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reactions and diagonal electromagnetic
effects
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Abstract
The study of Carboxymethyl Cellulose (CMC)-based Williamson hybrid nanofluids offers a significant leap in fluid
dynamics and thermal management systems. This research investigates the flow characteristics over a porous, horizon-
tally stretched cylindrical surface, incorporating complex phenomena such as Hall current, ion slip, diagonal magnetic
fields, suction, velocity slip and thermal slip. A unique aspect is the inclusion of uniform and exponentially space-
dependent heat sources, critical for advanced thermal transport processes. Using the Hamilton-Crosser model for accu-
rate thermophysical properties and the Runge-Kutta-Fehlberg method for numerical analysis, the study examines the
impact of varying hybrid nanoparticle concentrations (4% to 20%) on flow behaviour. The findings reveal that nanoparti-
cles enhance viscosity, significantly increasing skin friction and momentum transfer, even as factors like the Weissenberg
number, Hall current and ion slip mitigate these effects. The study emphasises the thermal management advantages of
Carboxymethyl Cellulose-based Williamson hybrid nanofluids, especially when heat sources and homogeneous-
heterogeneous reactions are involved. Notable differences are observed between pure Carboxymethyl Cellulose-based
Williamson fluids and their hybrid nanofluid counterparts, particularly in velocity, temperature distribution and reaction
dynamics. These results are promising for practical applications such as magnetic drug targeting, porous heat exchangers,
magnetohydrodynamic systems and electronic cooling. The research underscores the potential of Carboxymethyl
Cellulose-based Williamson hybrid nanofluids to enhance energy efficiency and reliability in industrial processes, making
them pivotal for future developments in heat management technologies.
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Introduction

The dynamics of non-Newtonian fluids have garnered
substantial interest due to their numerous natural and
industrial applications. The relationship between the
stress tensor and the deformation rate tensor in non-
Newtonian fluids is nonlinear, leading to intricate non-
linear equations. The complexities involved in solving
these nonlinear or higher-order differential equations
fuel ongoing research interest. Notably, many physiolo-
gical fluids, such as blood, deviate from Newtonian
behaviour, prompting the development of several non-
Newtonian models to investigate fluid dynamics within
biological systems. Among these models, the
Williamson model1 is particularly effective in describing

the properties of physiological fluids. This model is
inherently nonlinear and can be simplified to the
Newtonian fluid model under certain conditions. In the
Williamson model, apparent viscosity transitions
smoothly from m0 at zero shear rates to m‘ as the shear
rate increases indefinitely. This gradual change in visc-
osity accurately reflects the behaviour of many physio-
logical and industrial fluids. Nadeem and Akram2
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investigated the peristaltic motion of a Williamson
model within an asymmetric conduit. Iqbal et al.3 con-
ducted a numerical investigation of the flow behaviour
of a Williamson fluid over a cylinder undergoing expo-
nential stretching. Rashid et al.4 studied how the mag-
netic field induced by peristaltic motion affects the
behaviour of an incompressible Williamson fluid within
a curved channel. Loganathan and Dhivya5 investi-
gated the boundary layer motion of a Williamson fluid
around a permeable cylinder using the Crank-Nicolson
method. Some recent studies on Williamson fluid have
been conducted by Shah et al.,6 Sharma and Jain,7

Gangadhar et al.,8 Zaman et al.,9 Akbar et al.,10 and
Kulkarni and Shankar.11

The unyielding pursuit of optimal heat transfer solu-
tions across diverse domains such as electronics, power
generation and medical sciences has catalysed continu-
ous evolution. Although nanofluids marked a pivotal
advancement, the quest for greater efficiency spurred
the advent of hybrid nanofluids in the late 1990s and
early 2000s, heralding a paradigmatic shift in fluid engi-
neering. The driving impetus behind hybrid nanofluids
was to transcend the limitations of conventional NFs
by harnessing synergistic interactions between multiple
types of nanoparticles immersed within a base fluid.
This strategic amalgamation not only aims to exploit
the unique properties inherent to individual nanoparti-
cles but also seeks to synergistically enhance the overall
thermal and physical characteristics of the composite
fluid. Akram and Akbar12 explored the electroosmotic
propulsion of peristaltic and ciliary flows in a mixture
of propylene glycol and water, transporting titania
nanoparticles. Ghadikolaei et al.13 studied MHD flow
and heat transfer characteristics involving an incom-
pressible micropolar dusty fluid with carbon nanotube
(CNT)-water nanoparticles over-stretching plate.

Consequently, hybrid nanofluids represent a
bespoke approach where the blending of diverse nano-
particles with base fluids yields a multifunctional mate-
rial capable of outperforming its constituent elements
or conventional nanofluids alone. Turcu et al.14 were
pioneers in creating the initial hybrid nanofluid using
polypyrrole and multiwall carbon nanotubes. Recently,
there has been a surge in scholarly articles dedicated to
hybrid nanofluids research. Ranga Babu et al.15 pro-
vided a comprehensive review discussing methodologies
to assess and enhance the stability of hybrid nanofluids.
Suresh et al.16 fabricated a composite of aluminium
oxide and copper through a method involving hydro-
gen reduction. Zainal et al.17 developed hybrid nano-
fluids employing aluminium and copper oxides,
observing reduced skin friction and local Nusselt num-
bers in buoyant opposing flow conditions. Ghadikolaei
et al.18 researched the thermal and physical properties
of a TiO2–Cu/H2O hybrid nanofluid, focussing on
how the shape factor influences its behaviour in a mag-
netohydrodynamic stagnation point flow. Adnan
et al.19 introduced a novel subclass of nanofluids, tetra-

hybrid nanofluids and proposed a new theoretical
framework for predicting heat transfer characteristics.
Zubair et al.20 investigated the dynamics of thermal
energy in the context of the rheological properties of a
Williamson hybrid nanofluid on a surface in rotational
motion. Akbar et al.21 explored the electroosmotic
behaviour of a thermally layered micropolar nanofluid
flow involving copper and silver nanoparticles within a
microchannel in the context of biological interactions.
Ghadikolaei et al.22 studied natural convection heat
transfer characteristics in an MHD non-Newtonian
Carreau hybrid nanofluid surrounding a rotating cone.
Their research considered the influences of nonlinear
thermal radiation, variable thermal conductivity, heat
generation or absorption and different nanoparticle
geometries. Paul et al.,23 Guo et al.,24,25 Akbar
et al.,26,27 and Ghadikolaei and Gholinia,28,29

Ghadikolaei et al.,30 Fadhel et al.31 conducted some
relevant impactful research using hybrid nanofluid
recently.

Homogeneous-heterogeneous reactions are at the
forefront of MHD research using nanofluids or hybrid
nanofluids and constitute an important field of study in
fluid dynamics. These reactions are complex processes
in which chemical interactions occur between species in
distinct phases, significantly altering the fluid’s tem-
perature and flow parameters. In MHD systems con-
taining nanofluids, the interaction of magnetic fields
with nanoparticles complicates these processes by
changing reaction rates and energy transfer mechan-
isms. Chaudhary and Merkin32 investigated a model
concerning boundary-layer flow with both homoge-
neous and heterogeneous reactions, by incorporating
the impacts of diminishing autocatalysis. Khan et al.33

examined a variant of reactions blending uniform and
diverse characteristics within MHD stagnation flow,
incorporating effects such as viscous dissipation and
Joule heating. Hussain et al.34 present a study contrast-
ing the convective flow of Williamson fluid around
both a cylindrical object and a flat sheet, investigating
reactions that vary in uniformity. Ramzan et al.35

investigated the impact of MHD reactions, which com-
bine homogeneous and heterogeneous characteristics,
on the flow of a third-grade fluid accompanied by
Cattaneo-Christov heat flux. He et al.36 investigated
the effects of time-periodic boundary conditions on
unsteady MHD flow in a rotating annular region,
incorporating homogeneous-heterogeneous chemical
reactions in Walters’ B fluids. Nandkeolyar et al.,37

Tanveer et al.,38 Pooja et al.,39 Ramzan et al.,40 and
Noor41 shared some salient information through their
research in this domain.

Following a thorough review of existing research, it
is apparent that no prior research has examined the
flow of CMC-based Williamson hybrid nanofluid
across a porous, horizontally stretched cylindrical geo-
metry, particularly considering the combined effects of
Hall current, ion slip, diagonal magnetic field (j =458),
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suction, velocity slip and thermal slip. The utilisation of
hybrid nanoparticles in this study leverages their emer-
gent properties, derived from the concerted interaction
of distinct material components, to yield enhanced ther-
mal conductivity, stability and fluid dynamical charac-
teristics. This hybrid approach facilitates superior heat
transfer and rheological performance by circumventing
the constraints inherent to single-component nanoparti-
cles, culminating in optimised thermophysical proper-
ties. This study’s uniqueness is further enhanced by
incorporating uniform and exponential space-
dependent heat sources. CMC is utilised as a base for
Williamson hybrid nanofluid because of its shear-
thinning behaviour, making it an ideal choice to mimic
non-Newtonian fluids with viscosity decreasing under
shear, which matches the properties of Williamson
fluid. The present study utilises the Hamilton-Crosser
model42 for computation purposes, making it distinc-
tive from other nanofluid models in the available litera-
ture. Additionally, the influence of a homogeneous-
heterogeneous reaction mechanism is analysed to high-
light the significance and impact of these phenomena.
This investigation also focuses on the computational
analysis of skin friction and local Nusselt numbers with
varying concentrations (4%, 8%, 12%, 16%, 20%) of
Williamson hybrid nanofluid. It provides a graphical
comparison of the parametric effects between CMC-
based Williamson hybrid nanofluid and Williamson
fluid. The primary objective of this research is to address
the following critical questions:

� How do Hall current and ion slip impact the velo-
city, temperature and homogeneous-heterogeneous
reaction profiles?

� How do uniform and exponential space-dependent
heat sources influence the temperature profile?

� What are the effects of various parameters, such as
magnetic field, porosity, suction and slip, on the
homogeneous-heterogeneous reaction profile?

� How do the velocity, temperature and homogeneous-
heterogeneous reaction profiles vary between
Williamson fluid and CMC-based Williamson hybrid
nanofluid under different parameters?

� How are the skin friction and local Nusselt number
affected by different parameters with varying con-
centrations of hybrid nanofluid?

� How do the skin friction coefficient and local
Nusselt number for CMC-based Williamson hybrid
nanofluid compare to Williamson fluid at different
nanoparticle concentrations?

Mathematical formulation

Williamson fluid model

The constitutive relationship within the Williamson
framework is mathematically expressed as follows:

t0 =� pI+ te ð1Þ

Here, p is pressure, I is identity vector, te is the extra
stress.

Now,

te = ½m‘ + 1� Gg�ð Þ�1 mhnf � m‘

� �
�a1 ð2Þ

where, G(. 0) is the positive time constant, mhnf is the
viscosity at zero rates of shear stress, m‘ is the viscosity
at infinite shear stress, g� is defined as:

g�=
ffiffiffiffiffiffiffiffiffiffi
0:5P
p

, where P=0:5 trace a2
1

� �
ð3Þ

In this analysis, we specifically examine the scenario
where m‘ =0 and Gg�\ 1. Consequently,

te = ½ 1� Gg�ð Þ�1mhnf�a1 ð4Þ

Utilising the binomial theorem on equation (4) yields
the subsequent formulation,

te =mhnf 1+Gg�½ �a1 ð5Þ

which represents the extra stress used in this model.

Geometric model and equations involved

The mathematical model addresses a steady, two-
dimensional, laminar, incompressible, axisymmetric
MHD flow of a Carboxymethyl Cellulose-based
Williamson hybrid nanofluid containing Al2O3 � Cu
nanoparticles over a horizontally porous, stretching
cylinder. The study investigates the transport of solutal
energy through homogeneous and heterogeneous
chemical species. Thermal energy transport is analysed,
accounting for viscous dissipation and Joule heating.
The cylinder is assumed to be porous, allowing fluid to
either be injected or withdrawn through its surface,
influencing the boundary layer thickness and flow

Figure 1. Illustrative depiction of the flow.
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dynamics. In Figure 1, the cylindrical coordinate sys-
tem places the z-axis along the cylinder and the r-axis
perpendicular to its surface. The z-axis represents the
longitudinal direction of the flow, while the r-axis cor-
responds to the radial direction, capturing the variation
of velocity and temperature across the boundary layer.
The axisymmetry of the problem simplifies the analysis
by assuming no variation in the azimuthal direction,
thus reducing the three-dimensional problem to a two-
dimensional form. The fluid velocity is defined as
uz =Uw =

zU0

l , where U0 . 0 and l represents the cylin-
der’s length. This velocity profile describes a linearly
stretching surface, where the stretching rate increases
along the length of the cylinder, intensifying the flow
near the surface. A magnetic field B0 is applied a to the
cylinder’s surface at a 45� angle This oblique magnetic
field introduces axial and radial components of the
Lorentz force, altering the flow and heat transfer pat-
terns compared to a purely vertical or horizontal field
application. The temperature of the cylinder is Tw, with
the ambient temperature being T‘. Including uniform
and exponential heat sources in the energy equation
significantly impacts heat transfer phenomena. The
exponential heat source is particularly relevant in cap-
turing localised heating effects, whereas the uniform
heat source represents a consistent thermal input across
the domain. The model also considers the effects of
velocity slip, thermal slip and suction.

In accordance with the previous assumptions and
using boundary layer theory, the mathematical repre-
sentation for the flow is as follows (Ref. Khan et al.,43

Veera Krishna44):

Equation of continuity. For incompressible and steady
flow, the continuity equation in vector notation
is expressed as rq�=0: Here, the velocity vector q�

comprises components (ur, uu, uz) corresponding to
the radial, azimuthal and axial directions r, u, zð Þ,
respectively. The differential operator r is defined as
∂
∂r
+ 1

r

� �
∂
∂u

+ ∂
∂z
. In this study, our focus is limited

to the radial and transverse velocity components
along the r and z axes, denoted as ur and uz, respec-
tively. Consequently, the continuity equation simplifies
to:

∂ rurð Þ
∂r

+
∂ ruzð Þ
∂z

=0 ð6Þ

Momentum conservation equation. In the context of steady
fluid flow, the momentum equation is represented in
vector notation as

rhnf q�:rð Þq�ð Þ=�rp+rt0 +shnf B0
�!

J0Sin
2j

�
mhnf

k
q�

ð7Þ

where r is density, m is dynamic viscosity, s is electrical
conductivity, t0 is Cauchy stress tensor, B0 is external
magnetic field, k is the permeability of the medium.

When the magnetic field’s intensity is significantly
high, the generalised Ohm’s law is adjusted to account
for Hall and ion-slip effects, as

Ji = Ei +Vi3Bið Þ � vctc

B0
Ji3Bið Þ

+
vctcb1

B2
0

Ji3Bið Þ3Bið Þ
ð7aÞ

By assuming vctc;O(1) and viti � 1 in equation (7a)
and setting Ei =0, equation (7a) simplifies to:

J0 =B0
Hc

H2
c + 1+HcHið Þ2

� � ð7bÞ

where, Hc =vctc and Hi =viti
In the present flow model, constant pressure is pre-

supposed. By incorporating the t0 formulation from
Williamson’s model and using (7b), we derive the sub-
sequent equation in cylindrical coordinates:

ur
∂ur
∂r

+ uz
∂uz
∂z

= nhnf

1

r

∂uz
∂r

+
∂2uz
∂r2

+
Gffiffiffi
2
p

r

∂uz
∂r

� 	2

+
ffiffiffi
2
p

G
∂uz
∂r

∂2uz
∂r2

 !

� shnfB
2
0Hcuz

H2
c + 1+HcHið Þ2

� �Sin2j � nhnf
uz
k

ð8Þ

where G is Williamson’s fluid parameter.

Energy conservation equation. In the realm of steady,
incompressible Williamson hybrid nanofluid dynamics,
the constitutive energy equation is conceptualised as

rCp

� �
hnf

q�:rð ÞT=r: KhnfrT
� �

+Qu T�T‘ð Þ+Q0q
� ð9Þ

where Q0 =Qe Tw � T‘ð Þ exp n �l
nf

� �0:5� 	
is the expo-

nential space-dependant heat source parameter. Here,

exp n �l
nf

� �0:5� 	
depicts exponential decay, which

describes how the temperature variation due to the heat
source diminishes or spreads relative to the specified
parameters. Qu is the uniform heat source, K is the
thermal conductivity, rCp is specific heat capacity.

Thus, the energy equation takes the form in cylindri-
cal coordinates:
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ur
∂T

∂r
+ uz

∂T

∂z
=ahnf

1

r

∂T

∂r
+

∂2T

∂r2

� 	

+
shnfB

2
0u

2
z

rCp

� �
hnf

H2
c + 1+HcHið Þ2

� �Sin2j
+

Qu

rCp

� �
hnf

T� T‘ð Þ+ Qe

rCp

� �
hnf

Tw � T‘ð Þ

exp
�l
nf

� 	0:5

nz

 !
ð10Þ

Homogeneous-heterogeneous reactions. The homogeneous
reaction is characterised by cubic autocatalysis, a spe-
cific type of reaction mechanism where the product of
the reaction also acts as a catalyst. The reaction can be
described as follows:

ac +2bc ! 3bc ð11Þ

This implies that one molecule of ac reacts with two
molecules of bc to form three molecules of bc. The rate
of this reaction, denoted by Rhom, is given by:

Rhom =KcAB
2 ð12Þ

Here, A,B is the concentration of species ac,bc, respec-
tively and Kc is the rate constant for the homogeneous
reaction.

In this cubic autocatalytic reaction, the term B2 indi-
cates that the reaction rate is proportional to the square
of the concentration of species bc, making it a second-
order reaction with respect to bc.

Simultaneously, the species ac and bc undergo a het-
erogeneous reaction on the surface of a catalyst. The
reaction can be represented as:

ac ! bc ð13Þ

In this scenario, a molecule of ac is converted to a mole-
cule of bc on the catalyst surface. The rate of this het-
erogeneous reaction, denoted by Rhet, is expressed as:

Rhet =KsA ð14Þ

A is the concentration of species ac and Ks is the rate
constant for the homogeneous reaction.

In a system with both homogeneous and heteroge-
neous processes, the interaction of the two reaction
rates influences the overall dynamics. The homoge-
neous cubic autocatalytic process rapidly increases the
concentration of bc, whereas the heterogeneous reac-
tion gradually converts ac to bc.

These reactions must be integrated into the govern-
ing equations for species transport and reaction kinetics
in fluid flow, which are commonly represented by the
convection-diffusion-reaction equations in vector form:

For species ac:

q�:rð ÞA=r: DAhnfrA
� �

� KcAB
2 � SKsB ð15Þ

For species bc:

q�:rð ÞB=r: DBhnfrB
� �

+KcAB
2 +SKsB ð16Þ

DA and DB are the diffusion coefficients for species ac

and bc, respectively.
In cylindrical coordinates, these equations take the

form:

ur
∂A

∂r
+ uz

∂A

∂z
=DAhnf

1

r

∂A

∂r
+

∂2A

∂r2

� 	
� KrAB

2�SKsA

ð17Þ

ur
∂B

∂r
+ uz

∂B

∂z
=DBhnf

1

r

∂B

∂r
+

∂2B

∂r2

� 	
+KrAB

2+SKsA

ð18Þ

With suitable boundary constraints

uz =
�U0z

l
+a1

∂ur
∂r

, ur =� Vw,T=Tw +a2
∂T

∂r
,

∂A

∂r
=

KsA

DA
,
∂B

∂r
=

KsA

DB
at r=R

uz ! 0,T! T‘,A! A0,B! 0 at r! ‘

9>>>>=
>>>>;

ð19Þ

At the surface of the cylinder (r=R), the axial velocity

uz =
�U0z

l +a1
∂ur
∂r describes the velocity along the z-

axis. Here, �U0z
l represents the stretching velocity of the

cylinder, while a1
∂ur
∂r accounts for the velocity slip

effect, where a1 is the velocity slip coefficient and ∂ur
∂r is

the radial velocity gradient which allows for non-zero
tangential velocity at the surface with slip-flow regimes.
Radial velocity component ur =� Vw represents the
wall suction or injection velocity which affects the
thickness of the boundary layer and influences the
transport of momentum and heat. Temperature condi-

tion T=Tw +a2
∂T
∂r imposes a thermal slip at the sur-

face, accounting for partial accommodation of thermal
energy between the fluid and the cylinder surface,
allowing for temperature discontinuities typical in non-
equilibrium thermal boundary layers. Concentration of

species ∂A
∂r = KsA

DA
, ∂B

∂r =
KsA
DB

define the flux of species A

and B at the surface.
At the far-field condition (r! ‘), axial velocity

uz ! 0 specifies that the fluid velocity approaches zero
as the radial distance increases, ensuring no flow far
from the surface. Temperature T! T‘ sets the tem-
perature to approach the ambient value T‘, signifying
thermal equilibrium far from the surface. Concentration
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of species A! A0,B! 0 indicate that species A
reaches its far-field concentration A0, species B vanishes
as no more species B exists far from the surface due to
the localised reaction near the cylinder.

Similarity analysis and dimensionless parameters. The simi-
larity transformation utilised (Refs. Khan et al.,43

Alarabi et al.45) are:

uz =
U0z
l F

0
zð Þ, ur = �R

r

ffiffiffiffiffiffiffi
U0nf

l

q
F zð Þ, z = r2�R2

2R

ffiffiffiffiffi
U0

nfl

q
u zð Þ= T�T‘

Tw�T‘
,f zð Þ= A

A0
,c zð Þ= B

A0

9=
;
ð20Þ

By utilising (20), equations (8), (10), (17), (18) and (19)
can be converted into the following system of coupled
nonlinear ordinary differential equations as follows:

1

C1C2
(2gF

00
+ 1+2gzð ÞF000 +We 1+2gzð Þ

3
2F
00
F
000

+3Weg 1+2gzð Þ
1
2F
002

� �
+ FF

00 � F
02

� �
� C3

C2

M 1+HcHið Þ
H2

c + 1+HcHið Þ2
� �F0Sin2j

� 1

C1C2
kpF

0
=0

ð21Þ

C4

C5
1+2gzð Þu00 +2gu

0
� �

+ PrFu
0

+
C3

C5
PrEc

M 1+HcHið Þ
H2

c + 1+HcHið Þ2
� �F02Sin2j

+
1

C5
Pr (S1u+S2 exp (�nz))=0

ð22Þ

C6

Sc
1+2gzð Þf00 +2gf

0
� �

+Ff
0 �Kcfc2 � Kvsf=0

ð23Þ

C6b
�

Sc
1+2gzð Þc00+2gc

0
� �

+Fc
0
+Kcfc2 +Kvsf=0

ð24Þ

With boundary constraints

F zð Þ=Su,F
0

zð Þ � d1F
00

zð Þ=1, u zð Þ � d2u
0

zð Þ=1,

d3f zð Þ=f
0

zð Þ,b�c
0

zð Þ= d3f zð Þ at z =0

F
0

zð Þ ! 0, u zð Þ ! 0,f zð Þ ! 1,c zð Þ ! 0 at z! ‘

9>>=
>>;

ð25Þ

Diffusion equivalence and boundary conditions in
homogeneous-heterogeneous reactions. In this section, the
scenario assumes equal diffusion coefficients for two
chemical species, denoted as DA and DB. This equiva-
lence implies a unity ratio of the diffusion parameters
that is, DA

DB
=1. Consequently, the relationship between

the dimensionless concentrations of the two species is
expressed as:

c zð Þ+f zð Þ=1 ð26Þ

By incorporating the diffusion equivalence into the gov-
erning equations, the following coupled nonlinear ordi-
nary differential equation is derived:

C6

Sc
1+2gzð Þf00 +2gf

0
� �

+Ff
0

� Kc f� 1ð Þ2 +Kvs

� �
f=0

ð27Þ

Subject to boundary constraints

f
0

zð Þ= d3f zð Þ at z=0
f zð Þ ! 1 at z ! ‘



ð28Þ

This equation elegantly captures the balance of diffu-
sion, convection and reaction dynamics, seamlessly
incorporating the impacts of both homogeneous and
heterogeneous reactions.

The thermophysical properties used here are based
on the Hamilton-Crosser model,46,47 given by:

C1 =
mf

mhnf

= 1� uAl2O3

� �5
2 1� uCuð Þ

5
2;

C2=
rhnf

rf

= 1�uCuð Þ 1�uAl2O3

� �
+uAl2O3

rAl2O3

rCMC

� 	� 	
+uCurCu;

C3 =
shnf

sf
, where

shnf

snf
=

sCu+2snf � 2uCu(snf � sCu)

sCu +2snf +uCu(snf � sCu)
,

snf

sf

=
sAl2O3

+2sCMC � 2uAl2O3
(sCMC � sAl2O3

)

sAl2O3
+ 2sCMC +uAl2O3

(sCMC � sAl2O3
)

;

C4 =
Khnf

Kf
, where

Khnf

Knf
=

KCu+2Knf � 2uCu(Knf � KCu)

KCu +2Knf+uCu(Knf � KCu)
,
Knf

Kf

=
KAl2O3

+ 2KCMC � 2uAl2O3
(KCMC � KAl2O3

)

KAl2O3
+2KCMC+uAl2O3

(KCMC � KAl2O3
)

;
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C5 =
rCp

� �
hnf

rCp

� �
f

, whereuCu rCp

� �
Cu

+ 1� uCuð Þ

rCp

� �
CMC

uAl2O3

rCp

� �
Al2O3

rCp

� �
CMC

+ 1� uAl2O3

� �( )
;

C6 =
Dhnf

Df
=(1� uAl2O3

)(1� uCu)

The non-dimensionless parameters involved are:

g =
1

R

ffiffiffiffiffiffi
nfl

U0

s
;M=

B2
0lsf

UOrf

;S1 =
Qu

rCp

� �
f
l
;

kp =
nfl

U0k
;We=

GU
3
2

0zffiffiffi
2
p

yfl
3
2

;Pr =
nf

af
;Sc=

nf

DA
;

S2 =
Qe

rCp

� �
f
l
;Ec=

U2
w

Cp

� �
f
Tw � T‘ð Þ

; b�=
DB

DA
;

Kc =
KrA

2
0l

U0
; d1 =a1

U0

lnf

� 	1
2

; d2 =a2
U0

lnf

� 	1
2

;

Su =Vw
l

U0nf

� 	1
2

. 0; d3 =
Ks

DA

lnf

U0

� 	1
2

Denotes curvature parameter, magnetic parameter,
thermal-dependent heat source parameter, porosity
parameter, Weissenberg number, Prandtl number,
Schmidt number, exponential space-dependent heat
source parameter, Eckert number, ratio of diffusion co-
efficient, strength of homogeneous-heterogeneous reac-
tion, velocity slip, thermal slip, suction parameter,
homogeneous-heterogeneous reaction parameter;
respectively. Here, Hc,Hi,Kvs, n denote Hall current
parameter, ion-slip current parameter, the strength of
homogeneous-heterogeneous reaction due to slip and
exponential index, respectively.

Thermophysical properties of CMC�Water,Al2
O3 & Cu are given in Table 1.

Skin friction and local Nusselt number. In this flow prob-
lem, the critical engineering parameters include the skin
friction coefficient and the local Nusselt number. These
parameters act as physical markers, revealing the

tangential stress and the rate of thermal transport at
the cylindrical surface.

The pertinent expressions for the skin friction coeffi-
cient and the local Nusselt number are presented as
follows:
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Using (20) in (29), (30), we get
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Here, Re= U0z
2

nfl
is local Reynold’s number.

Methodology

Equations (21), (22) and (27) are complex, nonlinear
ordinary differential equations with boundary condi-
tions (25)–(28). These equations are solved using the
shooting method in combination with the Runge-
Kutta-Fehlberg algorithm, considering various values
of the non-dimensionless parameters. Calculations are
performed using MATLAB software. The Runge-
Kutta-Fehlberg method is specifically designed for ini-
tial value problems, necessitating a reformulation of
equations (21), (22) and (27) to fit this method, as
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Table 1. Thermophysical properties.48–50

Thermophysical
properties

CMC�Water Al2O3 Cu

Cp 4179 765 385
r 997.1 3970 8933
K 0:613 40 400
s 5:5310�6 353106 59:63106
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The equations mentioned above are converted into
first-order ordinary differential equations by utilising
the substitution of variables defined as follows:
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Equations (37)–(43) represent the necessary first-order
differential equations, derived by substituting (36) into
(33)–(35).
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With boundary conditions

A1 0ð Þ=Su,A2 0ð Þ � d1A3 0ð Þ=1,
A4 0ð Þ � d2A5 0ð Þ=1,A7 0ð Þ= d3A6 0ð Þ

A2 ‘ð Þ=0,A4 ‘ð Þ=0,A6 ‘ð Þ=1

9=
; ð44Þ

In this study, the convergence of the Runge-Kutta-
Fehlberg (RKF) method, employed alongside the
shooting technique, is governed by several essential cri-
teria to ensure accuracy and stability. Primarily, the
method controls the local truncation error by lever-
aging a fifth-order Runge-Kutta approximation and a
fourth-order estimate of the error at each step. The
local error must remain within a predefined tolerance,
etol=10�5, to ensure the solution’s precision. The
RKF method dynamically adjusts the step size, reduc-
ing it when the error exceeds the tolerance and

increasing it when the error is significantly smaller, thus
optimising computational efficiency. In this specific
application, the system of boundary value problems is
transformed into an initial value problem using the
shooting method, necessitating the satisfaction of far-
field boundary conditions. To this end, a finite value of
z =6 and a step-size Dz=10�5 are employed, ensuring
the accurate approximation of asymptotic conditions at
infinity. Moreover, the shooting method iteratively
refines the initial guesses to match the boundary condi-
tions at the far field, ensuring convergence. This pro-

cess is repeated until the solution adheres to the initial
value problem framework and the boundary conditions
within an acceptable tolerance. Thus, the RKF meth-
od’s adaptive step size control, coupled with the itera-
tive shooting adjustments, ensures convergence,
effectively balancing precision and computational effi-
ciency throughout the solution process.

Results and discussions

The numerical solution for the aforementioned prob-
lem is computed using the bvp4c function in
MATLAB. Table 2 presents a comparison of the velo-
city gradient F00(0) with findings from Ramesh et al.51

and Khan et al.,43 under conditions where
Su =2:6,Pr=0:5, and other parameters are set to
zero, which demonstrates a good computational agree-
ment. The influences of the distinctive non-dimensional
parameters We,M,Hc,Hi, kp, g,Su, d1, d2,S1,S2, and
Kc on the velocity, temperature and homogeneous–
heterogeneous reaction, are discussed in Figures 2 to
29. For computational purposes, the specified ranges of
the varied controlling parameters are defined as:

Table 2. Validation with Ramesh et al.51 and Khan et al.43

g Khan et al.43 Ramesh et al.51 Present

0.1 2.10034 2.100332 2.10036
0.2 2.05886 2.058843 2.05887
0.3 2.00885 2.008887 2.00889
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0:14g40:8; 0:54M43; 0:14We40:4; 0:54kp43; 0:5
4Hc42:5; 0:54Hi42:5; 0:14d140:6; 0:14d240:6; 0:1
4d340:6; 0:14S140:6; 0:14S240:4; 0:54Su43; 0:5
4Kc43; 0:54n42; 0:14Kvs42; 0:024uAl2O3

40:1;
0:024uCu40:1;Pr =Sc=6:5,Ec=0:5, j = p

4 ; based
on previously considered data such as Khan et al.43

and nanoparticles rheology.

Velocity profile

Figure 2 shows that increasing the We, which charac-
terises the fluid’s elastic effects and reduces the velocity
profile. This happens because greater We increase the
viscoelastic behaviour of the Williamson fluid, increas-
ing its resistance to deformation. As a result, this higher
resistance slows the fluid’s travel, resulting in a lower
velocity profile near the cylindrical surface. Figure 3
shows the influence of M on the velocity profile. A
magnetic field produces a Lorentz force on the fluid,
opposing its velocity. This magnetic dampening effect
raises the fluid’s resistive force, which reduces the velo-
city profile. The interaction between the magnetic field
and the conductive Williamson fluid adds a further
coating of drag, lowering the overall flow velocity.
Figure 4 shows increasingHc improves the velocity pro-
file. The Hall effect, which results from the passage of
charged particles in a magnetic field, alters the current
distribution inside the fluid, which lowers the effective
Lorentz force opposing the fluid’s motion, increasing
the velocity profile. Figure 5 shows that increasing the
Hi results in a lower velocity profile. Ion slip describes
the relative mobility of ions and neutral particles in a
fluid. Higher ion slip causes higher momentum transfer
between ions and fluid, increasing total drag force while
decreasing the overall velocity profile. Figure 6 indi-
cates that boosting kp increases the medium’s perme-
ability and resistance to fluid flow, resulting in a lower
velocity profile. Figure 7 shows that increasing g leads
to a higher velocity profile. This is transpiring because
the curvature reduces the thickness of the boundary
layer, accelerates fluid flow and polishes motion around
the curved surface. Figure 8 indicates that Su reduces
the velocity profile by efficiently eliminating fluid from
the boundary layer, increasing the velocity gradient at
the surface and so lowering the total boundary layer
velocity. Figure 9 depicts that raising d1 decreases the
velocity profile by reducing momentum transfer from
the surface to the fluid. Figures 2 to 9 consistently indi-
cate that adding hybrid nanoparticles to the Williamson
base fluid reduces the velocity profile owing to the
nanofluid’s higher effective viscosity and density, which
increases resistance to flow and promotes interactions
across the fluid framework.

Temperature Profile

Figure 2 shows that increasing the We, which charac-
terises the fluid’s elastic effects and reduces the velocity
profile. This happens because greater We increase the

Figure 2. Impact of We on F0(z).

Figure 3. Impact of M on F0(z).

Figure 4. Impact of Hc on F0(z).

Sarma et al. 9



viscoelastic behaviour of the Williamson fluid, increas-
ing its resistance to deformation. As a result, this higher
resistance slows the fluid’s travel, resulting in a lower
velocity profile near the cylindrical surface. Figure 3
shows the influence of M on the velocity profile. A
magnetic field produces a Lorentz force on the fluid,
opposing its velocity. This magnetic dampening effect
raises the fluid’s resistive force, which reduces the velo-
city profile. The interaction between the magnetic field
and the conductive Williamson fluid adds a further
coating of drag, lowering the overall flow velocity.
Figure 4 shows increasingHc improves the velocity pro-
file. The Hall effect, which results from the passage of
charged particles in a magnetic field, alters the current
distribution inside the fluid, which lowers the effective
Lorentz force opposing the fluid’s motion, increasing
the velocity profile. Figure 5 shows that increasing the
Hi results in a lower velocity profile. Ion slip describes

the relative mobility of ions and neutral particles in a
fluid. Higher ion slip causes higher momentum transfer
between ions and fluid, increasing total drag force while
decreasing the overall velocity profile. Figure 6 indi-
cates that boosting kp increases the medium’s perme-
ability and resistance to fluid flow, resulting in a lower
velocity profile. Figure 7 shows that increasing g leads
to a higher velocity profile. This is transpiring because
the curvature reduces the thickness of the boundary
layer, accelerates fluid flow and polishes motion around
the curved surface. Figure 8 indicates that Su reduces
the velocity profile by efficiently eliminating fluid from
the boundary layer, increasing the velocity gradient at
the surface and so lowering the total boundary layer
velocity. Figure 9 depicts that raising d1 decreases the
velocity profile by reducing momentum transfer from
the surface to the fluid. Figures 2 to 9 consistently indi-
cate that adding hybrid nanoparticles to the Williamson

Figure 5. Impact of Hi on F0(z).

Figure 6. Impact of kp on F0(z).

Figure 7. Impact of g on F0(z).

Figure 8. Impact of Su on F0(z).
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base fluid reduces the velocity profile owing to the
nanofluid’s higher effective viscosity and density, which
increases resistance to flow and promotes interactions
across the fluid framework.

Homogeneous–heterogeneous reaction profile

Figure 21 illustrates that promoting We reduces the
homogeneous-heterogeneous reaction profile due to the
fluid’s viscoelastic qualities, which limit molecular
transport and reaction rates. Figure 22 shows M
reduces the homogeneous-heterogeneous response pro-
file. The magnetic field affects the fluid velocity and
inhibits reactant contact, slowing the reaction rate.
Figure 23 shows that Hc boosts the homogeneous-
heterogeneous reaction profile by inducing extra elec-
tromagnetic forces that improve reactant mixing,
resulting in faster reaction rates. Figure 24 shows that
Hi raises the homogeneous-heterogeneous reaction

Figure 10. Impact of We on u(z).

Figure 11. Impact of M on u(z).

Figure 13. Impact of Hi on u(z).

Figure 9. Impact of d1 on F0(z).
Figure 12. Impact of Hc on u(z).
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profile because it changes the fluid composition at the
surface, influencing reaction kinetics and boosting reac-
tion rates. Figure 25 illustrates how raising kp reduces
the homogeneous-heterogeneous response profile as
higher porosity allows more fluid to move through the
medium, which reduces the concentration of reactants
available for reaction. Figure 26 shows that g boosts
the homogeneous-heterogeneous reaction profile by
improving fluid mixing and increasing the surface area
for reaction, resulting in greater reaction rates. Figure
27 shows that Su boosts the homogeneous-
heterogeneous reaction profile by pulling more fluid to
the surface, boosting reactant availability and reaction
rates. Figure 28 displays that d1 minimises the
homogeneous-heterogeneous reaction profile by

reducing momentum transfer near the surface, hence
restricting reactant transport and decreasing reaction
rates. Figure 29 shows that Kc reduces the
homogeneous-heterogeneous reaction profile. Higher
Kc values communicate stronger reaction kinetics,
which leads to quicker reactant degradation and
decreased overall reaction rates. Overall, in all Figures
21 to 29, adding hybrid nanoparticles to the
Williamson base fluid reliably reduces the
homogeneous-heterogeneous reaction profile. This
decrease can be due to the nanoparticles’ changed
transport capabilities, viscosity effects and surface con-
tacts, which adjust the local environment and hinder or
increase reaction rates as needed.

Figure 16. Impact of S1 on u(z).

Figure 17. Impact of S2 on u(z).

Figure 14. Impact of kp on u(z).

Figure 15. Impact of g on u(z).
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Computational analysis of skin friction coefficient (SF)
with varying hybrid nanofluid concentrations

As g grows, the cylinder’s curvature intensifies, result-
ing in a greater velocity gradient near the surface. This
enhanced velocity gradient immediately increases tan-
gential shear stress, which raises the SF (Table 3).
Furthermore, increasing the concentration of hybrid
nanoparticles increases the fluid’s effective viscosity and
heat conductivity. This causes a greater amount of
momentum transfer at the cylinder’s surface, amplifying
the velocity gradient and shear stress. larger nanoparti-
cle concentrations and a larger curvature parameter g

lead to a significant rise in SF.
The magnetic field interacts with the electric-

conducting fluid, producing Lorentz forces that impede

fluid velocity. This resistance raises the velocity gradi-
ent at the cylinder’s surface, causing a larger shear
stress and, as a result, an increased SF. Furthermore,
larger nanoparticle concentrations increase the fluid’s
capacity to transmit momentum and heat. This increase
in momentum transfer magnifies the velocity gradient
at the surface in the presence of a magnetic field. As a
result, when M is enhanced, the SF increases consider-
ably with larger nanoparticle concentrations.

As We evolve, the fluid’s elastic behaviour becomes
more prominent, lowering the effective viscosity and
hence the shear stress at the surface, resulting in a lower
SK. However, increasing the concentration of hybrid
nanoparticles results in a considerable increase in SK
for various We values. The increased nanoparticle con-
centration increases the fluid’s effective viscosity and
thermal conductivity. The presence of additional nano-
particles accelerates momentum transfer near the sur-
face of the cylinder, increasing the velocity gradient
and the accompanying shear stress, thereby raising the
skin friction coefficient. Despite a spike in SK with
greater nanoparticle concentrations, the general pattern
of decreased SK with increasing We are consistent
across all concentrations studied. This constant pattern
emphasises the fluid’s viscoelastic features, as increased
elastic behaviour continues to lower effective viscosity
and shear stress, even as the baseline SK rises due to
the presence of nanoparticles.

As kp develops the cylinder’s porous structure allow-
ing more fluid to penetrate and interact inside the pores.
This interaction causes an increase in surface area in
contact with the fluid, which increases shear stress at
the surface and hence the SF. Furthermore, when the
concentration of hybrid nanoparticles increases, the
fluid’s resistance to flow rises, resulting in higher
momentum transfer near the porous surface. This
increased momentum transfer raises the velocity

Figure 18. Impact of Su on u(z).

Figure 19. Impact of d1 on u(z).

Figure 20. Impact of d2 on u(z).
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gradient at the surface, resulting in more shear stress
and consequently a higher SF.

As Hc improves, the secondary Hall currents offer
an extra force orthogonal to both the magnetic field
and the primary current, thus diminishing the Lorentz
force that resists flow. This drop in Lorentz force
reduces the fluid’s effective viscosity, resulting in less
shear stress at the surface and, as a result, a lower SF.
However, when the concentration of hybrid nanoparti-
cles grows, the SF tends to climb dramatically across
different values of Hc, owing to the increasing effective
viscosity and density of the nanofluid. The hybrid
nanoparticles render the fluid more resistant to defor-
mation and flow, resulting in greater momentum trans-
fer at the cylinder’s surface. This enhanced momentum
transfer leads to a greater velocity gradient at the sur-
face, elevating the shear stress and therefore raising the
SF. Notwithstanding a spike in skin friction with

greater nanoparticle concentrations, the general trend
of decreasing skin friction with rising Hc remains con-
sistent for all concentrations studied. This constant pat-
tern demonstrates the dominant role of Hall currents in
decreasing the Lorentz force and effective viscosity of
the fluid, which continues to reduce the SF even when
baseline friction is increased owing to the presence of
nanoparticles.

As Hi increases, the ion slip effect reduces the effec-
tive electric force on the fluid, thereby decreasing the
SF. However, increasing the concentration of hybrid
nanoparticles significantly raises the skin friction coeffi-
cient for various Hi values. This rise is due to the
enhanced viscosity and electrical conductivity of the
nanofluid, leading to greater shear stress. Despite this,
the overall trend of decreasing SF with increasing Hi

persists, indicating that the ion slip effect dominates by
reducing electric force and shear stress, even as nano-
particle concentration elevates the SF. Thus, the

Figure 21. Impact of We on f(z).

Figure 22. Impact of M on f(z).

Figure 23. Impact of Hc on f(z).

Figure 24. Impact of Hi on f(z).

14 Proc IMechE Part N: J Nanomaterials, Nanoengineering and Nanosystems 00(0)



primary impact of ion slip on lowering skin friction
persists, however, increased nanoparticle concentration
alters the magnitude of the SF.

At the cylinder boundary, the SF normally falls as
the d1 increases, indicating lower momentum transfer
between the fluid and the surface due to decreased rela-
tive motion. However, increasing the concentration of
hybrid nanoparticles causes a significant rise in the SF
throughout a range of d1 values. This surge is caused
by increased nanofluid viscosity and density, which
increase fluid resistance and momentum transfer at the
boundary, raising shear stress and the SF. Regardless
of the boost in nanoparticle concentration, the overall
trend of decreasing SF with increasing d1 persists con-
sistently across all concentrations, highlighting d1’s
dominant role in attenuating momentum transfer and

shear stress, even when SF is elevated due to nanoparti-
cle active participation.

A higher Su increases the flow velocity near the
cylinder, hence intensifying the velocity gradient at the
boundary. This greater velocity gradient causes
increased shear stress between the fluid and the surface,
raising the SF. When the concentration of hybrid nano-
particles is raised, the SF climbs dramatically for varied
Su levels. This rise is mostly due to the nanofluid’s
increased effective viscosity and density as a result of
the greater nanoparticle concentration. More nanopar-
ticles in the fluid increase its resistance to flow, result-
ing in greater momentum transfer at the surface. As a
result, the velocity gradient and related shear stress are
amplified, increasing the SF even more.

Figure 25. Impact of kp on f(z).

Figure 26. Impact of g on f(z).

Figure 27. Impact of Su on f(z).

Figure 28. Impact of d1 on f(z).
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The SF exhibits no variation with increases in
d2, d3,S1,S2, and Kc. This constancy arises because
these parameters might primarily influence the ther-
mal and chemical characteristics of the fluid, without
directly impacting the fluid’s momentum transfer and
shear stress near the surface of the cylinder. However,
as the concentration of hybrid nanoparticles develops
the SF rises dramatically across all of these para-
meters, owing to the increased effective viscosity and
density of the nanofluid caused by the greater nano-
particle concentration. As nanoparticle concentration
increases, the fluid’s resistance to flow increases,
resulting in higher momentum transfer near the cylin-
der surface. This increased momentum transfer raises
the velocity gradient and shear stress, raising the SF.
This computational research contributes to under-
standing the critical significance of nanoparticle con-
centration in SF, even though other parameters are
inert in this respect.Figure 29. Impact of Kc on f(z).

Table 3. Effect of different parameters on skin friction coefficient (SF) with varying hybrid nanoparticle concentrations.

Parameters
#

Hybrid nanoparticle concentrations uAl2O3
+ uCu

� �
!

4% 8% 12% 16% 20%

g (0.2,0.4,0.6) 21.26515 21.42650 21.60012 21.78851 21.99435
21.27873 21.44038 21.61482 21.80457 22.01237
21.29229 21.45437 21.62970 21.82086 22.03065

M (0.6,0.8,1.0) 21.24642 21.40647 21.57830 21.76436 21.96727
21.25594 21.41665 21.58938 21.77663 21.98103
21.26515 21.42650 21.60012 21.78851 21.99435

We (0.1,0.2,0.3) 21.32204 21.49221 21.67487 21.87253 22.08791
21.26515 21.42650 21.60012 21.78851 21.99435
21.20222 21.35355 21.51697 21.69498 21.89022

kp (0.5,1.0,1.5) 21.26515 21.42650 21.60012 21.78851 21.99435
21.32327 21.48802 21.66664 21.86179 22.07635
21.37147 21.53929 21.72224 21.92310 22.14495

Hc (0.5,1.0,1.5) 21.26515 21.42650 21.60012 21.78851 21.99435
21.24975 21.41004 21.58218 21.76866 21.97208
21.24043 21.40008 21.57134 21.75665 21.95862

Hi (0.5,1.0,1.5) 21.26515 21.42650 21.60012 21.78851 21.99435
21.25920 21.42013 21.59318 21.78083 21.98574
21.25434 21.41495 21.58753 21.77458 21.97872

d1 (0.2,0.4,0.6) 21.45371 21.64313 21.84568 22.06411 22.30133
21.12329 21.26426 21.41668 21.58284 21.76520
20.92165 21.03467 21.15774 21.29280 21.44196

d2 (0.2,0.4,0.6) 21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435

d3 (0.2,0.4,0.6) 21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435

S1 (0.2,0.4,0.6) 21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435

S2 (0.2,0.3,0.4) 21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435

Su (0.8,1.0,1.2) 21.21173 21.36466 21.52978 21.70949 21.90640
21.26515 21.42650 21.60012 21.78851 21.99435
21.31773 21.48718 21.66900 21.86584 22.08044

Kc (0.2,0.4,0.6) 21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435
21.26515 21.42650 21.60012 21.78851 21.99435
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Computational analysis of local Nusselt number (Nu)
with varying hybrid nanofluid concentrations

As various parameters evolve, the Nu generally shows
a decreasing trend due to their respective impacts on
the fluid dynamics and thermal boundary layer charac-
teristics. The increased g,M,We, kp all contribute to
thickening the thermal boundary layer, thereby reduc-
ing the temperature gradient at the surface and lower-
ing the convective heat transfer rate. This trend remains
consistent across different concentrations of hybrid
nanoparticles.

However, as the concentration of hybrid nanoparti-
cles increases, the Nu rises significantly across a range
of these parameters due to increased thermal conductiv-
ity and viscosity of the nanofluid, which improves heat
transfer efficiency. Higher thermal conductivity enables
more efficient heat conduction, whereas increased visc-
osity improves momentum and thermal interactions
within the boundary layer, resulting in faster convective
heat transfer rates.

For g, despite the induced larger thermal boundary
layer reducing the temperature differential and convec-
tive heat transfer, the presence of hybrid nanoparticles
modifies the fluid’s thermal properties, significantly ele-
vating the convective heat transfer rate. With increasing
M, the damping effect reduces fluid motion and thick-
ens the thermal boundary layer but still the improved
thermal characteristics of the nanofluid due to higher
nanoparticle concentration significantly increase the
Nu, enhancing the overall heat transfer efficiency. In
the case of We in Williamson fluid, the viscoelastic
properties inhibit fluid motion, creating a thicker ther-
mal boundary layer and lowering the convective heat
transfer rate. However, the superior heat conduction
and improved thermal energy distribution due to higher
nanoparticle concentration significantly raise the Nu,
altering the heat transfer efficiency. Lastly, for kp, the
enhanced permeability of the porous medium reduces
fluid velocity and thickens the thermal boundary layer.
Despite this, the higher thermal conductivity and
improved viscosity of the nanofluid lead to a notable
increase in the Nu, enhancing the convective heat trans-
fer rate across various values of kp.

As the electromagnetic effects improve thermal mix-
ing and enhance fluid motion, the Nu for the cylinder
increases as the Hc and Hi rise. By causing secondary
flows that are perpendicular to the primary flow direc-
tion, the Hall current improves convective heat trans-
fer. Similar to this, the ion slip parameter affects the
surface of the cylinder’s electric double layer, which
results in enhanced electrokinetic effects that promote
more effective thermal energy transfer. The Nu for both
Hc and Hi increases noticeably with increasing hybrid
nanoparticle concentration. This increase is explained
by the nanofluid’s increased viscosity and thermal con-
ductivity, both of which improve the heat transfer effi-
ciency. While the elevated viscosity encourages more
efficient thermal energy distribution within the fluid,

the increased thermal conductivity permits more effi-
cient heat conduction. As a result, the enhanced con-
vective heat transfer rate and consequently higher Nu
are produced by the synergistic effects of higher Hc and
Hi in conjunction with the nanofluid’s superior thermal
properties.

At the cylinder’s boundary, the Nu decreases as the
values of d1 and d2 increase. This is because d2 lowers
the heat exchange efficiency between the fluid and the
surface, creating a thicker thermal boundary layer and
a lower temperature gradient, while d1 weakens convec-
tive heat transfer by reducing the fluid’s adherence to
the surface. Notwithstanding, for all values of d1 and
d2, the Nu increases significantly as the concentration
of hybrid nanoparticles increases. The increased viscos-
ity and thermal conductivity of the nanofluid are the
cause of this notable increase. Better heat conduction is
made possible by the increased thermal conductivity,
and better thermal energy distribution within the fluid
is encouraged by the increased viscosity. The enhanced
thermal properties of the nanofluid due to the higher
concentration of hybrid nanoparticles significantly ele-
vate the Nu, enhancing the convective heat transfer effi-
ciency across all considered concentrations, despite the
overall trend of decreasing Nu with increasing d1 and
d2. Thus, while d1 and d2 inherently reduce heat trans-
fer efficiency, the superior thermal characteristics of the
nanofluid counteract this effect, leading to a significant
rise in the Nu.

For the cylinder, higher values of S1 and S2 increase
internal heat generation within the fluid, resulting in a
thicker thermal boundary layer and a reduced tempera-
ture gradient at the surface, which diminishes the con-
vective heat transfer rate. As a result, the Nu decreases
with an increase in both of these parameters. Yet, as
the concentration of hybrid nanoparticles increases, the
Nu climbs dramatically across various values of S1 and
S2 due to the nanofluid’s increased thermal conductiv-
ity and viscosity, which improves heat transfer effi-
ciency. Despite the general tendency of decreasing Nu
with rising S1 and S2 across all concentrations, the
addition of hybrid nanoparticles dramatically increases
the Nu. This elevation illustrates that, while heat source
characteristics naturally expand the thermal boundary
layer and lessen the temperature gradient, the increased
thermal properties of the nanofluid owing to increasing
nanoparticle concentrations significantly alter heat
transfer efficiency.

Although the Nu normally rises with the Su, for Su

values less than 0.8, Nu tends to fall as the concentra-
tion of hybrid nanoparticles increases. This drop in
lower Su values can be linked to an intensified thermal
boundary layer caused by inadequate suction, which
prevents effective convective heat transfer despite the
nanofluid’s increased thermal conductivity and viscos-
ity. The hybrid nanoparticles increase thermal charac-
teristics, however, the restricted suction cannot
adequately counteract boundary layer thickening, lead-
ing to a reduced temperature gradient and decreased
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Nu. In contrast, for higher Su values, the Nu increases
drastically as the nanoparticle concentration rises. In
this regime, increased suction effectively thins the ther-
mal boundary layer, resulting in a larger temperature
gradient at the surface and improved convective heat
transfer. The nanofluid’s enhanced heat conductivity
and viscosity amplify this effect, resulting in a signifi-
cant increase in Nu. As a result, a relationship between
the Su and the hybrid nanoparticle concentration has a
considerable impact on the convective heat transfer
rate, with higher Su values taking advantage of the
nanofluid’s better thermal characteristics to produce
higher heat transfer efficiency.

Variations in the d3 and Kc do not affect the Nu
because these reaction parameters mainly affect the
chemical kinetics and not the thermal boundary layer
properties or the convective heat transfer mechanism
directly. However, for all values of these parameters,
the Nu increases significantly with increasing hybrid
nanoparticle concentration. Consequently, the presence
of hybrid nanoparticles significantly increases the Nu
by enhancing the fluid’s capacity to conduct and distri-
bute heat, even though d3 and Kc have no direct effect
on the convective heat transfer rate.

Computational quantification of hybrid nanoparticle
concentration on skin friction and thermal transfer in
CMC-based Williamson hybrid nanofluid

The purpose of this investigation is to determine how
the concentration of hybrid nanoparticles affects the
skin friction coefficient and local Nusselt number of a
CMC-based Williamson hybrid nanofluid. The percent-
age changes in these two characteristics are determined
by comparing the Williamson base fluid to various con-
centrations of hybrid nanoparticles (4%, 8%, 12%,
16% and 20%). To begin, we compute the skin friction
coefficient SFbaseð Þ and local Nusselt number Nubaseð Þ
for the Williamson fluid in the absence of nanoparti-
cles, followed by the skin friction coefficient SFcð Þ and
local Nusselt number (Nuc) for hybrid nanofluids at
concentrations c.

To compute the percentage change in skin friction
coefficient for each concentration c of hybrid nanopar-
ticles, we use the formula below:

%DSFc =
SFc � SFbase

SFbase

� 	
3100% ð45Þ

where, SFbase is the skin friction coefficient of the base
Williamson fluid and SFc is the skin friction coefficient
of the hybrid nanofluid at concentration c.

Similarly, the percentage change in the local Nusselt
number for each concentration c of hybrid nanoparti-
cles is calculated using the formula:

%DNuc =
Nuc �Nubase

Nubase

� 	
3100% ð46Þ

where, Nubase is the local Nusselt number of the base
Williamson fluid and Nuc is the local Nusselt number
of the hybrid nanofluid at concentration c.

The computed values using (45), and (46) are tabu-
lated in Table 4.

Table 5 highlights a dramatic rise in the skin friction
coefficient for Williamson hybrid nanofluids compared
to the base Williamson fluid. This increase becomes
more pronounced with higher nanoparticle concentra-
tions. This surge is primarily driven by the significant
increase in viscosity, which enhances resistance to fluid
flow and amplifies shear stress at the boundary layer.
Furthermore, the nanoparticles boost effective momen-
tum transfer within the fluid, intensifying frictional
forces at the surface.

Again, in this investigation, we observed that adding
hybrid nanoparticles into a CMC-based Williamson
nanofluid resulted in a negative percentage change in
the Nusselt number at 4% concentration. In contrast,
there were positive improvements ranging from 8% to
20%. This early decrease can be ascribed to poor dis-
persion, nanoparticle agglomeration, increased viscos-
ity and insufficient particle-fluid interactions at lower
concentrations. As the nanoparticle concentration
increases, these issues are alleviated, resulting in
improved thermal conductivity and convective heat
transfer, yielding positive changes in the Nusselt num-
ber, emphasising the critical importance of optimising
nanoparticle concentration to effectively improve the
thermal performance of nanofluids.

Furthermore, in the investigation of CMC-based
Williamson hybrid nanofluids, it was shown that
increasing nanoparticle concentration resulted in a
greater increase in the skin friction coefficient than the
Nusselt number. This can be associated with a signifi-
cant rise in viscosity, which increases shear stress and
boundary layer thickness, resulting in greater skin fric-
tion. Furthermore, particle-fluid interactions enhance
momentum transfer, resulting in greater frictional
forces. In contrast, an increase in thermal conductivity
does not proportionately increase the Nusselt number
because of the concomitant rise in viscosity and prob-
able fall in the Reynolds number, which restricts con-
vective heat transfer efficiency.

Conclusion

The current investigation explored the flow of CMC-
based Williamson hybrid nanofluid over a porous, hor-
izontally stretched cylindrical geometry, particularly
under the combined effects of Hall current, ion slip, a
diagonal magnetic field (j =458), suction, velocity slip
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and thermal slip. This study is unique in its use of both
uniform and exponential space-dependent heat sources.
Additionally, it analyses the influence of homogeneous-
heterogeneous reactions and employs the Runge-
Kutta-Fehlberg method to examine the skin friction
and local Nusselt number across various nanoparticle
concentrations, providing a comparative graphical
analysis between CMC-based Williamson hybrid nano-
fluid and Williamson fluid. The Runge-Kutta-Fehlberg
method is used for computation and the Hamilton-
Crosser model for thermophysical correlation is used.
The major interpretations from this investigation are:

1. The study finds that We,M, and kp reduce both
the velocity and homogeneous-heterogeneous
reaction profiles while enhancing the thermal pro-
file. Similarly, incorporating hybrid nanoparticles
into CMC-Williamson fluids lowers the velocity

and reaction profiles but boosts the thermal
profile.

2. Hc increases both the velocity and reaction pro-
files while decreasing the thermal profile.
Conversely, Hi reduces the velocity and thermal
profiles but increases the reaction profile.

3. The thermal profile rises sharply with the addition
of hybrid nanoparticles for S1, though this change
is minimal in CMC-based Williamson fluids. S2,
however, equally enhances the thermal profile for
both CMC-based Williamson hybrid nanofluid
and Williamson fluid.

4. Su decreases both the velocity and thermal pro-
files but elevates the homogeneous-heterogeneous
reaction profile. The presence of hybrid nanopar-
ticles amplifies changes in the velocity and ther-
mal profiles, though the reaction profile shows
less variation.

Table 4. Effect of different parameters on local Nusselt number (Nu) with varying hybrid nanoparticle concentrations.

Parameters
#

Hybrid nanoparticle concentrations uAl2O3
+ uCu

� �
!

4% 8% 12% 16% 20%

g (0.2,0.4,0.6) 1.59620 1.65403 1.69787 1.72313 1.72390
1.55930 1.59702 1.61180 1.59610 1.54123
1.51746 1.53404 1.52052 1.47033 1.38002

M (0.6,0.8,1.0) 1.62498 1.68767 1.73801 1.77195 1.78435
1.61028 1.67050 1.71753 1.74707 1.75355
1.59620 1.65403 1.69787 1.72313 1.72390

We (0.1,0.2,0.3) 1.60591 1.66640 1.71346 1.74274 1.74868
1.59620 1.65403 1.69787 1.72313 1.72390
1.58460 1.63920 1.67909 1.69941 1.69380

kp (0.5,1.0,1.5) 1.59620 1.65403 1.69787 1.72313 1.72390
1.56697 1.61915 1.65516 1.66937 1.65422
1.54103 1.58802 1.61673 1.62048 1.58993

Hc (0.5,1.0,1.5) 1.59620 1.65403 1.69787 1.72313 1.72390
1.61982 1.68164 1.73082 1.76322 1.77356
1.63429 1.69854 1.75096 1.78767 1.80379

Hi (0.5,1.0,1.5) 1.59620 1.65403 1.69787 1.72313 1.72390
1.60529 1.66466 1.71056 1.73858 1.74305
1.61273 1.67337 1.72095 1.75122 1.75870

d1 (0.2,0.4,0.6) 1.62439 1.68847 1.74003 1.77509 1.78862
1.57058 1.62264 1.65919 1.67498 1.66306
1.52567 1.56744 1.59060 1.58844 1.55160

d2 (0.2,0.4,0.6) 2.02041 2.06661 2.09374 2.09700 2.07017
1.31922 1.37878 1.42789 1.46240 1.47686
0.97933 1.03447 1.08336 1.12266 1.14788

d3 (0.2,0.4,0.6) 1.59620 1.65403 1.69787 1.72313 1.72390
1.59620 1.65403 1.69787 1.72313 1.72390
1.59620 1.65403 1.69787 1.72313 1.72390

S1 (0.2,0.4,0.6) 1.88030 1.99892 2.11525 2.22809 2.33620
1.71427 1.79982 1.87762 1.94525 1.99986
1.43755 1.45089 1.43601 1.38079 1.26625

S2 (0.2,0.4,0.6) 1.59620 1.65403 1.69787 1.72313 1.72390
1.23900 1.25215 1.24814 1.22177 1.16630
0.88180 0.85027 0.79842 0.72040 0.60871

Su (0.8,1.0,1.2) 1.18148 1.15787 1.10119 0.99772 0.82644
1.59620 1.65403 1.69787 1.72313 1.72390
1.88445 1.99169 2.09203 2.18266 2.26024

Kc (0.2,0.4,0.6) 1.59620 1.65403 1.69787 1.72313 1.72390
1.59620 1.65403 1.69787 1.72313 1.72390
1.59620 1.65403 1.69787 1.72313 1.72390
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5. Velocity slip decreases all profiles, while thermal
slip significantly diminishes the thermal profile.

6. Increasing the concentration of hybrid nanoparti-
cles consistently amplifies SF across various para-
meters. Despite variations in parameters such as
g,M and kp, the dominant trend is a significant
rise in SF with higher nanoparticle concentrations.

7. While factors like We,Hc, and Hi effects gener-
ally reduce shear stress and SF, the presence of
nanoparticles counteracts these trends by boost-
ing effective viscosity and momentum transfer.

8. Increasing the concentration of hybrid nanoparti-
cles markedly enhances Nu across various para-
meters which leads to more efficient heat transfer,
even in scenarios where thicken the thermal
boundary layer and reduce convective heat
transfer.

9. At lower Su values, the Nu decreases with increas-
ing nanoparticles but at higher Su values lead to a
larger temperature gradient and a substantial
increase in Nu.

10. Following enhanced viscosity, raising the concen-
tration of hybrid nanoparticles improves SF in
CMC-based Williamson nanofluids, hence boost-
ing shear stress and momentum transfer. While
heat conductivity improves, viscosity increases,
limiting the Nu’s development. Effective suction
improves thermal performance by reducing the
thermal boundary layer and increasing heat trans-
fer efficiency.

Practical implementation and future
direction

The present findings have practical implications across
various applications involving flow across a cylinder,
especially when considering factors like Hall current,
ion slip, magnetic field, porosity, heat source and
homogeneous-heterogeneous reactions, along with
boundary conditions such as velocity slip, thermal slip
and suction, which include:

� CMC-based Williamson hybrid nanofluids can
optimise thermal management in magnetic fields
and porous media, resulting in more efficient mag-
netic drug targeting devices and porous heat
exchangers.

� Using CMC-based Williamson hybrid nanofluids in
MHD systems improves fluid flow control and effi-
ciency in generators and pumps by leveraging Hall
current and ion slip effects.

� Optimising thermal management in reactors and
chemical processing equipment through the use of
nanofluids and heat source effects. This method
improves efficiency by accurately managing tem-
perature distribution while minimising energy use.

� Using nanofluids with velocity slip, thermal slip
and suction boundary conditions improves flowT
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control and thermal insulation and reduces drag in
microfluidic and nanofluidic systems, leading to
better overall performance.

� Featuring CMC-based Williamson hybrid nano-
fluids in electronic cooling systems improves ther-
mal conductivity and convective heat transfer,
improving component reliability and stability.

For future research, the authors recommend investiga-
tinge dynamics using alternative base fluids, such as
Sodium Alginate, which exhibits characteristics similar
to Williamson fluid and nanoparticles possessing dis-
tinctive properties. Additionally, varying the particle
concentration may yield further insights, particularly in
ternary and quaternary nanofluids. It is also advisable
to extend the current study to different geometrical con-
figurations, incorporating practical applications and
appropriate boundary conditions to enhance the applic-
ability of the findings.
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Appendix

Notation

k Permeability of the medium (m)
kp Porosity parameter
n Exponential index
p Pressure (Pa)
q� Velocity vector (ms–1)
qe Heat flux at the surface (W/m)

ur, uu, uz Velocities corresponding to the radial,
azimuthal, and axial directions (ms–1)

A Concentration of species ac (mol/m)
B Concentration of species bc (mol/m)
B0 Applied magnetic field strength (T)
CF Skin friction coefficient
DA,DB Diffusion coefficients for species ac

and bc (m/s)
Ei Electric field (V/m)
Ec Eckert number
Hc Hall parameter
Hi Ion-slip parameter
I Identity tensor
J0, Ji Current density (A/m)
K Thermal conductivity (Wm–1K–1)
Kc,Ks Rate constant for homogeneous &

heterogeneous reaction (m/mol�s)
Kvs Strength of homogeneous-heterogeneous

reaction due to slip
M Magnetic parameter

Nu Local Nusselt number
Pr Prandtl number
Qu,Q0,Qe Uniform heat source, Space-dependent

heat source, and Heat source coefficient
(W/m2)

Rhom,Rhet Rate of homogeneous & heterogeneous
reaction (mol/m�s)

Sc Schmidt number
Su Suction parameter
S1 Thermal-dependent heat source parameter
S2 Exponential space-dependent heat source

parameter
T Temperature of fluid (K)
Tw Wall temperature (K)
T‘ Ambient temperature (K)
Uw,U0 Wall velocity at the cylinder surface and

Reference velocity (ms–1)
Vi Ion velocity (m/s)
Vw Wall suction velocity (m/s)
We Weissenberg number
a Thermal diffusivity (m/s)
a1 Slip coefficient for velocity (m)
a2 Slip coefficient for temperature (K/m)
b� Ratio of diffusion coefficients DB=DA

g Curvature parameter
g� Shear rate function (s–1)
d1 Dimensionless velocity slip parameter
d2 Dimensionless thermal slip parameter
d3 Homogeneous-heterogeneous reaction

parameter
G Williamson’s fluid parameter
r Fluid density (kgm–3)
s Electrical conductivity (Sm–1)
vc Cyclotron frequency (Hz)
u Volume fraction
m Dynamic viscosity (Pas–1)
m‘ viscosity at infinite shear stress (Pas–1)
n Kinematic viscosity (m2s–1)
tc Collision time (s)
te Extra stress
trz Shear stress in the r� z direction (N/m)
t0 Total stress tensor (Pa)
z Similarity variable
r Gradient operator (m–1)
a1 Rate of strain tensor (s–1)
G Positive time constant (s)
P Second invariant of the strain rate tensor

(s–2)
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