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This study focuses on combining the theories of m-polar fuzzy sets over BCK-algebras and establishing a new framework of
m-polar fuzzy BCK-algebras. In this paper, we define the idea of m-polar fuzzy positive implicative ideals in BCK-algebras and
investigate some related properties. Then, we introduce the concepts of m-polar (e, €vVq)-fuzzy positive implicative ideals and
m-polar (€, €Vq)-fuzzy positive implicative ideals in BCK-algebras as a generalization of m-polar fuzzy positive implicative
ideals. Several properties, examples, and characterization theorems of these concepts are considered.

1. Introduction

The inception of the idea of BCK-algebras, presented by Imai
and Iséki [1], laid the frameworks and foundations as well as
gave birth to great research studies. Such algebras generalize
Boolean D-poset (MV-algebras) as well as Boolean rings.
BCK-algebras have many applications in several fields, such
as groups, semigroups, graphs, topology and functional
analysis, and so on. The study of ideals forms an essential
aspect of the theory of BCK-algebra. Since Imai and Iséki [1]
introduced the notion of ideals in BCK-algebra, several
kinds of ideals in BCK-algebras have occurred, for example,
H-ideals, positive implicative ideals, implicative ideals, and
SO on.

The essential idea of a fuzzy set, proposed by Zadeh [2] in
1965, provides a natural framework for generalizing many
fundamental concepts of algebras. Moreover, the idea of
fuzzy sets in BCK/BCl-algebras was proposed by Xi [3]. The
theory of fuzzy algebraic structures plays a prominent role in
different domains of mathematics and other sciences such as
theoretical physics, topological spaces, real analysis, coding
theory, set theory, logic, and information sciences. In 1994,

bipolar fuzzy (BF) set theory was proposed by Zhang [4] as a
new platform that extends crisp (classical) and fuzzy sets. BF
sets’ membership grades (positive and negative) belong to
the interval [-1, 1]. Hybrid models of fuzzy sets have been
applied in various algebraic structures, for instance, hem-
irings [5], UP-algebras [6], and BCK/BClI-algebras [7]. In
many real-world problems, multipolar information play a
fundamental role in distinct areas of sciences, such as
neurobiology and technology. Data sometimes come from m
components (m>2); for example, consider the following
statement “Harvard University is a Good University.” In this
statement, the degree of membership may not be a real
number in the standard interval [0,1]. In fact, Harvard
University is a good university in several components: good
in ranking, location, facilities and education, etc. Any
component may be a real number in [0, 1]. If we have m
components under consideration, then the degree of the
membership of the fuzzy statement is an element of [0, 1]™,
that is, an m-tuple of real number in [0, 1]. Based on the
above discussion, Chen et al. [8] generalized the theory of BF
set theory to get a new notion, called m-polar fuzzy (m-pF)
set theory in 2014. In m-pF sets, the grade of membership
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function is extended from [0, 1] to m-power of [0,1] or
[0, 1]™.

The framework of the fuzzy subgroup, initially presented by
Rosenfeld [9] in 1971, is a fundamental concept of fuzzy al-
gebras. Pu and Liu [10] and Murali [11] defined “quasi-coin-
cidence” and “belongingness” of a fuzzy point with a fuzzy set,
respectively. These notions played a fundamental role to es-
tablish distinct kinds of fuzzy subgroups. In the literature,
Bhakat and Das [12] first generalized fuzzy subgroups to
(a, §)-fuzzy subgroups and they proposed and discussed the
idea of (e, evqg)-fuzzy subgroups. In this aspect, Dudek et al.
[13], Ibrara et al. [14], Jun and Song [15], and Narayanan and
Manikantan [16] extended these results to semigroups, near-
rings, and hemirings. In BCK/BCI-algebras, Jun [17] presented
(a, B)-fuzzy ideals as an extension of fuzzy ideals. In [18],
Zulfiqar introduced (a, B)-fuzzy positive implicative ideals in
BCK-algebras. Zhan and Jun [19] defined (€, € vg)-fuzzy ideals
in BCI-algebras.

The notion of m-pF set theory was applied to many
practical problems, particularly in the field of graph
theory (see, for e.g., [20-22]). In [23], Sarwar and Akram
applied m-pF set theory to matroid theory. In addition,
various applications of m-pF sets and other hybrid
models of fuzzy sets in pure and applied mathematics are
studied in [24-32]. Recently, m-pF set theory has been
applied to various algebraic structures on different as-
pects, namely, Farooq et al. applied m-pF set theory to
groups [33], Akram and Farooq applied m-pF set theory
to Lie algebras [34, 35], and the authors applied m-pF set
theory to BCK/BCl-algebras (see [36-40]. Motivated by a
lot of work on m-pF sets, we present m-polar fuzzy
positive implicative (m-pFPI) ideals in BCK-algebras and
discuss some related results. Using the concept of quasi-
coincidence of an m-pF point within an m-pF set and as a
generalization of m-pFPI ideals, we introduce the con-
cepts of m-polar (g, evq)-fuzzy positive implicative
(M = p(cevg — FPI) ideals and m-polar (€,€Vvq)-fuzzy
positive implicative (m — pzzy5 pp1) ideals in BCK-al-
gebras. Several properties, examples, and characteriza-
tion theorems of these concepts are considered.

2. Preliminaries

Here are some of the important concepts of BCK-algebras,
m-pF sets, and m-pF ideals that are useful for further dis-
cussions. Throughout this paper, for the convenience, Q
stands for a BCK-algebra.

An algebra (Q; #,0) of type (2, 0) is called a BCK-algebra if
the axioms below are satisfied for all @, o, 7 € Q:

(i) (@) * (@*n)< (n+0)
(i) (@ (@=p))<p
(iii) @ * @ = 0
iv) 0x@=0
(v) @<p and p<® imply @ = o
where < can be presented by @ <p if and only if @ * p = 0.

Every BCK-algebra Q) satisfies the following axioms for all
@,0,7 €
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1) @*0=0a.
(2) (@) *n=(@*1n)=p.

Definition 1 (see [8]). An m-pF set .W on Q(+¢) is a
mapping .#7: Q — [0, 1]™. The membership grade of any
element ® € Q) is given as
47 @) =(pyolt” (@), pyo @), ol (@) ),
(1)

where p; oﬁ: [0, 1]:” — [0,1] is the Ai—th projection
mapping. The grades 1 = (1,1,...,1) and 0 = (0,0,...,0)
are the largest and the smallest grades in [0, 1]™, respectively.

Definition 2 (see [36]). An m-pF set //%5 of Q) is called an
m-pF ideal of Q if for any @, 0 € Q,

1) /%9(0) >=/ﬂ‘@(®)

2) ,/%9(60)>mf{ﬂ‘@(®* o), M7 (g)}

That is,

(1) p;e o ll” (0) = p; ‘hﬂg(@)

@) po /W(a)>mf{p,o/%9“(m*9) p,o./W(g)}
foralli=1,2,...,m

Definition 3 (see [36]). The set /%91 = {@ € QI/%‘@
(@) > E} where /%90 is an m-pF set of Q, is called be the level
cut subset of .%93 for all E € (0,1]™.

Lemma 1 (see [36]). Every m-pF ideal ﬁ of Q satisfies the
following assertion for all @, 0 € Q:

QSQ:./%\‘@((D)Z;%‘\@(Q). (2)

3. m-Polar Fuzzy Positive Implicative Ideals

Definition 4 (see [41]). A nonempty subset £ of Q) is called a
positive implicative ideal of Q if for all @, 0,7 € Q,

1) 0e 7.
(2) (@*p)*ne fand pxne 7 imply @ *n e 7.

Definition 5. An m-pF set A7 of Qs called an m-pFPI ideal
of Q if for any @, 0,7 € Q,

W) 27 (0)> M7 (@).

@) 47 @+ 1) >mf{/%9" (@%0) % ), M7 (0% ,1)}
That is,

® pi%:‘@ (0) 2 pett” (@)

@) poM? (@ * 1) =inf —
Tpfﬂg’ (@ * @) * 1), poM” (o ’7)}

foralli=1,2,...,m
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Example 1. Let Q ={0,1,2,3,4}cNU {0} and a binary op-
eration “*” be given as follows:

O0xx=0, VxeQ,

1, ify=0,
lxy=

0, ifye{l,2,3,4}

2, ifz€{0,1,4},
2%z =

0, ifze {23}, (3)
3, ifwe{0,1,2,4},

3xw =
0, ifw=23,

4, ifve{0,1,2,3},
4xy=
0, ifv=4

Then, (Q, *,0) is a BCK-algebra. Let W be a 4-pF set
defined as

((0.70,0.40,0.90,0.71), if® =0,
(0.60,0.30,0.80,0.61), if® =1,

27 (@) =1 (0.50,0.20,0.60,051), if® =2, (4)
(0.40,0.10,0.30,0.41), if® =3,
[ (0.30,0.20,0.50,0.31), if® = 4.

Since conditions (1) and (2) of Definition 5 are satisfied.
Then, % is a 4-pFPI ideal of Q.

Theorem 1. Any m-pFPI ideal of Q) is an m-pF ideal of Q,
but the converse does not hold.

Proof Let #7 be an m- pFPI ideal of Q. Then,
.%J (0) >%J (). By taking # = 0 in Definition 5 (2) and
since® * 0 = AV € Q, wehave,/%gb((b)>1nf {ﬂga(@*g)

Vs (0)}. Hence, 47 is an m-pF ideal of Q.
The last part is shown by the following example. [

Example 2. Let Q = {e,1,j, ¢} and a binary operation “ * ” be
given as follows:
exx=e, Vxe€,
{1, if yelet}
1%y =

e, ifye{j}

j,» ifzedet},
. . (5)
jrz=11 ifz=1,

e, ifz=j,

{6, ifw € {e,1,j},

Cxw=

e, fw==¢

Then, (Q, *,e) is a BCK-algebra. Let ﬁ be a 3-pF set
defined as

3
(0.6,0.6,0.09), if® =0,

47 (@) =4 (05,0.5,0.08), if® =1,j, (6)
(0.3,0.3,0.3), if@=¢

Since conditions (1) and (2) of Definition 2 are sat-
isfied. Then, '/%-‘\@ is a 3-pF ideal of Q), but it is not a 3-pFPI
ideal of Q since //%‘\@U *1) = W(l) = (0.5,0.5,0.08) <
inf{?[@ ((G#1) %1, M7 (15 1)} = inf{ﬁ(m,ﬁ(m} -

M7 (0) = (0.6,0.6,0.09).
We now give the conditions for an m-pF ideal to be an
m-pFPI ideal of Q.

Theorem 2. An m-pF set of Q) is an m-pFPI ideal of Q) if and
only if it is an m-pF ideal of Q and M7 (@ %)=
M7 (@ * 0) * o) for all ®,0 € Q.

Proof. Suppose .#7 is an m-pFPI ideal of Q. By Theorem 1,

A7 is an m-pF ideal of Q. If 7 is replaced by p in Definition
5 (2), then

%@(w*g)zinf{ﬁ((w*g)*Q),%@(Q*Q)}
- nf{ﬁ((@*g)*g),]@m)} (7)

=ﬁ((®*g)*g),

for all ®,p € Q. -
Conversely, let 47 be an m-pF ideal of Q. Then,

%‘@ (0) >ﬂ‘@ (@) for all @ € Q. Also, since ((@ *#) * 1) *
(oxm<(@+n)*p=(@=p)=*n forall @,p € Q, it follows
by Lemma 1 that

M7 (@) )+ (e )2l (@5 ). (B)
Now, by assumption
7 (@5 )2 7 (@ 5 ) % 1)
zinf{ﬁ(((w*n)*n)* (9*11)),.7%\@(9*11)}
zinf{%\@((@*g)*n),ﬁ(g*m}.

(9)
Hence, .#7 is an m-pFPI ideal of Q. O

Theorem 3. Anm-pF set W of Q is an m-pFPI ideal of Q) if
and only if/%gjzaé ¢ is a positive implicative ideal of Q) for all
Ee (0,1]™

Proof. Suppose that 47 s an m- pFPI ideal of Q. Let
fe (0,1]™ be such that @ € /%9 Then, /%9(0)> ﬂ‘@

(@) 2;8, and we have 0 € //%?’E Let ®, 0,7 € Q be such that
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(@*g)*n,g*qeﬁlg. Then, W(((D*Q)*ﬂ)zz and

;%—‘\@ (o*n) 22. It follows from Definition 5 (2) that

a7 (@ q)zinf{;[g’((co* o) # ), 4 (o * ;1)} >Z.
(10)

Thus,® * 1 € .% Hence /% AIS a positive implicative
ideal of Q.
Conversely, assume that ./%9D #¢ is a positive impli-

cative ideal of Q for all E € (0, 1]™. If there exists t € Q such
that .7 (0) < 7 (t), then 47 (0) < § <47 (1) for some
€ (0,1]". Then, 0¢ W@, a contradiction. Thus,
7%‘\93 (0)= W (@) for all ® € Q. If there exist t, k, g € Q such
that !/ﬂ—‘\@ (t+q)< inf{,/%—‘? ((t x k) = q),ﬁ(k * q)}, then

W(t*q)<f£inf{%@((t*k)*q),./ﬂ\@(k*q)}, (11)

for some E € (0,1]™. It follows that (¢t *k)=*qe€ //%3% and
k#qe o > buttsq ¢ W > This is a contradiction. Thus,
.W(GD * 1) zinf{%@((m * Q) * q),ﬁ(g * ;7)} for all
@, 0,1 € Q. Hence, 7%5 is an m-pFPI ideal of Q. O

4. m-Polar (¢, €vq)-Fuzzy Positive
Implicative Ideals

Al-Masarwah and Ahmad [40] extended the concepts of
“belongingness” and “quasi-coincidence” of a fuzzy point
with a fuzzy set and proposed the concepts of “belonging-
ness” and “quasi-coincidence” of an m-pF point with an
m-pF set as follows.

An m-pF set M7 of Q of the form

7 )—{f (6--08) € (0,17,
(0,0,...,0),

ifo=0,
ifo#®
(12)

is said to be an m-pF point, written as (DE’ with support @ and

value (§,¢&,,...,¢8,) =&
An m-pF point QE
(1) Belongs to 7%‘\@ written as (DE € ﬁ if;%‘\@ (@) 22,
ie, Vi=12,....m, pol” (@) 2§
(2) Is qua31 coincident with 47 , written as (D’gq\/%‘@ if

/%‘@(CD) + €> 1, ie, Vi=12,....m, pi"/%‘g3 (@)+
&>1.

We say that
1) @Aa,/%‘@ if (Dzocﬂ‘@ does not hold.
7 P P
(2) &Li\/qﬂ (resp., /(DiEAq‘% ) if (DE € M~ or (DE
g7 (resp., (DE € M7 and G)Eq/%‘@)
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Next, we introduce m — p 4 — FPI ideals of Q) and
discuss several results.

Definition 6. An m-pF set 47 ofa BCK-algebra () is called
an m— p ey — FPI ideal of Q if for all ®, 0,17 € Q and
§9¢€ (0,11,

1) (DE € ./ﬂ\‘@impliesOE quﬁ.
(@) (@ 0) *1); € 47 and (g ) € M7 imply (@ *
1’]) {AA} EVqﬂ

Example 3. Consider a BCK-algebra Q = {0,1,j, £} which is
given in Example 2. Let /7 be an m-pF set defined as

%\‘@( ) { (0.7,...,0.7), if@=0. (13)
) =
(0.6,...,0.6), if@=1j,e

Then, /7 is an m — p . ., — FPI ideal of Q.

Theorem 4. An m-pF set W of Qis an m— p cyq — FPI
ideal of Q if and only if for all ®, 0,1 € Q,

(i) W(O)zinf{%\@(o),(ﬁs}.
(ii) @(6} * 1) zinf{ﬁ((a) * Q) * q),ﬁ(g *1),
0.5}.

Proof. Suppose that A7 is an m — P(eevq — FPI ideal of Q.

Let ® € Q and assume /l‘@((y)) <0.5. If .%J (0) <.%‘@(G))
then

a7 0)<E<.a” (@), (14)

for some 0 < € < 0.5. This implies that @; €.l 7 but OEE/% 7,
Since /7 (0) + & < T, we get OEQ.% 7 Therefore, ()Ee_\/q% 7 a

contradiction. Thus, W (0)> ]Z‘\@ (@) for all @€ Q. If
,/%T@(Q) >0.5, then Q5 € ,7%-5, and so Oo.As EVq;%-@. Hence,
.}Z?? (0) = 0.5. Otherwise, //%—5 (0)+ 0.5<1, a contradiction.
Hence, 7%5(0) Zinf{;%?)(co),(ﬁ} for all @€ Q. Let
®, 0,7 € Q. Assume that

inf{]f\@((w «0) % 1), M (0 % ;7)} <05 (15)
Then,
}13((:0 1)) zinf{;%?”((co * Q) * ;7),;%?’)(@ * 11)}- (16)
If not, then

ﬁ(a*;7)<Esinf{//%‘\@((a)*@)*;1),//%‘\@(@*;7)}, (17)

for some 0 <& <0.5. This implies that ((@ * o) * ;7)2 cu”
and (p * 11)2 cu” , but (@ * I’])EE—\/C]./%\@ , a contradiction.
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Hence, W(@*q)zinf{.%\g((w*g)*r/),ﬁ(g*q)}
whenever inf{jﬂa (@ = ) * ;7),./%—@(9 * ;7)} <05 If
inf{ﬁ((@ Q) * q),W(g * 17)} >0.5, then

(((D*Q)*n)A G,/%—?,
(18)
(Q*ﬂ)A Eﬂg

It follows that ((D*q)A = (a) * 1), nf{osos} QVq.%‘}
Therefore, ﬂ‘@(@*n)>05 or ./%9(6*17)+05>1 If
%‘@ (@*n)< 0.5, then

%‘@(Co*q)+6:§<i, (19)

a contradiction. Therefore, .W(GJ * 1) > inf{.7%‘\9b (@ =)

* r/),.’%?(g * q),(ﬁ} for all ®, 0,7 € Q.
Conversely, suppose that (i) and (ii) hold. Let ® € Q and
EE (0,1]™ be such that (DE e M7 . Then, M7 ((D)ZE. As-

sume ,/%?/3(0) <2. If W (@) < 0.5, then
27 (0) 2inf{;%\‘@(®),(7.§}
- (20)
=7 (@) >,

a contradiction. Therefore, W (@) > 0.5, which implies that
a7 (0) + &> 2.7 (0)
zZinf{/%g’(a),(ﬁ} (21)
=1
Thus, OE qujﬂa. Let @,0,77 € Q and &9 € (0,1]" be

such that ((@ * o) * ;1)2 e M7 and (o * ;7)5 € 7%‘\9). Then,

A7 (@ 0) ) 2E,

— (22)
M (o*mn) >9.

Suppose that W (@*n)< inf{z, 5} Ifinf«{;%?> (@ =)
* 1), ﬂ‘@(g * 1)} <0.5, then

A7 @« ) 2inf 47 (@ 5 0) 1), 7 (g v 1), 03]

{a”
{ Q*g)*q),%@(g*q)}
nf{¢, 3}

(23)

a contradiction. Hence, inf{ﬁ((@ *0) % 7), ﬁ (o #n)}
>0.5. This implies that

M7 (@ % ) + inf{E B} > 247 (@ % 1)

> 2inf{"%—§ (@) = 1),

_ 24)
7(e*n), (73}
=1
So, (@ ”)inf{iﬁ} EVq.W. Hence, .7%? is an m-—
P(eevg — FPI ideal of X. 0

Theorem 5. Every m — p(c g — FPI ideal of Q is an m -
P(cevq — F ideal of X, but the converse does not hold.

Proof. Let M7 be anm — P (cevq) — FPLideal of Q). Then, (1)
of Definition 6 holds. Put # = 0 in Definition 6 (2), and we
get

(((D*g)*O)AE./%-ﬁ,
(25)
(0* O)A € % imply (@ * 0) {AA} EVq/%gé.

So,

(@ = Q)A eun?,
(26)
Q5 € /% 1mply6) {AA} »EVq,%g1

Hence, 47 s an m - P(cevg — F ideal of Q.
The last part is shown by the following example. [

Example 4. Reconsider the BCK-algebras Q given in Ex-
ample 2. Let /£ be a 3-pF set defined as

(0.7,0.6,0.5), if® =0,
M7 (@) =1 (0.4,03,0.2), if®=1j, (27)
(0.3,0.2,0.1), if®==¢

Then, ./%-‘\@ is a 3-polar (€, evqg)-fuzzy ideal of Q, but it is
not a 3 - p(ceyy — FPI ideal of Q since M7 (fx1) =
A7 (1) = (0.4,0.3,0.2) < inf{fﬁ (1) % 1), 27
(1%1),03) = inf {7 (0),.47 (0,03} = 0.

Lemma 2 (see [40]). Every m — Pleevg — F ideal ;%‘\@ of Q
satisfies the following assertion: for all @, € (,

o<oo M7 (@) sz{f[g’ (g),(ﬁs}. (28)
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Theorem 6. Letﬂj beanm — p(c ey — F ideal of Q. Then,
A7 s an m— Peevg — FPI ideal of Q if and only if

%9(®*9)>mf{/ﬂ‘@((®*g)*g OS}forallw o€

Proof. Assume A7 isanm - P (cevq — FPLideal of Q. If 17is
replaced by o in Theorem 4 (2), then

,/%\“@((D*g)zinf{./%\@((w*g)*g),jﬂﬁ(g*g),(ﬁ}
- inf{fﬁ (@%0) *0), ,7[9’(0),@}

= inf{;_%‘\@((m % 0) * g),(ﬁ},
(29)

foral®,0€ Q. ___
Conversely, let .47 be an m ~ P(eevq — F ideal of Q.

Then, Z7 (0) > inf{7[9’ (@), 6?3} for all @ € Q. Also, since

(@) =n) = (gxn) < (@xn)xp=(@*p)xn for all
®,0 € Q, it follows by Lemma 2 that

A7 (@) 1) x (@ + ) 2inf {47 (@) + 1.5} (30
Now, by assumption
M ((D*n)>1nf{ ((0)*;7)*;1)05}

> inf{]ﬁ (@ 1)+ ) * (0 % 1)),

_ (31)
.%‘@(Q* ;7),63,()3}
Zinf{"%-;((a) * Q) * ;7),‘/%-5(9 * ;1),0.,3}.
Hence, /7 is an m — P (eevq) — FPI ideal of Q. O

Theorem 7. An m-pF set .%\97 of Qis an m— pc evg — FPI
ideal of a BCK-algebra Q if and only if/%‘@gi ¢ is a positive
implicative ideal of Q for all € € (0,0.5]".

Proof. Assume that 47 is an m — P(cevq — FPL ideal of a
BCK-algebra X. Let E € (0,0.5]" and @ € /%9? Then,

//%\9 (@) 22. Theorem 4 (i) implies that
27 (0)> inf{%\g’ (@), (ﬁ;} _E (32)

Thus, OEW{ Again, let (@*))*z,y*z&%g

Then, 7 (@ * o) * ) >£ and /%‘@ (o*n) >E Theorem 4
(ii) implies that

ﬁ(@*q)zinf{ﬁ((m*g)*q),ﬁ(g*q),(ﬁ}

>inf{E, 105} = &,

(33)
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Therefore, @ * 1 € a7 Thus, /[JL is a positive im-
plicative ideal of Q.
Conversely, let A7 be an m-pF set of Q be such that

.W Eqﬁ(/) is a positive implicative ideal of Q for all
EE (0,0.5]". If there exists ke such that
A7 (0) < inf{./%g’ (K), oAs} then

a7 (0) <& sinf{;%\‘@(k),(ﬁ}, (34)

for some & € (0,0.5]"™. Tt follows that k € ./%‘@g, but OE‘/%‘@;,
k k

a contradiction. Therefore, /47 (0) > inf {.% ? (@), 0.5} for all
@ € Q. Suppose there exist u, v, w € Q such that

ﬁ(u*w}dnf{ﬁ((w*v)*w),j%?’(v*w),(ﬁ}.
(35)

Then, ;%‘\@(u*w)<g <inf !7%—‘\93((u>x<v)>t<w),,7%—§1 (v
#w),0.5} for some E € (0, OS] . This implies that
(u*v)*we.%j{ and v*wE./% o but u*w?.%@{.
This is impossible. Thus,

M (@*n)= inf{‘%gJ (@ * ) * q),%‘@(g ®1), 63},

(36)

for all @, g, 7 € Q. Hence, M7 is an m — P (e,evq — FPLideal
of Q by Theorem 4. O

5. m-Polar (¢, € vVq)-Fuzzy Positive
Implicative Ideals
In the current section, we introduce m — p zzyz)_ppr ideals

of Q and discuss some relevant results and properties.

Definition 7 (see [38]). An m-pF set W of Q is called an
M = P (€ gvp-Ea1 ideal of Q if forall @, 0 € Qand ,9 € (0,1]",

1) O—ge /%9 1mphes D€ Vq.%9
(2) (D {Eg}e /44 implies (@ * Q)Ae Vq/%‘@ or o

evﬁ/%‘@.

Theorem 8 (see [38]). An m-pF set //%yb of Qis an m -
P evg-r ideal of Q if and only if for all ®,0 € Q,

(i) sup{/’ﬁ(m,(ﬁ} > 47 (@).
(ii) sup{%\@(m),(rs} > inf{%\g"(m ; g),ﬁ(g)}.

Lemma 3 (see [38]). Any m— pczygp ideal o of Q
satisfies the following assertion for all @, € Q:

msezsup{ﬁ(m,(ﬁ} > {7%?’“(9)}. (37)
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Definition 8. An m-pF set 47 of Q is called an
m=-peevg-rm ideal of Q if for all ®,0,7€Q and

£9e (0,1]™,
(1) O'EW implies &qu%@
(2) (G) * ;1) ~~ € ﬂ‘@ implies ((® * ) * ;1)Ae Vqﬂf
or (p=* n)Ae bq.%g)

Example 5. Consider a BCK-algebra X = {0,1,j, ¢} which is
given in Example 2. Let .#7 be a 3-pF set defined as

(0.5,0.5,0.5), if® =0,
M7 (@) =4 (0.3,0.3,04), if®=1j, (38)
(0.2,0.2,0.2), if@=¢

Then, 47 is a 3 - P (@zvg-rp ideal of Q.

Theorem 9. An m-pF set u of Qis an m - Pz zyg-rpr
ideal of Q if and only if for all ®, 0,7 € Q,

(i) sup{%\@m),(ﬁ} > 47 (@),

(ii) sup{ﬁ(m*n),ﬁ}zinf{//ﬂ (@ # Q) # 1), 7
(e *m}

Proof. Let 47 be an m - PEzvg-rer ideal of Q. Assume
there exists @ € ) such that sup{/%‘@ (0), 0.5} <f /%9)((3)
Then,
Ee (0.51]™,
— — (39)
o€ M7, @; € a7

ByDeﬁmtlonS(l) we have GDAE Vq%g,le %9(®)<E
or .%‘@((D)+E<l Since /%9’((3) f §<05 This is a
contradiction. Hence, sup{/%‘@(O),O.S}z./lJ (@) for all

@ € Q. Suppose there exist @, p,% € Q such that sup{./%—yD

(@ = 1), ()3}<2=inf{ﬁ((ﬁ)*g)*q),ﬁ(e*n)},
Then,
E € (0.5,1]", (@ * I’])EE./%—?, (@ * ) =* ;’/)E, (o * r])«g € _/ﬂ\‘@

(40)

It follows that ((@ * ) * q)Aqﬂg or (o= q)Aq/%‘@ Then,
%9((®*Q)*n)+5<1 or /%gb(g*r])+£<1 Since
/%‘} (@) *n) >¢ and ﬂ‘@(g * 1) >&, it follows that
ES(T.\S, a  contradiction.  Hence, sup{jﬂﬁ (@=n),

(/)E}Zinf{ﬁ((w*@) *;1),!7%—5(9*11)} for all @, 0,7 € Q.

Conversely, let OEE .%‘j’ Then, /%‘)(0) <£ either
%9’(0)>./W’(@) or M7 (0) <./%9’( @). If ./%9”(0)2
.%9’ (@), then /%9’(@) <€ and so (DEE W. That is,
@EE\@W. If .7 (0) < M7 (@), then by (i), 47 (@) <0.5.
We consider two cases:

Case (1) If .%‘} (@) <§ then &e/% , and so
(Dge Vq.%go

Case (2). If ,/%9’(@)>£ then E<ﬂ‘@(®)<0 5; it fol-
lows that @Aq./% , and so (DEG Vq.ﬂy

Again, let ((D* 11) s eﬂ for f 9 € (0,1]™. Then,
%90 (@ # 1) <inf {E 9} We consider two cases:

Case (1). If ./%9’ (@)= 0.5, then
inf{%\‘@((w x0)x )l (g x 11)}
(41)
< 7%\9’(@ * 1) < inf{f, 5}

Consequently, Vs (@ %) *7n) <& or Vs (0% 1) <9.
That is, (@ * ) * 11);?/%‘@ or (o= 11)53/%9. Hence,

(@ * ) = n)ge_vq,/%—? or (o= q)gqu./%—@.
Case (2). If 7%_5 (@*1)< 0.5, then

inf{ﬁ (@ 0) # )y M7 (0% ;7)} <05, (42)

Assume ((@ * p) * ;7)A € /%gj or (g * ;7)A € ,/%gj Then,
£</%9°((60*g)*;7)<05 or 9</%9’(@*;1)<05 Thus,
%‘@((Q*Q)*r])+5<05+05—1 or %‘@(g*r])+§s
0.5+ 0.5 = 1. It follows that (@ * @) * 7)g.A” or (o * 1),
g7, and so ((@ * o) * qyzvqﬂg’ or (Q*n)s € vag.u”.
Hence, (@ * 7). {AA}E cu” implies ((@ * Q) * ;7)A € Vq/% or
(o= 17)56 vq,/% . O

Theorem 10. Every m — p ¢ zyg)_pp; ideal of Q is an m-polar
(€, €Vq)-fuzzy ideal of Q, but the converse does not hold.

Proof. Let 47 be an m— Pz zyg-ppr ideal of Q. Then, for
all @,0,7 € Qand &9 € (0,1]™, Weget

Oggﬂ W implies (Dgquﬂ Z, (43)

(@ 11) s e/% implies ((®@ * o) * 17)Ae Vq,%‘gD
nrfest (44)

or (@ )5€ v
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Put # = 0 in (44), and we get

(@ = O) {AA}G,% implies ((@ * p) * O)AGVq%
. (45)
or (p=* O@EVQ%‘@.
This implies
@ {EA}E /% implies (@ * Q)AG Vq.% or gg€ Vq.ﬂ
(46)

Hence, 47 is an m-polar (€, € vg)-fuzzy ideal of Q.
The last part is shown by the following example. [

Example 6. Reconsider the BCK-algebras X ={0,1,j,¢}
given in Example 2. Let .7 be a 3-pF set defined as

(0.6,0.6,0.6), if@ =0,
a7 (@) =4 (0.3,0.4,03), if®=1,j, (47)
(0.2,0.3,0.2), if@=¢

Then, 47 isanm — P (ezvg-r ideal of Q. Butitis not an
m=—pzvg-rm ideal of Q since sup{.ﬂ‘@ (j =), 6\5} =
(0.5,0.5,0.5) < inf{;%—§D ((j 1) *1), !/%—5 (1*x1)} = inf{f%—ED
(0), 7 (0)} = (0.6,0.6,0.6).

Theorem 11. Let 47 be an m-polar (€, €Vq)-fuzzy ideal of
Q. Then, M7 is an m — P @zvg-rpr ideal of Q if and only if
sup{;%—y)(co * Q),(ﬁ} ZW((Q % 0) * 0) for all ®,p € Q.

J——

Proof. Let 47 be an m - PEzvg-rpr ideal of Q. If 7 is
replaced by g in Theorem 9 (ii), we get

sup{ﬁ (@ =* Q),(ﬁ} > inf{j%‘a (@ * ) = Q),W(g * 9)}
-t 7 @+ 00 27 0)
2./%\9((60* 0) # 0),

(48)

for all @, € Q.
Conversely,

(e,evg)-fuzzy ideal of Q and sup«{,/%—yD (@ = p),

Assume that 7 is an m-polar

63}27%‘\@((@*9)*9) for all @,p € Q. Then, sup{ﬁ

(0),0.5} > //%5 (@) for all @ € Q. Also, since ((® 1) * 1) *
(oxm<(@xn)*p=(@xp) =7 foral @,p € Q, it follows
by Lemma 3 that

Sup{ﬁ(((@ S ESERCE r])),(ﬁ]» > ,/%—5 (@ = ) * n).
(49)

Now, by assumption,
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sup 07 (@ 5 1), 05} =47 (@ 1) 1)
zinf{fﬂ\g’ (@) =) * (0 7)),

V/a (o *7), 6\5}

Zinf{ﬁ((m * Q) * q),ﬁ(g * 17)}.

(50)

J——

Hence, /47 is an m — P (&zvg-rer ideal of Q. O

Theorem 12. The intersection of any family of an
m = P & evg-rpr ideal of Qis an m — p e g ppy ideal of Q.

Proof. Let {6%33 i{ . beafamily of m — pzzz _pp ideals of
Qand @ € eff;

sup 47 (0),05} >.47 (@) (51)
for all j € I. Thus,
sup{(/\jd.WJ(O),(ﬁ} = sup{/\jdﬁi(O),(ﬁ}
ZAjel<Wj(m)) (52)
:(/\jd;%?)j> (®).
Therefore, sup{(/\jd//[fj)w),(ﬁ} > (A ll” ) (@).

Let @, 0,77 € €. Since every 7 ; is an m — p z zg)-ppy ideal
of Q,

sup {47 (@ 1), T3} zinf |47, (@ 0) 1) 47 (0 ),

(53)
for all j € I. Thus,
sup{( al” )(c) ), 0. 5}
= sup{/\jd./%@i(a) * ;7),(73} -

Zinf{AjEI%@j (@*p)* 77)’/\]'6["%—?/)]' (0 ’7)}
_ inf{(/\jdwz)((ﬁb *0) % 1), (/\jdﬁ)(e * 11)}'

sup{(/\]d/% D(@x7), 05> 1n/<L/\]d
u D@ ) # 1), (Nje M7 }) (0 * n)}. Hence, Ajey M7
an m — p g zvg-rpr ideal of Q. EI

Therefore,

Theorem 13. An m pF/s\t Vs of Qis an m = P zvg)-rpi
ideal of Q if and only if Ml”~# ¢ is a positive implicative ideal
of Q for all & € (0.5,1]™.

Proof. Assume that M7 isanm - PEevg-rp ideal of ) and
£e (0.51]". Suppose @ € /%9 Then, /%9’((3)>E Now,
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sup{.?l‘\@(O),(i\S} > 07 (@)= & (55)
Thus, /%9’(0)>E Hence, 0 ¢ /%9) . Let ((D * Q) * 1,
9*116/%93 Then, ﬂ‘}((w*g)*q)>fand /%9’(9*11)>
E. Now,
sup{//%‘\@((b * ;7),63} zinf{]g’((@ % 0) # 1), ¥ ( * ;7)} >E.
(56)
Thus, W((D * 1) >¢, that is, @ * ne 7%?/32 Therefore,

ﬂgg is a positive implicative ideal of Q.
Conversely, assume 47~ # ¢ is a positive lmphcatlve ideal

of Q. Let ® € Q be such that sup{./%‘@(O) 0. 5} <.ﬂ‘@ (@).
Choose f € (0.5,1]™ such that

sup{%@m),(%} <E<.t? (@), (57)

Then, /%9)(0) < E and @ € ./%g) Since %
-

implicative ideal of ), we have 0 € ./ Z ? and so 7 (0) > f, a

~ is a positive

contradiction. Hence, sup{ﬁ (0),(/)3} ZW (@) for all
® € Q. Assume ®,0,17 € Q such that sup{ﬁ(d) * 1),

63}<inf{,7%\@((®*9)*;1),7%?(@*;1)}. Choose EE
(0.5,1]™ such that
sup{//ﬂ(@ . ;7),(?5} <Eginf{7ﬂ((a Q) x ), M (0 ,7)},
(58)
Then, /7 (@+n)<E. Since (@) * 7,0 %7 e/ﬂ?g
and %@E is a positive implicative ideal of Q, x * z € .%92.
That is, A7 (@ * 1) ZE. This is a contradiction. Thus,
sup{%‘\@(o * 11),63} zinf{ﬁ (@ =* ) * 1), 7%‘\9’(9 * ;1)}

for all @, o, 77 € Q. Hence, 47 is an m — P (e evg)-rer ideal of
Q. O

Corollary 1. Every m-pFPI ideal of Q2 is an m — p = zvz)-ppr
ideal of Q.

6. Conclusions

m-pF algebraic structures play a significant role in several fields
of pure and applied mathematics. In order to broaden m-pF
algebraic structures, in this study, we have introduced m-pFPI
ideals, m — p (¢ cvq) — FPLideals, and m — p 2z pp; ideals in
BCK-algebras and discussed several relevant properties. We
have considered some characterizations of these concepts in
BCK-algebras. In our further research, we will focus on
adopting this approach to some more algebraic structures, such
as KU-algebras, UP-algebras, semigroups, KU-semigroups, and
hemirings, and to some more complicated applications from the
domains of computer sciences and information systems.
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