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Abstract 
We investigated the flow and heat transfer characteristics of Casson-Micropolar hybrid nanofluid over 

a stretching sheet/cylinder, incorporating Joule heating, thermal radiation, and variations in thermal 

conductivity and viscosity. The nanoparticles of 𝐴𝑔 and 𝐶𝑢𝑂 with base fluid 𝐸𝐺(Ethylene Glycol) are 

discussed. Additionally, the study explores the impact of an inclined magnetic field on the flow 

behavior. The governing partial differential equations describe the conservation of mass, energy, and 

momentum which are transformed into a nonlinear ordinary differential equation by means of 

appropriate similarity transformations. These equations are then cracked numerically using a reliable 

computational technique. The study reveals significant influences of hybrid nanofluid properties on 

the velocity, temperature, and microrotation profiles. The inclined magnetic field significantly affects 

fluid dynamics, leading to flow resistance and thermal performance variations. The results highlight 

the importance of these factors in enhancing the thermal efficiency of systems using hybrid nanofluid. 

The heat transfer of sheet achieved more as compared to stretching cylinder. 

Keywords: Casson Micropolar Hybrid nanofluid; Inclined magnetic field; Variable Thermal 

conductivity and Viscosity; Radiation and Heat generation; Numerical approach.

1 Introduction 
Micropolar fluid theory enhances classical fluid mechanics by accounting for microstructural effects 

in fluids containing microscale suspended particles. These fluids exhibit micro-rotation and rotational 

inertia, making the theory highly applicable to complex fluids such as blood, polymeric solutions, and 

liquid crystals. A notable application of micropolar fluid mechanics lies in biomedical engineering, 

particularly in the development of advanced prosthetic devices and synthetic organs. For example, 

micropolar fluid theory provides more accurate representations of blood behavior in modeling blood 

flow through microvascular networks, accounting for the rotational motion of red blood cells, which 

classical fluid models cannot capture. This improved understanding aids in developing more effective 

medical devices that better mimic natural blood flow, enhancing patient outcomes in various medical 

treatments. The initial idea about the micropolar fluid theory was presented by Erimgen [1]. He made 
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noteworthy improvements in fluid mechanics by reviewing the behavior of micropolar fluids in the 

occurrence of stretching surfaces. Kazakia and Ariman [2] have extended the characteristics of 

micropolar fluid behavior and expanded the understanding of these complex fluids beyond their 

mechanical characteristics. They are characterized by their microstructure and the presence of intrinsic 

angular momentum. Char and Chang [3] reported the features of micropolar fluid in the presence of 

natural convection. They also discussed the micropolar fluid using the flat plate within wall 

conduction. Tomar and Kumar [4] discussed the impact of elastic wave propagation using the 

cylindrical bore under the micropolar fluid. They developed analytical solutions and discussed the 

implications of their findings for material science and engineering applications, where micropolar 

elasticity plays a crucial role. Elbarbary and Elgazery [5] developed the numerical results for 

stagnation flow using the micropolar fluid. The variable properties have been studied in their analysis 

at stretchable cylinder. Rehman et al. [6] studied a micropolar fluid's flow and heat transfer at a 

stretchable cylinder having vertical exponentially. They focused on how stretching affects fluid flow 

and heat transfer features, highlighting the interaction between microstructural properties and 

boundary layer dynamics. Abbas et al. [7] investigated the flow of a micropolar nanofluid around a 

circular cylinder having stagnation point and slip phenomena. The research explored how nanoparticle 

additives influence flow and heat transfer, with implications for thermal management and nanofluid 

applications. Khan et al. [8] examined non-Newtonian-based micropolar fluid flow over a nonlinear 

stretching cylinder having Soret and Dufour number impacts. Their work extended the understanding 

of micropolar fluid behavior in nonlinear flow regimes, highlighting the impact of thermal and mass 

diffusion on flow characteristics. Recently, few authors have been developed the models using the 

micropolar for different assumptions see Refs. [9-10]. 

Nanofluid is created by adding very small particles to base fluids such as ethylene glycol, water or oil. 

Nanofluids have improved thermal characteristics, with higher heat transfer coefficients and thermal 

conductivity. This improvement is due to the nanoparticles' high surface area to volume ratio, which 

allows for better interaction with the base fluid. One practical use of nanofluids is in cooling high-

power electronics and microprocessors, where efficient heat dissipation is crucial. For example, by 

incorporating nanofluids into the cooling systems of data centres, the improved thermal conductivity 

allows more effective removal of heat generated by densely packed electronic components. This 

enhances the reliability and performance of electronic devices and supports energy efficiency by 

reducing the need for additional cooling infrastructure. Ultimately, this contributes to sustainable and 
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high-performance computing solutions. Due to several real-life applications, Choi and Eastman [11] 

considered the mixture of simple fluid with solid nanosized particles. This analysis developed several 

ideas because a lot of attention was achieved. The base fluid and nanoparticle mixture gained a higher 

heat transfer rate than ordinary fluid. Li and Kleinstreuer [12] worked on the Choi and Eastman [11] 

model. They discussed the thermal performance using the microchannel. Gorla et al. [12] highlighted 

the impact of nanofluid using stretchable surfaces in the cylindrical form. Several authors did study 

the development in heat transfer enhancement about more performance higher achieve heat. During 

this analysis, the word hybrid nanofluid developed. Hybrid nanofluid, which combines two or more 

different kinds of nanoparticles suspended in a base fluid, offers improved thermal properties 

compared to traditional nanofluid. The combined effect of the various properties of the mixed 

nanoparticles improves thermal conductivity, heat transfer abilities, and stability. The applications of 

hybrid nanofluid include use in electronic devices and advanced cooling systems for high-volume 

automotive engines. Al2O3–Cu/water hybrids synthesized through advanced methods was calculated 

by Suresh et al. [13]. Sarkar et al. [14] have comprehensively reviewed various applications of hybrid 

nanofluids in renewable energy and thermal systems. Huminic and Huminic 15] investigated hybrid 

nanofluid flow with entropy generation. Furthermore, recent studies have expanded the exploration of 

hybrid nanofluids to magnetic fields and biomedical applications. Alghamdi et al. [16] deliberated the 

influence of hybrid nanomaterial flow of MHD at stretchable surface. Alsaedi et al. [17] investigated 

the influence of magnetic fields with hybrid nanofluid flow. Some authors have recently developed 

models using hybrid nanofluid under different assumptions (see Refs. [18-19]). 

Casson fluid model defines the behavior of non-Newtonian fluid with yield stress. Below stress, the 

fluid acts like a solid, and above it, it flows like a viscous fluid. This model is particularly helpful in 

predicting the flow of substances like blood, chocolate, and certain cosmetic products. One of the 

practical applications of Casson fluid mechanics is in hemodynamic, where it is used to study blood 

flow in arteries. Casson model is more effective for dual behavior since blood has both solid and fluid 

properties due to the presence of plasma and red blood cells. Casson fluid mechanics is applied in 

biomedical engineering and is crucial for accurate blood flow simulations. The researchers led to 

improved designs for medical devices, such as stents and artificial heart valves. Batra and Das [20] 

initiated the stress tensor for Casson fluid model and implemented on the rotating cylinder. Pandey 

and Tripathi [21] outlined the features of a Casson fluid in the peristaltic model using a finite channel. 

Malik et al. [22] deliberated the Casson nanofluid at an exponentially vertical stretchable cylinder. 
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Tulu and Ibrahim [23] used the spectral relaxation technique to analyze Casson nanofluid. Their 

investigation emphasized the importance of considering non-Fourier heat conduction effects to predict 

heat transfer rates in Casson nanofluid systems accurately. Dawar et al. [24] reported the inspiration 

of gyrotactic microorganisms and magnetic fields on Casson fluid flow over a stratified stretching 

cylinder. Nawaz et al. [25] conducted a predictor-corrector technique to analyze the electrical MHD 

flow of Casson nanofluids. Arif et al. [26] designed a finite difference method coupled with a neural 

network approach to study Casson nanofluid flow. Some authors have recently developed models 

using Casson fluid under different assumptions (see Refs. [27-28]).

The analysis of fluid flow over a stretching cylinder is a significant area of study in fluid dynamics 

because it has practical applications in industrial processes. The stretching process develops heat and 

mass transfer rates, making it important in wire drawing, polymer extrusion, and glass fiber 

production. An actual application is manufacturing optical fibers, where precise control of the surface 

quality and cooling rate is crucial. Engineers must understand the fluid flow and heat transfer 

characteristics over a stretching cylinder. The influential work by Wang [29] delved into the fluid flow 

produced by a stretchable cylinder. Ishak et al. [30] examined the impacts of uniform suction and 

blowing on flow with heat transfer at a stretching cylinder. Mastroberardino and Paullet [31] 

investigated the steady stagnation flow at stretching cylinder. Malik et al. [32] studied the flow and 

heat transfer features of magnetohydrodynamic (MHD) Sisko fluid at a stretching cylinder. Usman et 

al. [33] examined the effects of velocity and thermal slip on Casson nanofluid flow over an inclined 

permeable stretching cylinder. Bilal et al. [34] performed of fluid flow at a stretching cylinder. 

Recently, authors have developed the results about stretching cylinder under flow assumptions (see 

Refs. [35-37]).

This study aims to uncover the potential of hybrid nanofluid in Casson micropolar fluid over a 

stretching sheet/cylinder offers transformative potential for advanced thermal management. Hybrid 

nanofluids enhance thermal conductivity, while Joule heating and thermal radiation affect heat 

transfer. Variable thermal conductivity and viscosity add complexity, making optimization crucial. An 

inclined magnetic field provides an additional control mechanism, influencing flow and heat transfer. 

The governing differential equations are defining the conservation of momentum, mass, and energy 

which are altered into a nonlinear ordinary differential equation using appropriate similarity 

transformations. These equations are then cracked numerically using a reliable computational 

technique. The study reveals significant influences of hybrid nanofluid properties on the velocity, 
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temperature, and microrotation profiles. The findings will lead to innovative engineering designs and 

optimization strategies, driving technological advancements in thermal engineering.

Fig. 1: Flow pattern over stretching sheet/cylinder.

2 Mathematical formulation
Steady flow of incompressible hybrid micropolar casson nanofluid flow over a permeable stretching 

cylinder/sheet is considered which is seen in Fig. 1. Thermal radiation and temperature dependents 

properties have been considered in the present analysis. The accurate angle of inclined magnetic field 

Π applying with y-direction. As the 𝛱 =
𝜋
2, the magnetic field behaves as a transverse magnetic field. 

𝑈1 and 𝑉1 are the velocity components along the axial and radial direction in case of stretching 

cylinder (in case of stretching sheet in 𝑥 ― , 𝑦 ―  directions). The flow is expected to be in the axial (

𝑥) direction, with the radial direction being normal to 𝑥. The entire analysis is conducted under the 

expectations of boundary layer theory. The expression is presented as (see Refs. [38-39]):
∂𝑉1

∂𝑟 +
𝑉1

𝑟 +
∂𝑈1

∂𝑥 = 0, (1)
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𝜌ℎ𝑁𝐹 𝑈1
∂𝑈1

∂𝑥 + 𝑉1
∂𝑈1

∂𝑟  

=
1
𝑟

∂
∂𝑟 𝑟 𝜇ℎ𝑁𝐹(𝑇) +

𝑃𝑟

2𝜋𝑐
+ 𝑘∗ ∂𝑈1

∂𝑟 ― 𝜎ℎ𝑁𝐹𝛽0
2𝑈1 sin2(Π ) + 𝑘∗ ∂(𝑁𝑟)

∂𝑟 ―
𝜈ℎ𝑁𝐹

𝑘0
∂𝑈1

∂𝑟 ,

(2)

𝜌ℎ𝑁𝐹𝑗 𝑈1
∂𝑁
∂𝑥 + 𝑉1

∂𝑁
∂𝑟  = γℎ𝑁𝐹

1
𝑟

∂
∂𝑟 𝑟

∂𝑁
∂𝑟 ― 𝑘∗ 2𝑁 +

∂𝑈1

∂𝑟 , (3)

𝑈1
∂𝑇
∂𝑥 +   𝑉1

∂𝑇
∂𝑟 =

1
 (𝜌𝑐𝑝)ℎ𝑛𝑓

1
𝑟

∂
∂𝑟 𝐾ℎ𝑁𝐹(𝑇)𝑟

∂𝑇
∂𝑟 +

1
 (𝜌𝑐𝑝)ℎ𝑁𝐹

𝑅1(𝑇 ―  𝑇∞) ―
1

 (𝜌𝑐𝑝)ℎ𝑁𝐹

1
𝑟

∂(𝑟𝑞𝑟)
∂𝑟 .(4)

With the following suitable boundary conditions: 

𝑈1 = 𝑈𝑤,    𝑁1 = ―𝑛
∂𝑈1

∂𝑟 ,   𝑉1 = 𝑉𝑤,   𝑇 ― 𝑇𝑤 = 0,   𝑎𝑡   𝑟→𝑏,

𝑈1→0,   𝑇→ 𝑇∞,   𝑁1→0,   𝑎𝑠 𝑟→∞.
(5)

Where, 𝛾1 = 𝜇𝐵
2𝜋𝑐

𝑃𝑟
 is Casson fluid parameter. γℎ𝑁𝐹 = 𝜇ℎ𝑁𝐹(𝑇) + 𝑘∗

2  is the viscosity of spin radiation 

of hybrid nanofluid. 𝜇ℎ𝑁𝐹(𝑇) = 𝜇ℎ𝑁𝐹(1 ― 𝑀Θ(𝜉)) is variable viscosity of hybrid nanofluid. 𝐾𝐻𝑁𝐹(𝑇)

= 𝑘ℎ𝑁𝐹(1 + 𝐸Θ(𝜉)) is the variable thermal conductivity of hybrid nanofluid. 𝜎ℎ𝑁𝐹 is electric 

conductivity of hybrid nanofluid. The thermal expansion coefficient is 𝛽0. 𝑞𝑟 is heat flux of radiative. 

The Reynold approximation of heat flux of radiative is presented as 𝑞𝑟 = ―
4𝜎∗

3𝑘1

∂𝑇4

∂𝑟 . The constant 

Steffen Boltzmann is 𝜎∗. 𝑘1 is absorption coefficient. Differences of Temperature within the flow are 

considered to be sufficiently small, so 𝑇4 presented as a temperature linear function. The 𝑇4 expanding 

using the Taylor series about 𝑇∞ and diminished the higher order terms consider as 𝑇4≅4𝑇∞
3𝑇 ― 3

𝑇∞
4. The special transformation have been introduced as following:

𝑈1 =  
𝑈0𝑥

𝑙 𝐻𝜉(𝜉),   𝑉1 =  ―
𝑏
𝜐𝑓

𝜐𝑓𝑈0

𝑙 ,   𝜉 =
𝑟2 ― 𝑏2

2𝑏
𝑈0

𝜐𝑓𝑙,   𝑁 = 3 𝑈0

𝑙
𝑥𝑟

𝑏 𝜐𝑓
𝐺(𝜉),         𝑇 =  𝑇∞

+ (𝑇𝑤 ―  𝑇∞)Θ(𝜉).

(6)

The non-dimensional equations are become as 

𝜌𝐹

𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹

𝜇𝐹
1 +

1
𝛾1

+ 𝜒 (1 + 2𝜉Α)(1 ― 𝑀Θ(𝜉))𝐻𝜉𝜉𝜉(𝜉) + 2𝐴(1 ― 𝑀Θ(𝜉))𝐻𝜉𝜉(𝜉) ― 𝑀(1 + 2𝜉Α)

𝐻𝜉𝜉(𝜉)Θ𝜉(𝜉) + 𝐻𝜉𝜉(𝜉)𝐻(𝜉) ― 𝐻𝜉(𝜉)
2

― 𝜆
𝜌𝐹

𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹

𝜇𝐹
(1 ― 𝑀Θ(𝜉))𝐻𝜉(𝜉) ― Δ

𝜌𝐹

𝜌ℎ𝑁𝐹

𝐻𝜉(𝜉)sin2(Π ) + 𝜒
𝜌𝐹

𝜌ℎ𝑁𝐹
(1 + 2𝜉Α)𝐺𝜉(𝜉) + 2𝐴𝐺(𝜉) = 0,

(7)
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𝜌𝐹

𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹

𝜇𝐹
+

𝜒
2 (1 + 2𝜉Α)(1 ― 𝑀Θ(𝜉))𝐺𝜉𝜉(𝜉) + 4𝐴(1 ― 𝑀Θ(𝜉))𝐺𝜉(𝜉) ― 𝑀(1 + 2𝜉Α)𝐺𝜉(𝜉)Θ𝜉(𝜉

) + 𝐺𝜉(𝜉)𝐻(𝜉) ― 𝐴𝐺(𝜉)𝐻(𝜉) ― 2𝐻𝜉(𝜉)𝐺(𝜉) ―
𝜒
2

𝜌𝐹

𝜌ℎ𝑁𝐹
𝐺(𝜉) + 𝐻𝜉𝜉(𝜉) = 0,

(8)

1
𝑃𝑟

(𝜌𝑐𝑝)𝐹

(𝜌𝑐𝑝)ℎ𝑁𝐹

𝑘ℎ𝑁𝐹

𝑘𝐹
(1 + 2𝜉Α)(1 + 𝐸Θ(𝜉))Θ𝜉𝜉(𝜉) + 2𝐴(1 + 𝐸Θ(𝜉))Θ𝜉(𝜉) + 𝐸(1 + 2𝜉Α)Θ𝜉(𝜉)Θ𝜉(𝜉

) +
4
3 𝑅𝑑 (1 + 2𝜉Α)Θ𝜉𝜉(𝜉) + 2𝐴Θ𝜉(𝜉) + Θ𝜉(𝜉)𝐻(𝜉) ― 2𝐻𝜉(𝜉)Θ(𝜉) + 𝑆

(𝜌𝑐𝑝)𝐹

(𝜌𝑐𝑝)ℎ𝑁𝐹
Θ(

𝜉) = 0,

(9)

With boundary condition 

𝐻(0) = 𝑄,  𝐻𝜉(0) = 1,  𝐻𝜉(∞) = 1,Θ(0) ― 1 = 0,     𝐺(0) = ―𝑛𝐻𝜉𝜉(0),    𝐺(∞) = 0,         Θ(∞) = 0.(10)
Table 1: Thermodynamic properties of fluid and particles (see Ref. [39]). 

𝑐𝑝(Heat Capacity) 𝜌(Density) 𝑘(Thermal Conductivity) 𝑃𝑟(Prandtl Number) 𝜎(Electric Conductivity)
𝐸𝑡ℎ𝑦𝑙𝑒𝑛𝑒 𝑔𝑙𝑦𝑐𝑜𝑙 2382.1 1117.48 0.2492 210.3 1.07 × 10―8

𝐴𝑔 233 10500 429 6.3 × 10―7

𝐶𝑢𝑂 531.8 6320 76.5 5.8 × 10―7

The thermodynamic properties are detailed in Table 1, with the thermodynamic expressions for 

nanoparticles and the base fluid provided as follows: 

𝜌ℎ𝑁𝐹 = 1 ― 𝜙𝐴𝑔 (1 ― 𝜙𝐶𝑢𝑂)𝜌𝐸𝐺 + 𝜙𝐴𝑔𝜌𝐴𝑔 + 𝜙𝐶𝑢𝑂𝜌𝐶𝑢𝑂,

(𝑐𝑝𝜌)ℎ𝑁𝐹 = 1 ― 𝜙𝐴𝑔 (1 ― 𝜙𝐶𝑢𝑂)(𝑐𝑝𝜌)𝐸𝐺 + 𝜙𝐴𝑔(𝑐𝑝𝜌)𝐴𝑔 + 𝜙𝐶𝑢𝑂(𝑐𝑝𝜌)𝐶𝑢𝑂,

𝑘ℎ𝑁𝐹 =
𝑘𝐴𝑔 + 2𝑘𝐵𝐹 ― 2𝜙𝐴𝑔(𝑘𝐵𝐹 ― 𝑘𝐴𝑔)
𝑘𝐴𝑔 + 2𝑘𝐵𝐹 + 𝜙𝐴𝑔(𝑘𝐵𝐹 ― 𝑘𝐴𝑔) 𝑘𝐵𝐹,

𝑘𝐵𝐹 =
𝑘𝐶𝑢𝑂 + 2𝑘𝐸𝐺 ― 2𝜙𝐶𝑢𝑂(𝑘𝐸𝐺 ― 𝑘𝐶𝑢𝑂)
𝑘𝐶𝑢𝑂 + 2𝑘𝐸𝐺 + 𝜙𝐶𝑢𝑂(𝑘𝐸𝐺 ― 𝑘𝐶𝑢𝑂) 𝑘𝐸𝐺,

𝜎ℎ𝑁𝐹 =
𝜎𝐴𝑔 + 2𝜎𝐵𝐹 ― 2𝜙𝐴𝑔(𝜎𝐵𝐹 ― 𝜎𝐴𝑔)
𝜎𝐴𝑔 + 2𝜎𝐵𝐹 + 𝜙𝐴𝑔(𝜎𝐵𝐹 ― 𝜎𝐴𝑔) 𝜎𝐵𝐹,

𝜎𝐵𝐹 =
𝜎𝐶𝑢𝑂 + 2𝜎𝐸𝐺 ― 2𝜙𝐶𝑢𝑂(𝜎𝐸𝐺 ― 𝜎𝐶𝑢𝑂)
𝜎𝐶𝑢𝑂 + 2𝜎𝐸𝐺 + 𝜙𝐶𝑢𝑂(𝜎𝐸𝐺 ― 𝜎𝐶𝑢𝑂) 𝜎𝐸𝐺.

Nomenclature
Density of hybrid nanofluid 𝜌ℎ𝑁𝐹 Heat capacity of 𝐶𝑢𝑂 (𝑐𝑝)𝐶𝑢𝑂
Solid nanoparticle of 𝐴𝑔 𝜙𝐴𝑔 Heat Capacity of 𝐴𝑔 (𝑐𝑝)𝐴𝑔
Solid nanoparticle of 𝐶𝑢𝑂 𝜙𝐶𝑢𝑂 Heat Capacity of Ethylene glycol (𝑐𝑝)𝐸𝐺
Density of Ethylene glycol 𝜌𝐸𝐺 Thermal conductivity of 𝐴𝑔 𝑘𝐴𝑔
Density of 𝐶𝑢𝑂 𝜌𝐶𝑢𝑂 Thermal conductivity of 𝐶𝑢𝑂 𝑘𝐶𝑢𝑂
Electric conductivity of 𝐶𝑢𝑂 𝜎𝐶𝑢𝑂 Thermal conductivity of Ethylene glycol 𝑘𝐸𝐺
Electric conductivity of 𝐴𝑔 𝜎𝐵𝐹 Electric conductivity of Ethylene glycol 𝜎𝐵𝐹
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Casson fluid parameter 𝛾1 Viscosity of spin hybrid nanofluid γℎ𝑁𝐹
Thermal expansion coefficient 𝛽0 Constant of Steffen Boltzmann 𝜎∗

Wall temperature 𝑇𝑤 Absorption coefficient 𝑘1
Temperature 𝑇 Wall velocity 𝑈𝑤
Velocity components 𝑈1, 𝑉1 Micropolar component 𝑁
Fluid constant 𝑛 Vortex viscosity 𝑘∗

Variable viscosity 𝑀 Curvature factor Α
Porosity factor 𝜆 Variable thermal conductivity 𝐸
Micropolar factor 𝜒 Magnetic field Δ
Radiation 𝑅𝑑 Casson fluid factor 𝛾1
Temperature profile Θ Heat generation 𝑆
Micro-rotation profile 𝐺 Velocity profile 𝐻

The physical measures of consideration are skin friction and local Nusselt number, which are defined 

and conveyed as follows:

𝐶𝑓 =
2𝜏𝑤

𝜌𝑓𝑈𝑤2 ,   𝑁𝑢𝑥 =
𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤 ―  𝑇∞) . (11)

The Eq. 11 become non dimensional and defined as:

𝐶𝑓𝑅𝑒
1
2 =

𝜌𝐹

𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹

𝜇𝐹
(1 ― 𝑀Θ(0)) +

1
𝛾1

+ 𝜒 ― 𝑛𝜒 𝐻𝜉𝜉(0) ,

𝑁𝑢𝑥𝑅𝑒―1/2 =
1

𝑃𝑟
(𝜌𝑐𝑝)𝐹

(𝜌𝑐𝑝)ℎ𝑁𝐹

𝑘ℎ𝑁𝐹

𝑘𝐹
(1 + 𝐸Θ(0)) +

4
3 𝑅𝑑 Θ𝜉(0).

(12)

The Reynold number is 𝑅𝑒.

3 Numerical procedure 
The bvp4c numerical technique is used to solve nonlinear higher-order differential equations that have 

specific boundary conditions. This method involves breaking down the intricate higher-order 

differential system into a system of first-order differential equations, which can then be solved 

numerically. The model's convergence is achieved by reducing the residual error and achieving the 

tolerance threshold. The steps involved in this numerical technique include the following:

𝑋(1) = 𝐻(𝜉); 𝑋(2) = 𝐻𝜉(𝜉); 𝐻𝜉𝜉(𝜉) = 𝑋(3);𝐻𝜉𝜉𝜉(𝜉) = 𝑋𝑋1; 𝑋(4) = 𝐺(𝜉);
 𝑋(5) = 𝐺𝜉(𝜉);  𝐺𝜉𝜉𝜉(𝜉) = 𝑋𝑋2; Θ(𝜉) = 𝑋(6);𝑋(7) = Θ𝜉(𝜉); Θ𝜉𝜉(𝜉) = 𝑋𝑋3; (13)
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𝑋𝑋1

=
―1

𝜌𝐹
𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹
𝜇𝐹

1 +
1
𝛾1

+ 𝜒 (1 + 2𝜉Α)(1 ― 𝑀𝑋(6))
(

2
𝜌𝐹

𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹

𝜇𝐹
1 +

1
𝛾1

+ 𝜒 𝐴(1 ― 𝑀𝑋(6))𝑋(3) ― 𝑀(1 + 2𝜉Α)𝑋(3)𝑋(7) + 𝑋(1)𝑋(3)

― 𝑋(2)𝑋(2) ― 𝜆
𝜌𝐹

𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹

𝜇𝐹
(1 ― 𝑀𝑋(6))𝑋(2) ― Δ

𝜌𝐹

𝜌ℎ𝑁𝐹
𝑋(2)sin2(Π ) + 𝜒

𝜌𝐹

𝜌ℎ𝑁𝐹
((1

+ 2𝜉Α)𝑋(5) + 2𝐴𝑋(4)));

(14)

𝑋𝑋2

=
―1

𝜌𝐹
𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹
𝜇𝐹

+
𝜒
2 (1 + 2𝜉Α)(1 ― 𝑀𝑋(6))

𝜌𝐹

𝜌ℎ𝑁𝐹

𝜇ℎ𝑁𝐹

𝜇𝐹
+

𝜒
2

(4𝐴(1 ― 𝑀𝑋(6))𝑋(5) ― 𝑀(1 + 2𝜉Α)𝑋(7)𝑋(5)) + 𝑋(5)𝑋(1) ― 𝐴𝑋(1)𝑋(4) ― 2𝑋(2)𝑋
(4) ―

𝜒
2

𝜌𝐹

𝜌ℎ𝑁𝐹
(𝑋(4) + 𝑋(3)) ;

(15)

𝑋𝑋3

=
―1

1
𝑃𝑟

(𝜌𝑐𝑝)𝐹
(𝜌𝑐𝑝)ℎ𝑁𝐹

𝑘ℎ𝑁𝐹
𝑘𝐹

+
4
3 𝑅𝑑 (1 + 2𝜉Α)(1 + 𝐸𝑋(6))

1
𝑃𝑟

(𝜌𝑐𝑝)𝐹

(𝜌𝑐𝑝)ℎ𝑁𝐹

𝑘ℎ𝑁𝐹

𝑘𝐹

(2𝐴(1 + 𝐸𝑋(6))𝑋(7) + 𝐸(1 + 2𝜉Α)𝑋(7)𝑋(7)) +
4
3 𝑅𝑑(2𝐴𝑋(7)) + 𝑋(7)𝑋(1) ― 2𝑋(6

)𝑋(2) + 𝑆
(𝜌𝑐𝑝)𝐹

(𝜌𝑐𝑝)ℎ𝑁𝐹
𝑋(6) ; 

(16)

The boundary condition at surface: 
𝑋0(1) ― 𝑄;  𝑋0(2) ― 1;   𝑋∞(2);   𝑋0(4) = ―𝑛𝑋0(3); 𝑋∞(4); 𝑋0(6) ― 1;   𝑋∞(6); (17)

4 Results and discussions
The system of differential equation which have developed under the flow assumptions and boundary 

layer approximations. The mathematical model have been cracked through numerical scheme and 

involving physical factor impact phenomena offered in the form of graphs and tabular form. Figs. 2-5 

reported the physical features of external forces on velocity function. The velocity curves turn into 

increased due to addition in micropolar fluid factor which seen in Fig. 2. Micropolar factor has 

additional viscosity impacts due to the fluid microstructure. Higher values of the micropolar fluid 

parameter indicate a stronger interaction between the microelement and the fluid motion. Due to 

current phenomena, the velocity function increased. The impression of velocity and porosity factor 

presented in Fig. 3. The velocity curved reported to declining behaviour due to higher values of 

porosity factor. The current analysis of observed phenomena indicates that the relationship between a 

stretchable surface and fluid is inversely proportional according to Darcy's law. The fluid motion 

declined due to an augmentation in the porosity factor, which is resistance to declining fluid velocity. 
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The relation between nano concentration factor and velocity function which presented in Fig. 4. The 

velocity is noted to be decay due to upper values of nano concentration factor. With the rise in 

nanoparticle concentration, the effective viscosity of the fluid escalates. The communication between 

the nanoparticles and the fluid molecules, as well as among the nanoparticles themselves, creates 

additional internal friction, which in turn changes the behavior of the fluid. The higher viscosity means 

that the fluid encounters more resistance to flow, resulting in a reduction in the velocity profile. Fig. 

5 reported the inversely relationship between fluid velocity and Casson fluid factor. The increment of 

the Casson fluid factor boosts the fluid viscosity. Due to the increment in viscosity, the viscosity resists 

fluid motion and velocity decline near the surface. Fig. 6 presented the influence of micropolar rotation 

factor on micro rotation profile. Curved of micro rotation profile boosted up due to increment in micro 

rotation profile. The thicker boundary layer impact developed due to an increment in the micropolar 

factor as well as micropolar rotational profile increased. This leads to an upsurge in the microrotation 

profile as the microelements participate more actively in the flow dynamics. Fig. 7 reported the effects 

of nanoconcentration on micropolar profile. The curved of micropolar profile is noted to be decline by 

higher values of nanoparticle concentration factor. With higher nanoparticle concentration, the 

boundary layer may become thinner, affecting the distribution of microrotation near the stretching 

surface. A thinner boundary layer means less space for microrotation effects to manifest, leading to a 

decline in the micropolar profile. Figs. 8-11 revealed the inspiration of physical factor on the 

temperature. Fig. 8 emphasised the impressions of variable thermal conductivity on temperature. The 

temperature become higher by increasing values of variable thermal conductivity. Thermal 

conductivity and temperature of fluid directly relation. The thermal conductivity boosted up 

ultimately, temperature of fluid boosted up. The deviation of temperature and nanoparticle 

concentration revealed in Fig. 9. The temperature noted to be higher due to increment in nanoparticle 

concentration. Nanoparticles can also alter the convective heat transfer characteristics of the fluid. As 

nano concentration upsurges, the convective heat transfer coefficient can change, affecting heat 

transport within the fluid. Changes in heat transfer dynamics lead to higher temperatures in regions 

influenced by nanoparticles. Fig. 10 is offered the inspiration of thermal radiation on temperature. The 

temperature revealed to be enhance due to enlarging values of radiation. The deviation of temperature 

and heat generation revealed in Fig. 11. Temperature noted to be higher due to increment in heat 

generation. The additional heat energy diffuses and rises the temperature of the surrounding fluid.
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Table 2 reported the effect of casson factor, micropolar factor, variable viscosity, heat generation, 

radiation, porosity factor, variable thermal conductivity, suction factor, magnetic field and 

nanoconcentration on the Nusselt number and skin friction. The magnitude of skin friction increased 

while Nusselt number reduced by enlarging values of casson fluid factor. The magnitude of skin 

friction declined and Nusselt number increased by enlarging values of micropolar factor. As the 

micropolar factor rises, the micro-rotational effects within the fluid change the velocity and stress 

distributions near the surface. This change often decreases the velocity gradient at the boundary, 

reducing skin friction. The increased micropolar effects improve the fluid's ability to carry heat away 

from the surface, leading to higher heat transfer rates and, consequently, higher Nusselt numbers. 

Nusselt number declined while magnitude of skin friction boosted up by higher values of variable 

viscosity factor. An increase in viscosity means increased resistance to flow near the surface. 

Consequently, the velocity gradient at the surface increases, leading to higher shear stress and, 

consequently, higher skin friction. This decrease occurs because higher viscosity tends to reduce the 

fluid's ability to carry heat away from the surface efficiently. The slower-moving fluid near the surface 

reduces convective heat transfer rates, resulting in a lower Nusselt number. Nusselt number and 

magnitude of skin friction declined due to higher values of heat generation. Higher heat generation 

can change the velocity and temperature near the surface. It can lead to reduced velocity gradients at 

the surface due to buoyancy effects, especially in buoyancy-assisted flows. The reduction in velocity 

gradients tends to decrease the skin friction coefficient. Higher heat generation can lead to a decrease 

in skin friction. Rise in the temperature gradient tends to enhance the convective heat transfer from 

the surface to the fluid. Nusselt number tends to increase with higher heat generation rates. Nusselt 

number and magnitude of skin friction declined due to upper values of radiation. The Nusselt number 

declined due to radiation being more significant than convection. The phenomena exist due to radiation 

changing the temperature at the surface because the thermal boundary layer is directly affected and 

potentially lowers the convective heat transfer coefficient. Due to that reason, fluid viscosity near the 

wall declined, which reduced skin friction. Nusselt number reduced while magnitude of skin friction 

increased by enlarging values of porosity factor. The higher porosity of the surface allows fluid more 

to pass through it because it changes the flow dynamic which increased the shear stress and skin 

friction. The higher porosity of the surface allows fluid more to pass through it which reduced the 

surface temperature. Magnitude of skin friction and Nusselt number decayed due to higher values of 

variable thermal conductivity. Magnitude of skin friction and Nusselt number deteriorated due to 
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higher values of suction factor. Magnitude of skin friction increased while Nusselt number reduced by 

enlarging values of magnetic field. The magnitude of skin friction increased while Nusselt number 

reduced by enlarging values of nano concentration. The presence of nanoparticles in the fluid can 

change its flow characteristics, potentially leading to an increase in viscosity. This change usually 

results in higher shear stress at the surface, causing an rise in skin friction. Additionally, the 

nanoparticles may impede convective heat transfer by affecting flow patterns or reducing heat transfer 

coefficients, ultimately producing a reduction in the Nusselt number. Table 3 presented the comparison 

our work with Nadeem et al. [40] for diverse values of 𝑃𝑟  when rest of the values consider zero. Fig. 

12 reported the comparative results of stretching sheet / cylinder for both hybrid casson micropolar 

nanofluid and casson micropolar nanofluid. The heat transfer of sheet achieved more as compared to 

stretching cylinder. In this model, the cooling effects are point into current analysis. 

Fig. 2: Variation of 𝜒 and velocity. Fig. 3: Variation of 𝜆 and velocity.
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Fig. 4: Variation of 𝜙2 and velocity. Fig. 5: Variation of 𝛾1and velocity.

Fig. 6: Variation of 𝜒 and micropolar. Fig. 7: Variation of 𝜙2 and micropolar.
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Fig. 8: Variation of 𝐸 and temperature. Fig. 9: Variation of 𝜙2 and temperature.

Fig. 10: Variation of 𝑅𝑑 and temperature. Fig. 11: Variation of 𝑆 and temperature.
Table 2: Numerical outcome of ― 𝐶𝑓𝑅𝑒

1
2 and 𝑁𝑢𝑥𝑅𝑒―1/2for different values of physical factors. 

Physical factors Stretching Cylinder Stretching Sheet
𝛾1 𝜒 𝑀 𝑆 𝑅𝑑 𝜆 𝐸 𝑄 Δ 𝜙2 𝑁𝑢𝑥𝑅𝑒―1/2 ― 𝐶𝑓𝑅𝑒

1
2 𝑁𝑢𝑥𝑅𝑒―1/2 ― 𝐶𝑓𝑅𝑒

1
2

0.1 0.4 0.4 0.3 0.3 0.4 0.4 0.3 0.2 0.04 2.92037840 2.22443261 2.86832237 2.09492585
0.2 - - - - - - - - - 2.84152400 3.00371071 2.78901735 2.89487914
0.3 - - - - - - - - - 2.78536014 4.60836833 2.73328022 4.48102312
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0.4 - - - - - - - - - 2.69563201 4.87954212 2.63319672 4.69704576
0.3 0.0 - - - - - - - - 2.77554982 4.70303533 2.72369477 4.57551288
- 0.4 - - - - - - - - 2.78536014 4.60836833 2.73328022 4.48102312
- 0.8 - - - - - - - - 2.79440622 4.49516944 2.74190719 4.37001656
- 1.2 - - - - - - - - 2.80299019 4.37372834 2.74994488 4.25214585
- 0.4 0.1 - - - - - - - 2.79444422 4.09416419 2.74592031 3.91050710
- - 0.2 - - - - - - - 2.79154448 4.14738533 2.74186204 3.98506592
- - 0.3 - - - - - - - 2.78851802 4.20433213 2.73765077 4.06392736
- - 0.4 - - - - - - - 2.78536014 4.26538833 2.73328022 4.14752091
- - 0.4 0.1 - - - - - - 2.93343707 4.27412032 2.87760326 4.15268786
- - - 0.2 - - - - - - 2.86099382 4.26994065 2.80682023 4.15019852
- - - 0.3 - - - - - - 2.78536014 4.26538833 2.73328022 4.14752090
- - - 0.4 - - - - - - 2.70586890 4.26036224 2.65656377 4.14461991
- - - 0.3 0.0 - - - - - 4.40716214 4.34870277 4.35972972 4.19975963
- - - - 0.3 - - - - - 2.78536014 4.26538833 2.73328022 4.14752091
- - - - 0.6 - - - - - 2.13063582 4.21583595 2.07964405 4.11668299
- - - - 0.9 - - - - - 1.75310869 4.18042195 1.70292333 4.09452007
- - - - 0.3 0.0 - - - - 2.82459906 3.87176830 2.77043810 3.75635289
- - - - - 0.4 - - - - 2.78536013 4.26538833 2.73328022 4.14752091
- - - - - 0.8 - - - - 2.74990145 4.60840256 2.69987184 4.49015430
- - - - - 1.2 - - - - 2.71706547 4.91500111 2.66916108 4.79772569
- - - - - 0.4 0.0 - - - 3.09841913 4.27678468 3.04322274 4.15470977
- - - - - - 0.2 - - - 2.93152828 4.27096777 2.87800362 4.15103985
- - - - - - 0.4 - - - 2.78536014 4.26538833 2.73328022 4.14752091
- - - - - - 0.6 - - - 2.65613121 4.26002865 2.60531236 4.14414166
- - - - - - 0.4 0.0 - - 2.42611184 3.93843908 2.37093567 3.81704215
- - - - - - - 0.3 - - 2.78536014 4.26538833 2.73328022 4.14752091
- - - - - - - 0.6 - - 3.18486243 4.61251929 3.13683268 4.50001085
- - - - - - - 0.9 - - 3.62004268 4.97897823 3.57645093 4.87349805
- - - - - - - 0.3 0.0 - 2.79773894 4.13306606 2.74502053 4.01557173
- - - - - - - - 0.2 - 2.78536014 4.26538833 2.73328022 4.14752091
- - - - - - - - 0.4 - 2.77329766 4.39299941 2.72185719 4.27494828
- - - - - - - - 0.6 - 2.76151804 4.51633467 2.71072125 4.39826608
- - - - - - - - 0.2 0.005 2.97341465 4.06202743 2.91921598 3.93450913
- - - - - - - - - 0.02 2.93638983 4.18056662 2.88225508 4.05652921
- - - - - - - - - 0.04 2.88830058 4.33217137 2.83429591 4.21245849
- - - - - - - - - 0.06 2.84160322 4.47678328 2.78778083 4.36106912
Table 3: Comparison present work with Nadeem et al. [40] for different values of 𝑃𝑟  when rest of the 
values consider zero.

𝑃𝑟 Nadeem et al. [10] Present analysis
1.00 0.95470 0.954680
2.00 1.47140 1.471380
3.00 1.89610 1.895760
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Fig. 12: Comparative results of stretching sheet / cylinder for both hybrid casson micropolar nanofluid 

and casson micropolar nanofluid.

5 Final remarks
We analyzed a Casson micropolar hybrid nanofluid flow and heat transfer characteristics over a 

stretching sheet/cylinder. The analysis takes into account Joule heating and thermal radiation, as well 

as variable thermal conductivity and viscosity. Additionally, the study explores the influence of an 

inclined magnetic field on the flow behavior. The governing partial differential equations, representing 

the conservation of mass, momentum, and energy, are reformulated into a nonlinear ordinary 

differential equation through suitable similarity transformations. These transformed equations are then 

solved numerically using a robust computational method. The main key point results have been 

highlighted below:

• The velocity curved reported to declining behaviour due to sophisticating values of porosity 

factor. The fluid motion declined due to an increment in the porosity factor, which is resistance 

to declining fluid velocity.

• The temperature become higher by expanding values of variable thermal conductivity. 

Thermal conductivity and temperature of fluid have directly relation. Thermal conductivity 

boosted up ultimately, fluid temperature enhanced.

• The temperature noted to be higher due to increment in heat generation. The additional heat 

energy diffuses and increases the fluid temperature.
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• The heat transfer of sheet achieved more as compared to stretching cylinder. In this model, the 

cooling effects are point into current analysis.
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