Y (u) c B; — v.

Recall that if an arbitrary neighbourhood (in
simply nbd) for a point y in a space E includes an
uncountable subset of the set A c E , then the point
y is known as a condensation point of a set A.

Definition 2.16, [29] Let (E,a;,a,) be any
bitopological space and A € E. The space is said to
be pair—w —open if for any a € A there is a
pair—open subset of h, containing a such that the
set h, — A is countable. Moreover, the complement
set of pair—w —open is called pair—w —closed set.
The family of all pair—w —open (respectively
pair—w —closed) subsets of (E,a;,a,) is
represented as  pair—w — BO(E),(respectively
pair—w — BC(E)). Additionally, the family of all
pair—w —open of the space (E, a4, a,) containing a
is represented as pair—w — BO(E; a).

Definition 2.17, [29] Let (E,a;,a;) be any
bitopological space and A € E. The space is said to
be semi—w —open if for any a € A there exists
a,a, —open subset of h, containing a such that the
set h, — A is countable. Moreover, the complement
set of semi—w —open is called semi—w —closed set.
The family of all semi—w —open (respectively
semi—w —closed) subsets of (E,aq,a,) is
represented as semi—w — BO(E) (respectively
semi—w — BC(E)). Additionally, the family of all
semi—w —open of the space (E, a;, a,) containing
a is represented as semi—w — BO(E; a).

Definition 2.18, [29] A function y: (E,aqy,a3) =
(R,B1,B2) is said to be semi—w —closed if the
functions  represent semi—closed sets onto
semi—w —closed sets.

Theorem 2.19, [29] (i) Every pair—w —subset of
the pair—lindel6f space is pair—lindel6f.

(i) Let function y:(E,a,,a,) = (R, B, B2) be
any pair—function. Then the following facts are
equivalent: (a) ¢ is pair—w —closed; (b) for any
r € (R,B4,B,) and each pair—open set H, where
Y~ 1(r) c H, there exists pair—w —open set H,
such thatr € H, and Y~ 1(H,) c H.



(iii) Every pair—lindel6f, pair—w —open subset B of
(E,aqy,a;) represent G \ A, which G is pair—open
and A is countable set such that B is G5 —set.

3 Properties of Pairwise w-Continuous

Functions

Additional results regarding the topological
attributes of pairwise-w-continuous functions are
presented in this section. Following this, we will
talk about the idea of pairwise-w-continuous
functions, extract some of their traits, and explain
how they relate to various kinds of pairwise-o-
continuous  functions, providing examples to
demonstrate for every instance. There will also be
discussion and proof of other theories on this topic.

Definition 3.1 A function ¢:(E,aq,a;) —
(R, B4, B2) is said to be pair—w —continuous at the
point a € (E,ay,a,), if for any pair-open set B
containing y(a), there is pair—w —open set A
containing a such that y¥(A) ¢ B. Moreover, a
function ¥ is called pair—w —continuous on
(E, aq, ay), if the function v is pair—w —continuous
at any point of (E, a1, a,).

The subsequent pair of instances demonstrates
that pairwise-o-continuous functions at a specific
point are not always pairwise almost continuous at
the identical place, and pairwise almost continuous
functions at a particular point are not always
pairwise w-continuous at the identical location.

Example 3.2

Let the set R represents the real numbers and let a,,
is the usual topology on R. Providing the function
Y: (R, ay, ) = (R, ay, ) , Which is defined as
Y (2)=0, in the case of a z is rational, and ¥ (2)=1,
in the case of a z is irrational. Therefore at each
irrational number, y is pairwise-w-continuous; at
every single real number, nevertheless, v is not
pairwise almost continuous.

Example 3.3

Let the set R represents the real numbers and let a,,
is the usual topology on R. Consider Z = {n,m},
with the topology a={Z ¢,{n}. Consider
Y: (R, ay, ay) = (R, a,a), which is defined as ¢
(2)=a, in the case of a z is rational, and ¥ (z)=b, in
the case of a z is irrational. nevertheless, v is
pairwise almost continuous at every rational
number, nevertheless, y is not pairwise-o-
continuous.

Any pair—continuous function is obviously
pair—w —continuous. The example that follows,
nevertheless, demonstrates that this need not be
necessary.

Example 3.4 Let a be any topology on R where n
neighborhoods of every nonzero point are as in the
form of usual topology, whereas n neighborhoods of
H will represent as A/K, with A is a neighborhoods

of H in the usual topology and Kz{%,mz

1,2, } Now, let @, be a usual topology on R. Let

the identity function be denoted by : (R, a,,, a,,) =
(R, a, ). Then, while v is clearly pair—continuous,
it cannot be pair—w —continuous at H as a result.

Note that if (E, @, @) represents a bitopological
space, then the family of every one of w —open sets
represent a topology «,, which is finer than a.
Therefore, :(E,a,a) = (R,B1,B;) s pair-o-
continuous if and only if :(E, a, a,)
(R, B4, B7) is pair—continuous. The next theorems
are then stated with simplicity.

Theorem 3.5 Let ¢: (E,ay,a5) = (R,B1,5,) be a
function. Then we have the equivalent statements as
follows:

(1) the function v is pair—w —continuous,

(2) the function y:(E,a,, a@,) = (R, B1,B2) is
pair—continuous,

(3) for any pair—open set A of (R, 51, 5;), ¥~1(4)
is pair—w —open set in (E, a, a).

(4) for any pair—closed set B of (R, 51, 8,), ¥~ 1(B)
is pair—w —closed set in (E, a, ).

Theorem 3.6 If Y.:(E, a1, a3) = (R, B1,B2) IS
pair—w —continuous, and Y,: (R, B1,B2) —
(S,v1,¥2) is pair—continuous, then o, is
pair—w —continuous.

Theorem 3.7 If Y.:(E,a;,a5) = (R, B1,B2) is
pair—w —continuous and E; c E, then the function

¢/ E, IS pair—w —continuous.

Theorem 3.8 If y;:(E,a;,a;) = (R, By, B2) is
pair—continuous and ,: (E, as, @) = (S,v1,72)
be pair—w —continuous, then ,,:(E,a;,a3) =
(R X S,B1 Xy1,B2 Xy2) represents as ;,(y) =
(¥1(»), ¥, (¥)) is pair—w —continuous function.

Proof Let u; X v; be basics of f; xy; —open
subset of (R X S, By X y1, B2 X ¥2). Then 13 (uy X
v1) =it (uy) Nyt (vy). Now, since



Y1:(E,a1,a3) = (R, B1,82) be pair—continuous
and Yo (B, aq, a2) = (S, 71,72) be
pair—w —continuous ~ functions,  Y7(uy) s
f1 —open and Y51(vy) is y; — w —open. Thus,
Y13(us X v1) is a; — w —open. In the same way
for u, Xxv, a basics B; X y; —open subset of
(R xS, 1 X y1,B2 X v2). Hence, the function  ,
is pair—w —continuous.

Theorem 3.9 Let the function ¥ ,: (E, aq,a;) —
(Ey X Ey,ay Xap) is  defined as  ¢;,(y) =
(7101(}’):‘/)2()’))1 where Y12:(E, a1, az) =
(Ey, a12). Then iy , is pair—w —continuous if and
only if ¥, and vy, are two pair—w —continuous
function.

Proof =) Assume that v, , is pair—w —continuous.
As Y, = Ji0Y1,, Where the projection function
J1:(E; X Ey, a1 X ay) = (E,a1), SO by theorem
(3.4) we have 1, is pair—w —continuous. In the
same way, as we can demonstrate that i, is
pair—w —continuous.

<) Assume that the functions ¥; and ¥, are two
pair—w —continuous. Let H be a; X a, subset of
(E; X E;, @1 X a) such that H = v X E,, where the
set v is a a; —open of (Ey, ;). Thus ¥i3(H) =
Y1i(w). But  the  function is
pair—w —continuous, so the set Y7l(v) s
pair—w —open. Therefore, the function
Y120 (E, @y, ap) = (Ey X By, a4 X at3) is
pair—w —continuous.

Theorem 3.10 Let ¢:(E,ay, ;) = (R, B1,B,) be
any function and y € (E,ay,a;,). If there exist a
pair—open set V of (E,aq,a;) such as y € V, and

the function "b/v is pair—w —continuous at y.

Proof Assume that the subset W is f; —open of

(R, B4, B,) containing ¥ (y). Since the function "D/V
is pair—w —continuous at y, then there is a a; —
w —open set 0 of V containing y such that 1(0) =
("D/V) (0) c W. Since the set V is pair—open of
(E,ay,a3) and y € V, so since If y,: (E, 2y, ) =
(R, B4, B7) is pair—w —continuous and E; c E, then
the function l'D/E is pair—w —continuous , we have
1

0 € «a,, containing y. In the same way of the proof,
for the subset Z is B,-open of (R, 51, B2) containing
WY(y). Therefore, the function Y s
pair—w —continuous at y.

Corollary 3.11 Let the function y: (E,a,ay) —
(R,B1,B2) and N = {N_.:€ € Y} be any pair—open
cover of (E,ay,,),suchas N, € a,, forany e € Y.

If the function l’b/N is pair—continuous for any
€
€ €Y, then ¥ is pair—w —continuous.

It can be observed in the following example that two
pair—w —open sets do not necessarily have to be
pair—w —open products.

Example 3.12 Let E = (R, a,, ay,), S = (R, a,, ay,)
where the set Q represents the irrational numbers of
E and I=1(0,1) is subset of S. Then Q s
pair—w —open set in E and I is pair—open in S, so it
is pair—w —open set. Moreover, Q X[ is not
pair—w —open set.

Question: Let the functions ,:(E, aq,ap) >

(Ry,B1,B2) and ¥y (Ez, ay, ;) = (Ry, B, B2) be
two pair—w —continuous. Is the function ¥, =
(Y1 X 3): (B X Bz, a1 X @z, a1 X az) >

(Ry X Ry, 1 X B2,B1 X B,)  pair—w —continuous.
In fact, the answer will be negative. The example
below demonstrates this.

Example 3.13 Let the set R represents the real
numbers and let «, is the usual topology on R.
Assume that E = {c,d} such that a = {0,E,{c}},
and the function vY;:(R,ay ay) — (E,a, )
represents as ¥, (y) = c is irrational, ¥, (y) =d is
rational. Now, let the identity function is
Yo (R, ay, ay) = (R, ay, ay). Thus, it clearly that
the  functions ¥, and Y, are two
pair—w —continuous. Now, suppose that the
function 1, = (Y1 X P2): (R X R, ay, X ay, ay, X
a,) = (E; XRaXay,,aXa,) represents as
V1201¥2) = (W1(n), ¥2(32)).  Let  the  set
U={c}x(0,1) is a X a, —open in E; X R. So,
Pr3) = Yited) x Y7 1((0,D)) = @ x (0,1),
but by previous example (3.11), we have y13(U) is
not pair—w —open. Therefore, the function vy, , is
not pair—w —continuous.

Definition 3.14 A space (E,a;,a;) is called
pair—w —compact, if any pair—w —open cover of
the space E has a finite subcover.

Definition 3.15 A space (E,aq,a,) is called
pair—w —lindeldf, if any pair—w —open cover of
the space E has a countable subcover.



Definition 3.16 A space (E,a;,a,) is called
pair—w —closed compact, if any pair—w —closed
cover of the space E has a finite subcover.

Definition 3.17 A space (E,aq,ay) is called a
countably pair—w —closed compact, if any
countable pair—w —closed cover of the space E has
a finite subcover.

Theorem 3.18 Let the surjection function
Y: (E, a1, a3) = (R, B1,B2) is pair—w —continuous.
Then the next statements are hold:

(1) If (R,Bq,B2) is pair—w —lindel6f space, then
(E, ay, ay) is pair—lindelof,

(2) If (R,B4,B,) is countably pair—w —compact
space, then (E, ay, ;) is pair—countably compact.

Proof (1) Let #={us;e€Y} be any
pair—w —open cover of (E,a;,a,), since y is
surjection function and pair—w —continuous, then
for any r € (R, B, B,), there exists Y,, for any
Y, € Y is countable subcover such that y~1(r)

Ueeyr{ve: €eE€Y,}U Ueev;{“’f: € €Y;}, where the
set {v.:€ €Y, } is a; — w —open, and {w.:€ € Y;'}
is a, —w —open. Now, let the set H, =R —

Y (E ~U.oy vE) is a §; — w —open containing 7,
and the set Hf =R —1 (E - UeEY*r We) is a
B, — w —open containing r, where Y 1(H,) S
UEEYT ve, YIH) S UEEY*T we. Let the cover

H={H,:r € RYU{H;:r € R} is pair—w —open of
R. Since R is pair—w —lindeldf space, then R S

LJOo (H, ) U LJOo (H;. ). Therefore, p(R) S
n=1 m=1

U Y=1(H,, ) U U Y U(Hy ) € Uy L.
n=1 m=1

That is the space E is pair—lindelof.

(2) Similar to the prove of part (1).

Corollary 3.19 Let the surjection function
Y: (E,aq,a3) = (R, By, B,) is pair—w —continuous.
Then the next statements are hold:

1) If (E,ay,ay) is pair—w —lindel6f space, then
(R, B4, B2) is pair—lindeldf,

(2) If (E,ai,ay) is countably pair—w —compact
space, then (R, B4, B2) is pair—countably compact.

Theorem 3.20 Let the surjection function
Y: (E,ay,a3) = (R, By, ) IS pair—w —continuous.
Then the next statements are hold:
(1) If (R, By, B7) is pair—w —closed compact space,
then (E, a4, a,) is pair—compact,

(2) If (R, B1,B2) is pair—w —closed lindel6f space,
then (E, a4, a;) is pair—lindel6f,

(3) If (R, B4, B2) is pair—w —closed compact space,
then (E, a4, a,) is pair—countably compact.

Proof We can prove this theorem in the same way
as the previous theorem (3.18).

Corollary 3.21 Let the surjection function
Y: (E,aq,a,) = (R, By, B2) is pair—w —continuous.
Then the next statements are hold:

(1) If (E, a1, ay)is pair—w —closed compact space,
then (R, B4, B2) is pair—compact,

(2) If (E,aq,a,)is pair—w —closed lindel6f space,
then (R, B1, B,) is pair—lindelof,

(3) If (E,ay,a,) is pair—w —closed compact space,
then (R, B4, B2) is pair—countably compact.

Definition 3.22 A space (E,aq;,a,) is called
pair—w — T, space, if for any two distinct points p,
and p, of (E,aq,a,), there exists two sets u and v
is pair—w —open containing p; and p,, respectively,
where p, € uand p; € v.

Definition 3.23 A space (E,aq;,a;) is called
pair—w — T, space, if for any two distinct points p,
and p, of (E,aq,a,), there exists two sets u and v
is pair—w —open, where p, € u and p, € v.

Theorem 3.24 Let the injection function
Y: (E,aq,a,) = (R, By, B2) is pair—w —continuous
and (R, B;,B,) is pair—T; space. Then the space
(E, a1, ay) is pair—w — Tj.

Proof Assume that (R, 81, 5,) is pair—T;. For any
two distinct points p, and p, of (E,ay,a;), there
exists B, —open set u and 5, —open set v such that
Y €Eu, Y(p) €u, Y(p) €v, P(p2) Ev.
Since Y is pair—w —continuous and injection
function, then there are subsets ¥~ '(u) of
(E,a;,a;) is a; —w —open and y~1(v) of
(E,ay,ay) is a, —w —open, such that p; €
ll}_l(u)’ p2 ¢ ll}_l(u)’ P1 ¢ ¢‘1(v), p2 € ¢_1(17)-

Thus, the space (E, a4, @) is pair—w — T;.

Corollary 3.25 Let the injection function
Y: (E,aq, ;) = (R, By, B2) IS pair—w —continuous
and (R, B;,B,) is pair—T; space. Then the space
(R, By, B>) is pair—w — T;.

Theorem 3.26 Let the injection function
Y: (E,ay,a;) = (R, By, B2) IS pair—w —continuous
and (R, B;,B,) is pair—T, space. Then the space
(E,aq,ay) is pair—w — Ty.



Proof Let (E,a;,a,) is pair—T, space, and the
injection function y:(E,aq,a,) = (R, B, B2) i
pair—w —continuous, and p; # p, in (R, By, F2),
then ¥~1(p,), ¥~ 1(p,) are two disjoint subsets of
(E, a1, a3). Since the space (E, aq,ay) is pair—T,,
there exists two sets a; —open u of (E, ay,a,), and
a, —open v, such that Y ~1(p;) S u, Y~ 1(p,) S v,
unv=@. Since P is pair—w —continuous and
injection function, then the sets R — y/(E — u) be
Bi-w —open in (R,B4,B,) and containing p,,
R —yY(E —v) be f, —w —open in (R, B, B,) and
containing p,, such that [R—y(E—-u)NR—
YE-v)]=R-[YE-wWUYPE -V)]=R -
Y(E —-unv)=R—vyY({p)=¢. Thus, the space
(R, By, B2) is pair—w — T,.

Corollary 3.27 Let the injection function
Y: (E, a1, a3) = (R, B1,B,) is pair—w —continuous
and (E,aq,a,) is pair—T, space. Then the space
(R, B1,B2) is pair—w — T,.

4 Relations Pairwise w —Continuous

Function with Forms Continuity
Observe that the pair—w —continuous functions at
any given point may not always be pair—almost
continuous functions at the same point, as
demonstrated by the next two examples, which also
demonstrate that pair—almost continuous functions
at any given pointdo not always have to be
pair—w —continuous at the same point.

Example 4.1 Let the function ¥: (R, a,, a,) —
(R, ay, @) defined as (q) =0, if g is rational
number and ¥(q) =1 if q is irrational number.
Then the function vy is pair—almost continuous at
any rational number. Nevertheless, the function v is
not pair—w —continuous at each real humber.

Example 4.2 Let the real number set be denoted by
R, and represents the usual topology on R by «,,.
Assume that E = {c,d} with a = {0,E,{c}}.
Now, let ¥: (R, a,, @, ) = (E,a,a) is a function
such that ¥(q) = ¢ for irrational g and ¥(q) =d
for rational q. Then, for every rational number, vy is
a pair—w —continuous function. At any real
number, the function ¥ cannot be pair—almost
continuous.

Observe that the pair—w —continuous functions
at any given point may not always be pair—weakly
continuous functions at the exact same point, as
demonstrated by the next two examples, which also
demonstrate that pair—weakly continuous functions

at any givenpointdo not always have to be
pair—w —continuous at the exact same point.

Example 4.3 At every irrational number, the
pair—w —continuous function 1, as defined in
example [4.1], exists. Nevertheless, the function
cannot be pair—weakly continuous.

Example 4.4 Let the real number set be denoted by
R, and represents the co-countable topology on R
by aco.. Assume that E = {c,d,f} with a =
{0, {c}{f}{c.f}}. Now, let ¥:(Ray, a,) —
(E,a,a) is a function such that ¥ (q) =c for
rational g and Y (q) = d for irrational g. Then, for
any irrational number, Y is a pair—weakly
continuous function. At any real number, the
function vy cannot be pair—w —continuous.

Definition 4.5 A function ¢:(E,aq,ay) —
(R, B1, B>) is called pair—sequentially continuous if
for any pair—sequence (q,;) € E  such that

(qni) = q we have ¥(qp;) - P(q), fori = 1,2,

Note that the function that is defined in example
[4.5] is not pair—w —continuous; more so, it is
pair—weakly and pair—sequentially continuous.
Conversely, the next example demonstrates that a
pair—w —continuous function does not necessarily
imply a pair—sequentially continuous function.

Example 4.6 Let the function ¥: (R, ay, a,) =
(R, @oer Acoc) 1S identity. Then, the function y is
pair—continuous (pair—w —continuous). But the
function y cannot be pair—sequentially continuous.
U U@ NC=¢. Thus {v,;a €A’} is a
finite subcover of PV for C. Hence C is
al; —compact.

5 Pairwise w —Barely Continuous
Functions and Pairwise
Lindelof Space

Theorem 5.1 The following are hold for every
bitopological space (E, a;, a5):

(1) the space (E, a4, ay) is pair-lindelof,

(2) any pair—w —open cover of E contains a
countable pair—subcover.

Proof (1) = (2) Assume that @i = {u.:e € Y} is
pair—w —open cover of (E,aq,ay), since
(E, aq,ay) is pair—lindel6f, so we have countable
subsets Yy Yq of the family Y, then contains



pair—open cover ¥ ={v.:e € Y} U{we €Yy},
where {vc:e €Y} is a; —open, {w. e €Yy} is
a, —open, for any e €Y,, v./u. is countable;
€ € Yq, and w, / u, is countable. Now, the space E
is pair—lindelof gives that ¥ contains a countable
pair—subcover{{ven}:=1:e € Yq} U {{Wen}:

1€ E
1
Y;}. Therefore, the set {uen}:;l covers E by
Ve, /Ue,In=1U {We, /ue, n=1 but the  set
Un=1{{ve, /ue, } U {ve, /uc,}} is countable, thus E
is covered with countably members of ii. Therefore,
we get the result.

(2) = (1) is obviously.

Theorem 5.2 Let the function y:(E,a, ap) =
(R, B1,B,) is pair—w —continuous. If (E,aq,a,) is
pair—lindel6f, then (R, B4, B,) is so.

Proof Let ¥ ={v.:e €Y,}U{wee€ey;} be any
pair—open cover of (R,f;,B,), where the set
{vee€Y,} is By —open and {w.e€ Y;} is
B, —open.  Since  the  function is
pair—w —continuous, then & = {1 (v,):€ € Y} U
{1 (w.):€ € Y7} is pair—w —open cover of the
space (E,a;,a,), which the set {y~1(v.):e € Y}
is a; —w—open, and {Yl(w)e€Y;} s
a, —w —open. Now, since (E,aq,a,) is
pair—lindel6f, by theorem (5.1) we have i contains
a countable pair—subcover such that
{0 Wl e € Y} U (W)l e € ;).
Therefore, {{velmei:€ € Y.} U {{welmeq:e € Y} is
countably pair—subcover of ¥. Thus, the result.

Corollary 5.3 Let the function y:(E,aq,ay) —
(R, B1,B2) is pair—w —continuous. If (R, By, B,) is
pair—lindel6f, then (E, a4, a5) is so.

Corollary 5.4 Let the function y:(E,aq,a3) =
(R, B1,B2) is pair—continuous. If (E,a;,az) is
pair—lindelof, then (R, B4, B,) is so.

Theorem 5.5 The following are hold for every
bitopological space (E, a;, @5):

(1) the space (E, a4, @) is pair-lindel6f,

(2) any family {A.: € € Y} pair—w —closed sets of E
which contains a countable intersection property
that has nonempty intersection.

Definition 5.6 The function :(E,a,,ay) —
(R, B1,B2) is called pair—barely continuous if for
any nonempty pair—closed E; c (E,aq,a,), the

restriction 1/)/ E, contains there exists one point of
pair—continuity.

Definition 5.7 The function :(E, a1, ;) =
(R, B4, B7) is called pair—w —barely continuous if
for any nonempty pair—closed E; c (E, a4, a5), the

restriction lp/ E, contains there exists one point of
pair—w —continuity.

Theorem 5.8 Let the function y:(E,aq,a;) =
(R, B1,B2) is pair—barely w —continuous. If the
space (E,aq,a,) is a hereditarily lindel6f, then
(R, B4, B2) is pair—lindelof.

Proof Assume that ¥ = {v.:€ € Y,} U{w € € Y;}
is pair—open cover of (R, B,B,), which the sets
{vere €Y, } is By —open, {were € Y} is B, —open
and @ ={yY (e e Y Ju{y i (w)e e Y} is
pair—open cover of the space (E,aq,a;), which
{7 (w):e €Y, }is a; —open, {1 (v.):e € Y*, }
is a, —open set. Now, let §={gg:0 € 0,}U
{gp:0 € 0,}, the set {gy:0 € 64} is a; —open,
{gp:0 € 0,} is a, —open, O = @, U O, where § is
pair—open subset of (E, a4, a,) that covered by a
countably numbers of members of . Also, let
9" = Ugeo, 9o U Ugeo, gp-  Since  the  space
(E,a1,ay) is hereditarly lindelof, we get g* € g.
Thus, the elements of g* is maximal of §. Assume
that g* # E, then the nonempty subset of (E, a4, a;)

that 6 = E/g* is pair—closed. Thus, the function

¢/9 is pair—w —continuous at some p € 6. Now,
let v € ¥ such as yY(p) € v, then there a set N is
pair—w —open containing p as Y(NNO) cv.
Additionally, there is a set L is pair—open
containing p as L/N is countable. Therefore, L U G~

is covered with countably numbers of members of
. Thus, L U g"eg that is contradiction with g* is a
maximal element of g, §* = E. So, E is covered by
countably subcolletion of ii. Hence, ¥ contains
countable subcover, and so the space (R, S;,8,) is

pair—lindelof.

Corollary 5.9 Let the function y:(E,a,,ay) =
(R, B4,B2) is pair-barely continuous, then if the
space (E,aq,a,) is a hereditarily lindel6f, then
(R, B1, B2) is pair—lindelof.

Remark 5.10 Notice that although the function in
example (4.1) is pair—barely w —continuous, it
cannot be pair—barely continuous.



6 Conclusions

As we have seen in this research, the functions of
w —continuous are a generalization of continuous
functions. They have a way to hold onto sequence
limits and are specified on topological spaces. This
implies that the image of a series under the function
will likewise converge to the image of the point if it
contains a sequence of points in the function's
domain that converge to a point. It's a means of
applying the idea of continuity to more complex
circumstances such as weakened these functions, so
based on that we get and explored in this research
their master features, such that the concepts of
pairwise w —continuous as well as pairwise barely
continuous functions. We have looked at these ideas'
key characteristics and revealed how they relate to
other circumstances. We identified their principal
characteristics as a whole and defined the conditions
that must be met in order to attain comparable
connections between them. We talked about their
main traits and demonstrated how they work
together. The report also highlighted the
characteristics of these functions and offered
numerous instances of them. These functions will
serve as a springboard for research into all of these
functions' possible futures. Future studies might
look into investigating other variations of these roles
such as in fuzzy, soft and group, [30], [31], [32].
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