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In this article, a new idea of BMBJ-neutrosophic hyper-BCK-algebras is introduced and some of its properties are investigated.
Here, BMBJ-neutrosophic hyper-BCK-ideal, BMBJ-neutrosophic weak hyper-BCK-ideal, BMBJ-neutrosophic s-weak hyper-
BCK-ideal, and BMBJ-neutrosophic strong hyper-BCK-ideal are presented, and some relevant results and relations are indicated.
Characterizations of BMBJ-neutrosophic (weak, s-weak, strong) hyper-BCK-ideal are considered. Conditions for a BMB]J-
neutrosophic weak hyper-BCK-ideal to be a BMBJ-neutrosophic s-weak hyper-BCK-ideal are provided. Conditions for an MBJ-
neutrosophic set to be a BMBJ-neutrosophic strong hyper-BCK-ideal are given.

1. Introduction

A hypergroup, as a generalization of a group, was introduced
by Marty [1] in 1934. Many authors have developed the
discussion of hyperstructures (also called multialgebras),
such as Corsini [2] and Vougiouklis [3]. We can find well-
written books for the introduction to hyperstructures, e.g.,
Corsini [2], Corsini and Leoreanu [4], Davvaz [5, 6], Davvaz
and Cristea (7], and Schweigert [8]. Another topic, which
has roused the interest of several mathematicians, is that one
of hyper-BCK-algebra (briefly, H-BCK-algebra), introduced
by Jun et al. [9]. H-BCK-algebras represent a natural ex-
tension of classical BCK-algebras. In a classical BCK-algebra,
the composition of two elements is an element, while in a
H-BCK-algebra, the composition of two elements is a set.

As an extension of the classical notion of a set, Zadeh
[10], in 1965, proposed fuzzy sets (briefly, FSs) as mathe-
matical model of vagueness where elements belong to a
given set to some degree that is typically a number that
belongs to the unit interval [0, 1]. In 1986, this concept has
been generalized to intuitionistic fuzzy set (briefly, IFS)

theory by adding a nonmembership function by Atanassov
[11]. On the other hand, neutrosophy is an almost new
branch in pure mathematics which was introduced in 1998
by Smarandache (see [12, 13]). It is an extension of the
classical idea of a set and it is related to IFS theory and
intuitionistic logic. Neutrosophic sets (briefly, NSs) are sets
whose elements have independent degrees of truth and
indeterminate and false memberships in the unit interval
[0,1]. The natural generalization of NS theory is the ap-
proach of MBJ-neutrosophic sets (briefly, MBJ-NSs), in-
troduced by Takallo et al. [14] in 2018, when they generalized
the indeterminacy membership function in a NS to an in-
terval-valued membership function. If the interval-valued
indeterminacy membership function of an MBJ-NS takes
equal lower and upper values, then we go back to the NS.
Thus, MBJ-NSs provide a more adequate description of
uncertainty than NSs. Different extensions of FSs have been
extensively implemented to algebraic structures, decision-
making problems, etc. For algebraic structures (especially,
BCK/BClI-algebras and semigroups), see [15-21], and for
decision-making problems, see [22-24]. In [14], Takallo et al.
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introduced the concept of an MBJ-N subalgebra as a gen-
eralization of a neutrosophic subalgebra in BCK/BClI-alge-
bras and next Jun and Roh [25] introduced and studied the
concept of an MBJ-N ideal. In B-algebras, Manokaran and
Prakasam [26] introduced the MBJ-N subalgebra and Khalid
et al. [27] defined and studied the MBJ-N T-ideal. As a new
idea and based on MBJ-NSs, Bordbar et al. [28] proposed the
notion of a BMBJ-N subalgebra and Takallo et al. [29] in-
troduced the notions of a BMBJ-N°-subalgebra and a
(closed) BMBJ-N ideal in BCK/BClI-algebras. Borzooei et al.
[30] presented a positive implicative BMBJ-N ideal in BCK-
algebras.

In an algebraic hyperstructure, Jun and Xin [31] first
studied the fuzzy H-BCK-ideal of a H-BCK-algebra and
Bakhshi et al. [32] introduced fuzzy (weak, positive) im-
plicative H-BCK-ideals and then the fuzzification of H-BCK-
algebra started to grow up. In particular, a link between
hyper H-BCK-algebras and IFSs has been established by
Borzooei and Jun [33] where they discussed intuitionistic
fuzzy H-BCK-ideals of H-BCK-algebras. Later on, other
researchers considered this field of study such as Jun [34]
who discussed fuzzy H-BCK-ideals of H-BCK-algebras with
multivalued membership functions. Also, an article was
written by Seo et al. on H-BCK-algebras and multipolar
intuitionistic fuzzy H-BCK-ideals (see [35]). As a general-
ization of fuzzification of hyperalgebraic structures, some
researchers started working on fuzzification of hyper-
algebraic structures. In fact, a link between NSs and
hyperalgebraic structures was recently established and some
work was done in this regard, see [36-39].

In our paper, we combine the notion of H-BCK-algebras
with MBJ-NSs to define some types of BMBJ-neutrosophic
H-BCK-ideals (briefly, BMBJ-N H-BCK-ideals) of H-BCK-
algebras and it is organized as follows: after an introduction,
Section 2 briefly reviews some preliminary results related to
H-BCK-algebras and MBJ-NSs that are used throughout the
paper. Section 3 defines the notions of BMBJ-neutrosophic
weak hyper-BCK-ideals (briefly, BMBJ-N WH-BCK-ideals),
BMBJ-neutrosophic s-weak hyper-BCK-ideals (briefly,
BMBJ-N s-WH-BCK-ideals), and BMBJ-neutrosophic strong
hyper-BCK-ideals (briefly, BMBJ-N &SH-BCK-ideals) of
H-BCK-algebras and presents several results related to the
new defined concepts. Also, we discuss BMBJ-N WH-BCK-
ideal and BMBJ-N &H-BCK-ideal in relation to level cut sets.
We find conditions for a BMBJ-N WH-BCK-ideal to be a
BMBJ-N s-WH-BCK-ideal. We give conditions for an MBJ-
NS to be a BMBJ-N $'H-BCK-ideal. Finally, in Section 4, we
present the conclusion and future works of the study.

2. Preliminaries

In the current section, we remember some of the basic
notions of H-BCK-algebras and MBJ-NSs which will be very
helpful in further study of the paper. Let % be a H-BCK-
algebra in what follows, unless otherwise stated.

Let # be a nonempty set and let “0” be a mapping

O HXH — H(H\ |}, (1)
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which is said to be hyperoperation. For any two subsets %
and &, denote by # O F, the set J{o O 1lo € #, 7 € F}.
W shall use o & 7 instead of {o} © 7, 0 O {1}, or {o} O {1}.
By a H-BCK-algebra 7 (see [9]), we mean a set # ( # ¢)

with a sRecial element 0 and a hyperoperation <, for all
0, T, 1 € ¥, that satisfies the following axioms:

HD) (@O (1O =0<T,

(HID) (o010 = (0O <,

(HII) 0O 9 < {o},

(HIV) p< 7 and 7« o imply o = 1,

Forall o, 7,7 € %,~where o< Tisdefinedby0ec ol
and NHFH, I<F is defined by
Vr e &, At € F such that r < t.

In a H-BCK-algebra %, the axiom (HIII) is equivalent
to (HV), where

(HV) oO 1< {p} for all o, 7 € #.

Proposition 1 (see [9]). Every H-BCK-algebra 14 satisfies
the following conditions, for all o,7,n € Z and for any
nonempty subsets K, F,E of I,

(1) 00 0<{e}, 000 =1{0}, 050 = {0},

(2) 0, 0<p, 0€0<0,

(3) pC0k{r}=20oxT,

(4 1<y=200n< T,

(5) p0T={0}=2p0n<x10Y,

(OO (rOn) = {0},
6) XCF>H<KF,
(7) < {0} =K ={0},

8) < H,
(HOF)OEG = (HOD)OF,

(9) <& {0} = {0} = F = {0}.

HOF <K,

Definition 1. Let (#, <) bea H-BCK-algebra. A subset %
of # is called as follows:

A hyper-BCK-ideal (briefly, H-BCK-ideal) of X (see
(9] if

1)0e X, B

2) oCT<H, 1€« X =>0€ K, Vo, 7.

A weak hyper-BCK-ideal (briefly, WH-BCK-ideal) of
K (see [9]), if it satisfies (1) and

(3) pOTCH, 1€ =0 € H,No, 1€,

A strong hyper-BCK-ideal (briefly, SH-BCK-ideal) of

H (see [40]), if it satisfies (1) and
(4) 0OTNH +¢, 1€ X =0€ H, Vo, 1€ .

By an interval number @, we mean an interval
® = [@, @], where 0<®~ <@* <1. The set of all closed
interval numbers I is denoted by [I]. The interval [®, @] is
identified with the number ®.
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For two interval numbers

®, = [@;,®]], we define

o, = [@],®]] and

rmax{®;,d,} = [max{@,, @, }, max{®,, ®,}], @)
rmin{®;, ®,} = [min{®,, ®,}, min{a@;, @, }],

Furthermore, we have

1) @, + @, 0, 20,, ®f =@,

(2) ®,<0, 0, <, d] <@,

(B) @ =0, 0] =,, d =@j.

Let Z be a nonempty set. A function D: H —> [I] is
called an interval-valued fuzzy set (briefly, IVES) over a
universe #.. N
_ Let 1" stand for the set of all IVFSs #. For any
De [I1" and o€, D=[D (0),D"(g)] is called the
degree of membership of an element o to D, where
D~ (g)~: H — 1 and D" (p): # — I are FSs over a uni-
verse # which are called a lower FS and an upper FS over 7,
respectively. For simplicity, we denote D = [D~, D*]..

Let 7 be a nonempty set. An NS over a universe 7 (see
[12]) is a structure of the form:

2 ={0; 21 (0. 2:(0). Zr (Dl e 7}, (3)

where @, @, and D, are FSs over a universe %, which are
called a truth and an indeterminate and false membership
functions, respectively.

For the sake of simplicity, we shall use the symbol 9 =
(D1, Dy, D) for the NS

2 ={(:2r(0.2,(0). Zr (@Dl e Z}. @

In [14], Takallo et al. introduced the idea of an MBJ-NS
as follows.

Definition 2. Let I be a nonempty set. By an MBJ-NS over a
universe 7, we mean a structure of the following form:

W ={0; Mo (0), Boy (@), I (@Ml € )}, (5)

where /o, and 7., are FSs over a universe %, which are
called a truth and a false membership functions, respectively,
and %y, is an interval-valued fuzzy set over a universe #
which is called an indeterminate interval-valued member-
ship function.

For the sake of simplicity, we shall use the symbol 7" =
(M oy Boy, F o) for the MBJ-NS,

(VH <) (300 1), 735 € H)

i

W ={0s Moy (0 Boy (0. T (@Dl € ). (6)

_ Givenan MB]-NS %" = (Mo, Boy» F o) OVer a universe
Z, we consider the following sets:

U (M) ={o € H|My () > a},
L(B5,0 ) ={o € HIB5 (9)<07},
U(B30") ={0 € HI%B5 (0) 20"},
L(Fw>v) ={e € HI.75 (@ <y}
where «,y,07,8" € [0,1].

3. BMB]J-Neutrosophic Hyper-BCK-Ideals

Definition 3. An_MBJ-NS 7" on  is called a BMBJ-N
H-BCK-ideal of #, if it satisfies

My (Q) 2 Moy (T)
5 By (0) < Boy (7)
1) VoteZ) | ox1=> 33;[(9)293;[(7) ,
2) (Vo7 € %) L (0) < I (7)
(Mo (0) = min{inf{ My, (2)|z € 0 O T}, Moy,
(1)}%B (0) < max{sup{%,,

(2)lz € 0O 1}, Boy (1)} R4, (0) > min{inf{ B,
(2)lz € 0O 1}, By (1)}F 5 (0) < max{sup{ o
(2)lz € 0O Th Fop (1)}).

Example 1. Let % =1{0,0,7} be a set with the hyper-
operation “ <, which is given by Table 1. B

Then, # is a H-BCK-algebra. Let #" = (M oy, Boy> o)
be an MBJ-NS over # given by Table 2.

It is routine to check that %' = (M, Boy, Fop) is a
BMBJ-N H-BCK-ideal of .

Proposition 2. Let W' = (Mo, Boy, Fo) be a BMBJ-N
H-BCK-ideal of . Then,

Moy (0) = M ()

Boy (0) < By (0)

By (0)=>Bo, (0)

o (0)< Zop-(0)

(i) f W = (Moy, By, Fo) satisfies

(i) (Vo e )

Moy (0.) = inf{ My (0)l0 € H}
By (11) = sup{B, (1)|T € K}
By (15) = inf{ By, (1)|lT € K}
Toly) = sup{ Ty (ly € K}

(8)
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TaBLE 1: Tabular representation of the hyperoperation “¢.”

< 0 0 T
0 {0} {0} {0}

0 {o} {0, ¢} {0, 0}
T {7} {o.7} {0.0.7}
TABLE 2: Tabular representation of %" = (Mo, By, Fop)-

v Moy By T
0 1/5 [(1/4),0.71] 0.33
0 1/7 [(1/3),0.51] 0.43
T 1/9 [(1/3),0.21] 0.53

then
Moy (Q) =min{ My (u), Moy (1)}
- B, <max{By, (v;), B, (T
(Vo, 7€ Z)(Fu, v, vy w € 0O T) ?/(Q) . { f/( ) ;W( ) (9)
By (@) 2 min{ By, (v,), By (1)}
T (0) < maX{fW (w), M5y (T)}
Proof. The proof is obvious and is omitted. O  Proof. Assume that % = (M, Byy> Fo) is a BMBJ-N

Corollary 1. In a finite-BCK-algebra, every BMBJ-N
H-BCK-ideal W = (Moy, By, F o) over F satisfies con-
dition (9).

Lemma 1 (see [41]). Let K be a subset of a H-BCK-algebra
. If F is a H-BCK-ideal of # such that X < .7, then K is
contained in 5.

Theorem 1. An MB]-NSW = (M y, Boys o) over I is a
BMBJ-N H-BCK-ideal of Z if and only if the nonempty sets
U(Mosa), L(Byyd ), U(By,8"), and L(Fq,y) are
H-BCK-ideals of # for any a,6 ,8",y € [0,1].

H-BCK-ideal of %. Let a,8 ,8",y € [0,1] be such that
U(Moy,a), L(B7>6 ), U(Byyr6'), and L(Fq,y) are
nonempty sets. Clearly, 0 € U(Mqy,a), 0€ L(By,0 ),
0€U(%;,06"),and 0 € L(74,y) by Proposition 2(i). Let
0, Ty Uy, V), Uy, Vy, a4, b € F be such that 0O 1 € U( My, ),
TeU(My,x), u Ov, €L(By,0 ), v, €L(By,0 ),
U, Ovy €U (BY,0%), v, €U (B5,,8%), adbe L(Fqy,7),
and bel (> Then, 0O 1< U( My, ),
TeU(My,x), u, Ovi<L(RBy,6 ), v, €L(By,0 ),
u, Ov, U (B, 0%), v, e U(By,6"), aOb<L(Fy,y),
and b € L(Zo,p). It follows that

(Vx € 0O 1) (3, € U(Myy, a) such that x < x°) and so M o (x) > Moy (x°),
(Vy, € u; Ovy) (3yye € L(Byy» 6 ) suchthat y, <« yy.) and so By (y1) < Boy (1)

(Vy, € uy Ov,) (Tyy € U(B,,, 8" ) suchthat y, < y,.) and so By, (1,) = By (2:)s

(10)

(Vz €a®b) (3, € L(Fq,y)suchthatz < z°) and so £ (2) < Fqp (2°),

which imply that /4, (x) > a, By, (1) <8, By (y,) =67,
and fy (z)<yforall x € pO T,y €Uy Ov, py, €Uy O vy,
and ze€adOb. Hence, inf{ly (x)|lxeplT1}>0a,

sup{ B, (y1) ly) € u Ovp<d, inf{%B5, (y))y, €
u, Ov,}>8", and sup{.f5 (2)lz € aOb}<y and so

Moy (0) = min{inf{ My, (x)|x € 0O 1}, Moy (1)} > minfa, a} = a,
Boy (uy) <max{sup{ By, (y))ly, € u; O}, By (v1)} <max{d, 6} =6,

By (uy) > min{inf{ B, (y,)ly, € u, Ov,}, By (v,)} 2 min{d", 67} = 67,

(11)

Fo (a) <max{sup{ 7y (2)|lz € a O b}, 7o (b)} <max{y,y} = .
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Thus, p € U( My, ), ty € L(HB5,0 ), u, €U (B3,,0"),
and ae€L(Fq,y), and hence, U(My,a), L(By,6 ),
U (B3,,8%), and L(74,y) are H-BCK-ideals of %.

Conversely, suppose the nonempty sets U (Mo, ),
L(Byy» 0 ), U(By,6"), and L( £, y) are H-BCK-ideals of
F for all a,87,8%,y € [0,1]. Let o, 7,1y, vy, ty, vy b € F
be such that o<1, u, <v), u, <v,, a<b, My (7)=aq,
By (v) =8, HBy(v,)=6", and 7, (b)=7y. Then,
1e€U(My,q), v, €L(%B5,0 ), v, €U(%y,0"), and
beL(Fy,y) and so {0} <U (Mo, a), {u} < L(B5,6),
{u,} <U (%B%,,8"),and {a} <« L(F5,y). From Lemma 1, we
have {o} cU (Mo, ), {u} <L(AB5,,67),
{u,} CU(SB3,,68%), and {a} CL( I, y), i€, 0 € U(Moy, ),
u; € L($B5,67), u, €U(SBy,0"), and aeL(Fy,y).
Hence, Moy (0)=a = Moy (1), By (u)) <8 = By (v)),
By (u,) 28" = By, (v,), and Fy (a)<y = F4 (b). For
any o, 7,u, v,a,b € I, let

a = min{inf{o, (t,)It; € 0O}, Moy (1)},

6" = max{sup{By (t5:)lty € u; Ovi}, By (vi)}h

= min{inf{ B, (t3)Its. € u, Ov,}, By (v,)}
{Fo (t5)It; € aO b}, 7o (b))

Then, 7 € U (Mo, a), v, € L(B7, 8 ), v, € U(HByy, 0%,
beL(fy,y), and
My (t4) 2inf{ Mo (t))]t) € 0O T}
> min{inf{ Mo, (t,)It, € 0 O 7}, Moy (1)}
- a
By (t5:) < sup{ By ()t € uy S}
<max{sup{ B, (t, )ty € u; Ov,}, By (v;)}
=4,
By (te) = inf{ B, (t5 )|ty € uy O vy}
>min{inf{ B, (t5.)Its € u, Ov,}, By (v,)}
=4,
T (te) <suplFo (t3)lt; € a O b}
<max{sup{ 7y (t;)lt; € aO b}, 7o (b)}
=y,

(12)

y = max{sup

(13)
forallt, e O, ts €Uy OV, te €U, Ovy,and tg €ab,
ie ty € U(My,a), ts € L(B50 ), te € U(RBY,0"), and
te € L(F9»y). Thus, oOTrCU(My,a), u Ov,C
L(B5,0 ), u,Ovy, CU(Sy,,0"), and aObSL(F5,y),
which imply from Proposition 1(6) that o O 7 < U (M oy, @),
u, Oy <L (B5,0 ), u,Ov,<U(A,06"), and
aOb<L(Fy,7y). Since  U(Moy,a), L(By,0 ),
U (%, 6"), and L( 7o, y) are H-BCK-ideals of #, we have
0 €U(Moy,a), u, € L(B5,08 ), u, €U (%5,06"), and
a € L(74,7), which imply that

Moy (0) > a = min{inf{ My, (t,)|t; € 0 O 1}, Moy ()},

By (1) <8 = max{sup{By, (. )ty € u, Ovi}, By (V1))

Boy (1) 26" = min{inf{ B, (t3)Its € uy O, }, By (v,)}
Fo (@) <y = max{sup{ 7y (t;)|t; € a O b}, 7o (b)}.

(14)
Therefore, W' = (M, Boy» F o) is a BMBJ-N H-BCK-
ideal of 7. O

Definition 4. An MBJ-NS W = (M, Boy> o) OVer X is
called as follows:

(1) A BMBJ-N WH-BCK-ideal of # if it satisfies
Proposition 2(i) and Definition 3(2).

(2) A BMBJ-N s-WH-BCK-ideal of #Z if it satisfies
Proposition 2(i) and (2).

Theorem 2. Every BMBJ-N H-BCK-ideal is a BMBJ-N
WH-BCK-ideal.

Proof. Straightforward. O

The converse of Theorem 2 is not true in general, as seen
in the following example.For the converse of Theorem 3, it is
not easy to find an example of a BMBJ-N WH-BCK-ideal
which is not a BMBJ-N s-WH-BCK-ideal. So, we give the
following theorem.

Example 2. Let 9 ={0,0,7} be a H-BCK-algebra as in
Example 1. Let % = (Mo, By, o) be an MBJ-NS over #
given by Table 3.

Then, W = (M, By Fo) is a BMBJ-N WH-BCK-
ideal of #. Note that p < T,

Mo (0) =02<0.5= Moy (1),
B, (0) = 0.5>0.3 = By, (1),
By (0) = 0.55<0.85 = By (1),
T (0)

=0.6>0.5= 74 (7).
Hence, W' = (Mo, By, F o) is not a BMBJ-N H-BCK-

ideal of Z.

Theorem 3. In a H-BCK-algebra, every BMBJ-N
s-WH-BCK-ideal is a BMBJ-N WH-BCK-ideal.

Proof.  Let W = (Mo, RBoy Fo) be a BMBJ-N
s-WH-BCK-ideal of over # and let o,7,u;,v,u
2,vy,a,b € . Then, there exist z, € 9O T, 2, € u; Oy,
z3€u, Ov,, and z, €a"b such that #y (o) >min
{ Moy (2)), Moy (1)}, By (uy) <max{By, (z,), By (v))}
B3y (u,) >min{ By, (25), By, (v,)}, and Fy (a) <max
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TaBLE 3: Tabular representation of % = (Mo, Boys Foy)-
v Moy Boy T
0 0.6 [0.2,0.95] 03
0 0.2 [0.5,0.55] 0.6
T 05 [0.3,0.85] 0.5

{Fo (z4), Fo (b)} by the condition (ii) of Proposition 2.
Since Moy (z,) >inf{ My (2,)z, € 0O T}, By (2,) <sup
(B (z3)|z5 € u; Ovi}, By (z3) >inf{By,  (z,)lz, € u,
Ovy), and o (2,) <sup{fo (25)lz5 € aO b}, it follows
that

Moy (9) = min{inf{M s, (z,)z, € 0 O 1}, Moy (T)},

By (uy) < max{sup{ By, (23)lz5 € uy O v}, By (v},

By (u,) 2 min{inf{By, (2,)|z4 € u, Oy}, By (v2)}
F o (a) <max{sup{ 7y (2z5)|zs € aO b}, F5 (b)}.

(16)
Therefore, W = (M, Boys Fo) is a  BMBJ-N
WH-BCK-ideal of over 7. O

Theorem 4. Let W = (Mo, By, Fo) be a BMBJ-N
WH-BCK-ideal of % which satisfies condition (1) of Propo-
sition 2. ‘Then, W = (Msy, By, Foy) is a BMBJ-N
s-WH-BCK-ideal of 7.

Proof. For any o, 7,u;,V,,Uy v, a,b € #, there exist

. €00T, o €U OV, S €U, Oy, and o € aO b such that
,/%W( ) = 1nf{ﬂW(r)|r €O t) Byy(y) =sup {By (s)
Is € uy O vy}, By (s.) = 1nf{95’7/(s)|s €u, Ovz}, and 7o
() = sup{.74 ()|t € aOb}. Then,

Moy (9) =min{inf{ My, (r)|r € 0 O 1}, Moy (1)}
= min{ My (,-), Mo (1)},

By (uy) < max{sup{ By, (s)Is € uy v}, By (v1)}
= max{ By (), By (vi)}

By (1) Zmin{inf{gg;/ ($)ls € u, OVZ},%;,(VZ)}
ol (25 0]

Fop (a) <max{sup{ 7y ()|t € aOb}, 74 (b)}
= max{ T () T B

(17)
Therefore, W = (M, 537/, Fo) is a BMBJ-N
s-WH-BCK-ideal of over #. O

Theorem 5. An MB]-NSW = (Myy, B> Fo) over I is a
BMBJ-N WH-BCK-ideal of 7 if and only if the nonempty sets
U(Moy,a), L(By,6 ), U(By08"), and L(Fq,y) are
WH-BCK-ideals of % for all &, ,8 ,y € [0,1].

Proof. 1t is similar to the proof of Theorem 1. O
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The following definition presents the BMBJ-N S H-BCK-
ideal of a H-BCK-algebra . Next, we study some properties
of this concept.

Definition 5. An MBJ-NS W = (M, Bays T o) Over  is
called a BMBJ-N §SH-BCK-ideal of &, if it satisfies
1) Vo, 1€ %) (inf |y (2))|z, € 0O 0} =My
(0)M s, (0)=min{sup { My (2,)lz, € 0O T} Moy
(D),
(2) Vup,vy € Z) (sup{%By (2,)lz, € u; Ouyt <Byy

(u)Boy (uy) <maxfinf {B,, (z3)lz3 €  u; Ov},
Boy (v,

(3) (Yuy,vy € Z) (inf {Bl, (z5)|z; € uy Ouy} > By,
(u,)
By (u,) > min{sup{ By, (z,)|z, € u, Ov,}, By
(v)H)s

(4) Vw,zeZ) (sup {Fy(z)) lzy cwOw< 7y
(w) fo (w) < max{inf{ 75, (z;5)lz5 € w2},
Lo (2)}).

Example 3. Let % =1{0,0,7} be a set with the hyper-
operation “<>,” which is given by Table 4.

Then % is a H-BCK- algebra (see [9]). Let

= (Moy, By, o) be an MBJ-NS over Z given by
Table 5. B

It is routine to check that # = (M, Boy, Fop) is a
BMBJ-N SH-BCK-ideal of 7.

Proposition 3. Every BMBJ-N SH-BCK-ideal % =

(Moy, Boys Fop) over H, satisfying the following
conditions: My (0) 2 Mo (0),
= PBoy (0) < By (0),
W B 025, |
Lo (0)< 79 (0)
Moy (0) = Moy (1),
> Boy (0) < Bgy (1),
(2) Vo, 7€) (o1 = @%/(Q)Z%’;y(f), ,
T (@) < Fq (7)

(3) (V2,0 T €X)(z € pOT=
My (0) = min{ My (2), Moy (1)},
Boy (@) < max{ By, (2), By (D},
By (0) > min{ By, (2), By, (1)},
F o (0) max{ 7o (2), I (1)}
Proof. (1) Since 0 € p<> o Vo € #, we have

Moy (0) >inf{ Mo (z,)|z, € 0O 0} = Mo (0),
By (0) < sup{ By, (2,)lz, € 0 O 0} < By (0),
By, (0) >inf{ By, (z5)Iz5 € 0O 0} = By (0),
T (0) <sup{Fy (z4)lz4 € 0O 0} < T (0)

for all o € .

(2) Let o, 7 € # be such that p < 7. Then, 0 € <> 7 and
thus sup{#y (z,)lz, € 0O T} > Mo, (0), inf{FB;, (2,)lz,
€ 0O 1} < %o, (0), sup{RBs, (z5)lz5 € 0O 1} > A5, (0), and

(18)
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TaBLE 4: Tabular representation of the hyperoperation “¢.”

<& 0 0 T

0 {0} {0} {0}

0 {o} 0y {o}

T {7} {7} {0, 7}
TaBLE 5: Tabular representation of %" = (M, Boys Lo )-

/4 Moy By T o

0 0.63 [0.09,0.75] 0.30

0 0.43 [0.17,0.57] 0.50

T 0.32 [0.29,0.37] 0.70

inf{ 75 (z))lz4 € 0O 7} < 75 (0). It follows from Defini-  for all z,0,7 € # with z € o 7. O

tion 5 that
My (0) = min{sup{ My, (z,)|z, € 0O 1}, Mo (1)}
>min{My, (0), Mo (1)}
= Moy (1),
By () <max{inf{%,, (z,)Iz, € 0O 1}, By (1)}
<max{%, (0), B, (1)}
= By (1),
B, (0) > min{sup{ By, (z;)lz; € 0O 7}, By (1)}
> min{ %y, (0), B, (1)}
= By (1),
o (0) <max{inf{ 7, (z,)|z, € 0O 1}, Fop (1)}
<min{ 74 (0), 79 (1)}
= fc;/f(‘f),
ie, Moy ()2 My (1), By (0)< By (1), By (0) 2By,

(1), and fg,(0) < Fy (7) for all o,7 € # with p < 7.
(3) Let z,0,7 € Z be such that z € < 7. Then,

Moy (9) = min{sup{ My, (z,)|z, € 0O T}, Moy (1)}
>min{ My, (2), Moy (T)},

By (0) <max{inf{%,, (z,)Iz, € 0O 1}, By (1)}
<max{%B, (2), B, (1)},

By (0) > min{sup{RBy, (z;)lz; € 0O 7}, By (1)}
> min{%;,/ (z),@;/ (0},

o (0) <max{inf{ 7, (z,)|z, € 0O 1}, Fop (1)}
< max{jW (2), Loy (T)}>

(19)

(20)

Corollary 2. If W = (My, By Fo) is a BMBJ-N
SH-BCK-ideal over %, then condition (2) of Definition 3 is
valid.

Proof. Note that My (2)>inf{lly, (2)lz € 0O 1},
By (z) <sup{By, (2)lz € 0O 7},

By (z) 2 inf{By, (2)lz € 0O 1}, and Fyp (2) <sup { My
(2)lz € <1} for all z,0,7€ Z with z € pO 1. Hence,
condition (2) of Definition 3 follows from Proposition
3(2). O

Theorem 6. Every BMBJ-N SH-BCK-ideal is a BMBJ-N
H-BCK-ideal.

Proof. Straightforward. O

The converse of Theorem 6 is not true in general. That is,
a BMBJ-N H-BCK-ideal may not be a 7BMBJ-N SH-BCK-
ideal.

Example 4. Let % = {0, 0,7} be a hyper-BCK-algebra as in
Example 1. Let % = (Moy, Boy, F o) be an MBJ-NS over
F given by Table 6.

Then, W = (Mo, Boy, F+) is a BMBJ-N H-BCK-ideal
of #, but it is not a BMBJ-N SH-BCK-ideal of %, since

Moy (T) = 0.32<0.63 = Mqy (0) = min{sup{My, (2)Iz € TO o}, Moy (0)},
By (1) = 0.19>0.12 = By, (0) = max{inf{By, (2)|z € 1O o}, By (0)}

By (1) = 0.21<0.51 = B, (0) = min{sup{ By, (2)|z € 1< o}, B, (0)},

(21)

Fop (1) = 0.39>0.32 = 75, (0) = max{inf{.75, (2)|z € T 0}, o (0)}
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TaBLE 6: Tabular representation of % = (Mo, Boys Fop)-
W My Boy L
0 0.63 [0.10,0.71] 0.21
0 0.63 [0.12,0.51] 0.32
T 0.32 [0.19,0.21] 0.39

Theorem 7. Let W = (Mo, Boy, I o) be an MBJ-NS over
KW = (Mo, Boy, Fo) is a BMBJ-N SH-BCK-ideal of
#, then the nonempty sets U(My,a), L(RBy,0 ),
U (%3, 68"), and L(F4,y) are SH-BCK-ideals of Z for all

a8 ,8%,y€[0,1].

Proof. Assume that 7" = (Mo, By, Foy) is an MBJ-NS
over #. Let a,8 ,8%,y € [0,1] be such that U (M, ),
L(B5,06 ), U(By,06"), and L(F4,y) are nonempty sets.
Then, there exist reU(My,a), t, €L(By,0 ),
t, € U(RBy,0"), and s € L(Fy,y), and so Mo (r)>a,
By (1)<6, By (t,)=6", and 7y (s)<y. Clearly,
0cU(My,a), 0€L(%By,0 ), 0eU(HBy,0"), and
0€L(Fy,y) by Proposition 3(1). Now, let
0, T, Uy, Vi, Uy, Vy,a, b € - be such that 1€ U( My, ),
(eOD)NU(Moy,a)#¢, vi €L (By,6 ), (U Ov)NL
(B8 )¢, v, €U (B 8), (uy Ovy))NL(B5,,0%) ¢,
beL(Fy,y),and (aOb)NL(Fq,Y)# ¢. Then, there exist
e (0O T)NU(My, ), toe (u; Ov)NL(ABy, 00 ),
t, € (uy Ovy) NU(RBY,0%), and s° € (aOb)NL( Ly, y).
Hence, Moy (r')>a, By (t°)<6 , By (t.)>6", and
For (s7)<y. It follows that

(VH S T)(T0or o5

If the nonempty sets U(My,a), L(By,0 ),
U (B3, 8"), and L(74,y) are SH-BCK-ideals of Z for all
a8 ,08%y € [0,1], then W = (M, Boys F o) is a BMBJ-N
SH-BCK-ideal of #.

Proof.  Suppose the nonempty sets U (Mg, &), L(B5»0 ),
U (B, 8"), and L( 74, y) are SH-BCK-ideals of # for all
a8 ,8",y€[0,1]. Then, ¢ € U(My,a), 7€ L(B,0 ),
§eU(%5,,0%), and 17 € L(74,y) for some o,7,&,17 € #,
and so Qo< {0} CU (Mo, a), TOT<{T}CL(B,0 ),
§OE<{EcU(Sy,,0%), and nOn<{n} <L(Fy,y). By
Lemma 1, we have pO o CU (Mo, ), TOTSL(B, 6 ),
§QECU(B,,06"), and nOn<L(Fy,y). Thus, for any
acp0OobetrdTr, ceéOE and dendn, we get
aeU(My,a),b e L(By,0 ),c € U(RBYy,8"), and
deL(Fy,y). Hence, My (a)>a, By (b) <6 ,%By (c)
>6", and £ (d)<y. It follows that

14 ) such that
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Moy (9) = min{sup{ My, (r)|r € 9O}, Moy (1)}
>min{ Moy (,.), Moy (1)}
>a,
By (uy) < max{inf{FBy, (t)It, € u;Ovi}, By (v1)}
<max{ By (1), By ()]
<d,
By (1) = min{sup{B3, (£))If) € u,Ov )}, B (1)}
> min{%%/(fo), By (vz)}
>4,
F o (a) <max{inf{ 5, (s)|s € adb}, 75, (b)}
<max{fy (), Fo (b)}

<y.

(22)

Hence, 0 e U(Moy,a), u, € L(B,0 )u, €L
(%B3,,8"), and ae€ L(Fq,y). Therefore, U(My,a),

L(Bys0 ), U(Bg,,0"), and L(F5,y) are SH-BCK-ideals
of #. O

Theorem 8. Let W' = (M, B> Fo) be an MBJ-NS over
H which satisfies the following condition:

./%W(g) = sup{ s, (0)lo € #}
Boy () = inf{ By, (V)T € K}

+ + (23)
By () = sup{ By, (O)|7 € K}
T () = inf{ Ty (n)ln € H}
inf{y, (a)la € 0O o} >0 = My (0),
sup{ B, (b)lb € 1O T}< 6 = By (1), (24)
inf{%B5, (O)lc € ECE}>6" = By, (8),
sup{F o (D)d e nOnt<y = F9 ().
For any 0, T, Uy, Vi, Uy, Vo, W, Z € 2 taking

r = min{sup{#y, (a)la € o O 1}, Moy (1)}, t = max{inf
(B Db € uy Ov}, By (v} t = min{sup{SBy, (c)lc € u,
O}, By, (vy)), and s = max{inf{ 7y, (d) |d e w2}, f
o (2)}. Then, by assumption, U (Mo, a), L(HBy,6 ),
U(%3,,6"),and L( 75, y) are strong hyper-BCK-ideals of 7.
Condition (3) implies that there exist a” € <O 7, 0" € u; O vy,
¢ eu,Ov,, and d ewdz such  that Mo (,) =
sup{Mq (a)la € 0O 1}, By, (0°) = inf{FB, (D)L € uy O v},

7 () = sup{ B, (c)lc € u, Ov,}, and Fop(d) =
sup{.fy (d)|d € w< z}. Hence,
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‘%W (u“
By (i

+’“7/ (c“

T (&

~— ~— ~— ~—

This imply that a’ € U(My,a), b € L(By,0 ),
¢ eU(RBy,0"), and d e L(Fqy.7) Hence,
(eOTNU (Mo, 1)+, (U, Ov)NL(Boyt) # ¢,
(uy Ovy)NU (B t) £ ¢, (WO 2)NL(Fo,5) # ¢, and thus
0 €U (Moy,1), u, € L(Bo,t)u, € U(RByy,t), and
w € L(Z5,s). It follows that

My (0) =7 = min{sup{My, (a)la € 0 O 1}, Moy (1)},

Boy (uy) <t = max{inf{B,, (b)|b € u; S v,}, By (vi)h

B3y (u3) 21 = min{sup{ By (©)le € u, Ov,1, By (1)),
Fop (d) <s = max{inf{ 7, (d)ld € wO 2}, 7o (2)}.

(26)
Therefore, W = (M, Boys Fop) is a BMBJ-N
SH-BCK-ideal of 7. O

4. Conclusions

This paper found a new link between hyperalgebraic
structures and MBJ-NSs by introducing BMBJ-N WH-BCK-
ideal, BMBJ-N s-WH-BCK-ideal, and BMBJ-N §H-BCK-
ideal of H-BCK-algebras and studying their properties and
relations. BMBJ-N WH-BCK-ideals and BMBJ-N §H-BCK-
ideals in relation to level subsets have been discussed.
Conditions for a BMBJ-N WH-BCK-ideal to be a BMBJ-N
s-WH-BCK-ideal have been found. Conditions for an MBJ-
NS to be a BMBJ-N $'H-BCK-ideal have been given. The
results in this paper can be considered as a generalization of
the results known for (intuitionistic) fuzzy hyperideals of
H-BCK-algebras. In future work, various types of BMBJ-N
H-BCK-ideals will be defined and discussed.
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