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THE THIRD ISOMORPHISM THEOREM

FOR (CO-ORDERED) Γ-SEMIGROUPS WITH APARTNESS

DANIEL A. ROMANO

ABSTRACT. The notion of Γ-semigroups has been introduced by M. K. Sen and N. K.

Saha. The concept of (co-ordered) Γ-semigroups with apartness in Bishop’s constructive

algebra was introduced by this author. Many classical notions and processes of semigroups

and Γ-semigroups have been extended to (co-ordered) Γ-semigroups with apartness such

as ideals, filters and the first theorem of isomorphism of this class of algebraic structures.

In this paper, as a continuation of earlier research, the author designs a form of the third iso-

morphism theorems for Γ-semigroups and co-ordered Γ-semigroups with apartness which

does not have its counterpart in the classical Γ-semigroup theory.

1. INTRODUCTION

The principle-logical framework of this article is Bishop constructive mathematics ([1,

2, 8]) which implies intuitionistic logic ([16]).

Within this framework the author is interested in Γ-semigroups with apartness as a con-

tinuation of his research [9, 11, 12, 13]. The concept of the Γ-semigroup with apartness was

introduced in the article [9]. Semilattice congruences in Γ-semigroup with apartness were

the focus of the paper [11] while the article [12] analyzes some substructures of co-ordered

Γ-semigroup with apartnss such as co-filters. In article [13], two forms of the first theorem

on isomorphism between (co-ordered) Γ-semigroups with apartness are considered.

In this report, as a continuation of previous research, the author presents a form of the

third theorem on isomorphism between (co-ordered) Γ-semigroups with apartness which

does not have its counterpart in the classical Γ-semigroup theory: Theorem 3.2 for Γ-

semigroup with apartness and Theorem 3.4 for co-ordered Γ-semigroup with apartness.

The concept of co-congruences on Γ-semigroup with apartness was introduced and an-

alyzed in the author’s article [9]. The presence of a Γ -cocongruence q on a (co-ordered)

Γ-semigroup with apartness (S,=, 6=, w) it allows the construction of a (co-ordered) Γ
- semigroup with apartness [S : q] = {xq : x ∈ S}. This type of (co-ordered) Γ-

semigroups has no counterpart in the classical theory of Γ-semigroups. Let q1 and q2 be

co-congruences on a Γ-semigroup with apartness S such that q2 ⊆ q1. Theorem 3.2
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shows the relationship between Γ-semigroups [S : q1] and [S : q2]. Theorem 3.4 describes

an analogous relationship between Γ-semigroups [S : q1] and [S : q2] if Γ-semigroup with

apartness S is ordered with respect to two co-orders relations.

2. PRELIMINARIES

The concept of Γ-semigroup was developed in the papers [14, 15]. Articles [3, 4] study

isomorphisms on (ordered) Γ-semigroups.

2.1. Γ-semigroup with apartness. To explain the notions and notations used in this ar-

ticle, which but not previously described, we instruct the reader to look at the articles

[3, 4, 6, 7, 14, 15]. Here we will introduce some specific notions and substructures of

this semigroups that appear only in the Bish version by reference to the author’s reports

[9, 10, 11, 12, 13].

Definition 2.1. ([9], Definition 2.1) Let (S,=S , 6=S) and (Γ,=Γ, 6=Γ) be two non-empty

sets with apartness. Then S is called a Γ-semigroup with apartness if there exist a strongly

extensional total mapping

wS : S × Γ× S ∋ (x, a, y) 7−→ wS(x, a, y) := xay ∈ S

satisfying the condition

(∀x, y, z ∈ S)(∀a, b ∈ Γ)((xay)bz =S xa(ybz)).

We recognize immediately that the following implication

(∀x, y, u, v ∈ S)(∀a, b ∈ Γ)(xay 6=S ubv =⇒ (x 6=S u ∨ a 6=Γ b ∨ y 6=S v))

is valid, because wS is a strongly extensional function.

Example 2.2. Let N be a semiring of natural numbers, R be the filed of real number, where

the apartness is determined as follows

(∀x, y ∈ R)(x 6= y ⇐⇒ (∃k ∈ N)(|x− y| >
1

k
)),

S := [0, 1] ⊆ R and Γ := { 1
n
: n ∈ N}. Then S is a commutative Γ-semigroup under the

usual multiplication.

Example 2.3. Let S be the set M2×3(R) of all 2× 3 matrices over the set of real numbers

R and Γ be the set M3×2(R) of all 3 × 2 matrices over R. Apartness ’ 6=’ is defined in

M2×3(R) in the standard way

(∀A,B ∈ M2×3(R))(A 6= B ⇐⇒ (∃(i, j) ∈ {1, 2} × {1, 2, 3})(aij 6= bij)).

The apartness relation in M3×2(R) is defined analogously. Define AαB = usual matrix

product of A, α, B for all A,B ∈ S and for all α ∈ Γ. Then S is a Γ-semigroup with

apartness. Note that S is not a semigroup.

Definition 2.4. ([9], Definition 2.2) Let S be a Γ-semigroup with apartness. A subset T of

S is said to be a Γ-cosubsemigroup of S if the following holds

(∀x, y ∈ S)(∀a ∈ Γ)(xay ∈ T =⇒ (x ∈ T ∨ y ∈ T )).

We will assume that the empty set ∅ is a Γ-cosubsemigroup of a Γ-semigroup S by defini-

tion.
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2.2. Co-ordered Γ-semigroup with apartness. The relation α is said to be a co-order on

the set (X,=X , 6=X) with apartness if it is consistent α ⊆ 6=X , co-transitive α ⊆ α ∗ α,

i.e.

(∀x, y, z ∈ X)((x, z) ∈ α =⇒ ((x, y) ∈ α ∨ (y, z) ∈ α))

and linear in the following sense: 6=X ⊆ α ∪ α−1. α is said to be a co-quasiorder on X if

it is a consistent and co-transitive relation on X .

In order to avoid misunderstanding the notations used, we remind yourself that equality

and apartness are determined on the product S × T in the following way

(∀x, y ∈ S)(∀u, v ∈ T )((x, u) = (y, v) ⇐⇒ (x =S y ∧ u =T v))

and

(∀x, y ∈ S)(∀u, v ∈ T )((x, u) 6= (y, v) ⇐⇒ (x 6=S y ∨ u 6=T v)).

A brief recapitulation of a number of algebraic structures ordered by co-quasiorder relation

is presented in the review paper [10].

In the following definition we introduce the concept of co-order relations in Γ-semigroup

with apartnesst.

Definition 2.5. ([11], Definition 3.1) Let S be a Γ-semigroup with apartness. A co-order

relation 
S on S is compatible with the semigroup operations in S if the following holds

(∀x, y, z ∈ S)(∀a ∈ Γ)((xaz 
S yaz ∨ zax 
S zay) =⇒ x 
S y).

In this case it is said that S is an ordered Γ-semigroup under co-order 
S or it is co-ordered

Γ-semigroup.

If we speak the language of classical algebra, then the relation 
S is compatible with

the operation wS in S if this operation is cancellative with respect to the co-order.

Example 2.6. Let M = {a, b, c}, where is it a 6= b, b 6= c and a 6= c, and Γ = {γ}
with the internal operation wM defined as in [5], Example 1.11. Then M is a commutative

Γ-semigroup. Define a relation 
 on M as follows 
:= {(b, a), (b, c), (c, a), (c, b)}. Then

M is a co-ordered set. It can be verified that M is a ordered Γ-semigroup under the co-

order relation 
.

Example 2.7. Let N be additive semigroup of natural numbers. If we put S := (N,=
, 6=,+,
), Γ := {5}, where an apartness 6= is determined by x 6= y ⇐⇒ ¬(x = y),
and w(x, 5, y) = x + 5 + y ∈ N, then S is ordered Γ-semigroup under the co-order 

determined by x 
 y ⇐⇒ ¬(x 6 y).

Example 2.8. Let S be a set of all reverse isotone se-mapping from an ordered set (P,=
, 6=) under a co-order 
P into another ordered set (Q,=, 6=) under the co-order 
Q and let

Γ be set of all reverse isotone se-mapping from Q to P . In both cases, apartness is defined

as follows f 6= g ⇐⇒ (∃x)(f(x) 6= g(x)). For f, g ∈ S and α ∈ Γ put fαg = g ◦ α ◦ f ,

where ′ ◦ ′ be mark for standard composition between relations. Then S is a Γ-semigroup.

A co-order ′ 
 ′ relation on S can defined by f 
 g ⇐⇒ (∃x ∈ P )(f(x) 
Q g(x)).
Then S is a co-ordered Γ-semigroup.

2.3. Γ-cocongruences. The notion of the co-equality relation in sets with apartness intro-

duced and analyzed by this author (see, for example, [10]). The relation q is a co-equality

on a set (S,=S , 6=S) if it is a consistent, symmetric and co-transitive relation on S. A

co-congruence on some algebraic structure ((S,=S , 6=S), ·) is a coequality relation on S
which is compatible in one very specific sense with the internal operation in S. A reader
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can look at these specific features in the author review article [10]. A co-equality relation

q on a semigroup with apartness S is a co-congruence in S if the following holds

(∀x, y, u, v ∈ S)((xu, yv) ∈ q =⇒ ((x, y) ∈ q ∨ (u, v)).

The concept of Γ-cocongruence on Γ-semigroups with apartness was introduced in [9]

by the following definition

Definition 2.9. ([9], Definition 2.6) Let S be a Γ-semigroup with apartness. A co-equality

relation q ⊆ S × S is called a Γ - cocongruence on S if the following holds

(xau, ybv) ∈ q =⇒ ((x, y) ∈ q ∨ a 6=Γ b ∨ (u, v) ∈ q)

for any x, y, u, v ∈ S and all a, b ∈ Γ.

Let q be a co-congruence on Γ-semigroup with apartness S. This tool it allows the

construction of the congruence relation q✁ on S compatible with q. The pair (q✁, q) it

allows to design Γ-semigroup with apartness S/(q✁, q). In addition to this structure, the

relation q it allows the design of Γ-semigroup with apartness [S : q] := {xq : x ∈ S}
which has no counterpart in the classical Γ-semigroup theory.

In this paper, the focus is on this structure and in what follows, some of the properties

of this last algebraic structure are analyzed.

2.4. Homomorphism between Γ-semigroups. In this subsection, the determination of

the concept of Γ-homomorphism between Γ-semigroups with apartness is taken from arti-

cle [9].

Definition 2.10. ([9], Definition 2.7) Let (S,=S , 6=S) is a Γ-semigroup and (T,=T , 6=T ) a

Λ - semigroups with apartness. A pair (h, ϕ) of strongly extensional functions h : S −→ T
and ϕ : Γ −→ Λ is called a se-homomorphism from Γ-semigroup S to Λ-semigroup T if

the following holds

(∀x, y ∈ S)(∀a ∈ Γ)((h, ϕ)(xay) =T h(x)ϕ(a)h(y)).

The following can be verified without difficulty.

Lemma 2.1. Let (h, ϕ) be a se-homomorphism from Γ-semigroup with apartness S to a

Λ-semigroup with apartness R. Then holds

(h, ϕ) ◦ wS = wT ◦ (h, ϕ, h)

where (h, ϕ, h) is understood as follows:

(∀x, y ∈ S)(∀a ∈ Γ)((h, ϕ, h)(x, a, y) := (h(x), ϕ(a), h(y))).

Of course, the specificity of this determination is in the requirement that the functions

h : S −→ T and ϕ : Γ −→ Λ must be strongly extensional functions. It is easily verified

that (h, ϕ) is a correctly determined strongly extensive function.

Also, it is easy to see that:

Proposition 2.2. Let (h, ϕ) : S −→ T be a se-homomorphism. Then the relation

q := Coker(h, ϕ) := {(x, y) : (h, ϕ)(x) 6=T (h, ϕ)(y)}

is a Γ-cocongruence on S.

3. THE MAIN RESULTS

In this section, which is the central part of this paper, we are talking about ’the Third

theorem on isomorphism between Γ-semigroups with apartness’ and ’the Third theorem
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on isomorphism between ordered Γ-semigroup with apartness under a co-order. The speci-

ficity of this presentation is that the forms of this theorem that do not have their counterparts

in the classical Γ-semigroup theory.

3.1. The case of Γ-semigroup with apartness. Let q1 and q2 be co-congruences on a

Γ-semigroup with apartness (S,=S , 6=S , wS) such that q2 ⊆ q1. We can construct Γ-

semigroups with apartness ([S : q1],=1, 6=1, w[S:q1]) and ([S : q2],=2, 6=2, w[S:q2]). In the

following theorem we will give a construction of relation [q2 : q1] on [S : q1] by relations

q1 and q2.

Theorem 3.1. Let q1 and q2 be co-congruences on a Γ-semigroup with apartness S such

that q2 ⊆ q1. Then the relation [q2 : q1] ⊆ [S : q1]× [S : q1], defined by

(∀xq1, yq1 ∈ [S : q1])((xq1, yq1) ∈ [q2 : q1] ⇐⇒ (x, y) ∈ q2),

is a co-congruence on [S : q1].

Proof. We will first show that [q2 : q1] is a co-equality relation on [S : q1]. Let x, y, z ∈ S
be elements such that (xq1, zq1) ∈ [q2 : q1]. Then

(i) (xq1, zq1) ∈ [q2 : q1] ⇐⇒ (x, z) ∈ q2
=⇒ ((x, y) ∈ q2 ∨ (y, z) ∈ q2)
=⇒ ((xq1, yq1) ∈ [q2 : q1] ∨ (yq1, zq1) ∈ [q2 : q1]).

(ii) (xq1, yq1) ∈ [q2 : q1] ⇐⇒ (x, y) ∈ q2
⇐⇒ (y, x) ∈ q2
⇐⇒ (yq1, xq1) ∈ [q2 : q1].

(iii) (xq1, yq1) ∈ [q2 : q1] =⇒ (x, y) ∈ q2 ⊆ q1
⇐⇒ xq1 6=1 yq1.

Second, let us check that [q2 : q1] is a co-congruence on [S : q1]. Take x, y, u, v ∈ S
and a, b ∈ Γ such that ((xq1)a(yq1), (uq1)b(vq1)) ∈ [q2 : q1]. Then

((xay)q1, (ubv)q1) ∈ [q2 : q1] ⇐⇒ (xay, ubv) ∈ q2

=⇒ (x, u) ∈ q2 ⊆ q1 ∨ a 6=Γ b ∨ (y, v) ∈ q2 ⊆ q1

=⇒ xq1 6=1 yq1 ∨ a 6=Γ b ∨ yq1 6=1 vq1. �

We can ([13], Theorem 3.3) design Γ-semigroup

[[S; q1] : [q2 : q1]] := {(xq1)[q2 : q1] : xq1 ∈ [S : q1]}

with

(∀x, y ∈ S)((xq1)[q2 : q1] =3 (yq1)[q2 : q1] ⇐⇒ (xq1, yq1)✁ [q2 : q1])

and

(∀x, y ∈ S)((xq1)[q2 : q1] 6=3 (yq1)[q2 : q1] ⇐⇒ (xq1, yq1) ∈ [q2 : q1]),

where the internal operation

w3 := w[[S:q1]:[q2:q1]] : [[S; q1 : [q2 : q1]]×Γ×[[S : q1] : [q2 : q1]] −→ [[S : q1] : [q2 : q1]]

is determined as follows

w3((xq1)[q2 : q1], a, (yq1)[q2 : q1]) := ((xay)q1)[q2 : q1].

Also, according to Theorem 3.3 in [13], there are unique se-epimorphisms

ϑ1 : S −→ [S : q1], ϑ2 : S −→ [S : q2] and ϑ21 : [S : q1] −→ [[S : q1] : [q2 : q1]].
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In order to be able to design the third isomorphism theorem for this class of γ-semigroups

with apartness we need the following lemma

One form of the third isomorphism theorem between Γ-semigroups with apartness that

does not have its counterpart in the classical theory of Γ-semigroups can now be designed.

Theorem 3.2. Let q1 and q2 be co-congruences on a Γ-semigroup with apartness S
such that q2 ⊆ q1. Then there is a unique injective, embedding and surjective se-

homomorphism β : [S : q1] : [q2 : q1]] −→ [S : q2] such that ϑ2 = β ◦ ϑ21 ◦ ϑ1.

Proof. Define β : [[S : q1] : [q2 : q1]] −→ [S : q2] by

(∀x[q2 : q1] ∈ [[S : q1] : [q2 : q1]])(β((xq1)[q2 : q1]) := xq2).

(a) First, let’s show that β is well-defined se-mapping.

Let x, y, u, v ∈ S be such that (xq1)[q2 : q1] =3 (yq1)[q2 : q1] and (uq1, vq1) ∈ [q2 :
q1]. Then (xq1, yq1)✁ [q2 : q1] and (u, v) ∈ q2. Thus

(uq1, vq1) ∈ [q2 : q1] =⇒

(uq1, xq1) ∈ [q2 : q1] ∨ (xq1, yq1) ∈ [q2 : q1] ∨ (yq1, vq1) ∈ [q2 : q1]

=⇒ (u, x) ∈ q2 ∨ (y, v) ∈ q2

=⇒ u 6=S x ∨ y 6=S v

=⇒ (x, y) 6= (u, v) ∈ q2.

This means (x, y)✁ q2. Thus

β((xq1)[q2 : q1]) := xq2 =2 yq2 := β((yq1)[q2 : q1]).

On the other hand, if

β((xq1)[q2 : q1]) 6=2 β((yq1)[q2 : q1]),

we have xq2 6=2 yq2. Then (x, y) ∈ q2. Thus (xq1, yq1) ∈ [q2 : q1]. So,

(xq1)[q2 : q1] 6=3 (yq1)[q2 : q1].

(b) Second, it should be shown that β is an injective mapping. Let x, y, u, v ∈ S be

such that

β((xq1)[q2 : q1]) =2 β((yq1)[q2 : q1])

and (uq1, vq1) ∈ [q2 : q1]. This means xq2 =2 yq2 and (u, v) ∈ q2. Then (x, y) ✁ q2.

Further on, from (u, v) ∈ q2 we have

(u, v) ∈ q2 =⇒ (u, x) ∈ q2 ⊆ q1 ∨ (x, y) ∈ q2 ∨ (y, v) ∈ q2 ⊆ q1

=⇒ uq1 6=1 xq1 ∨ yq1 6= vq1

=⇒ (xq1, yq1) 6= (uq1, vq1) ∈ [q2 : q1].

This means (xq1, yq1)✁ [q2 : q1]. Hence

(xq1)[q2 : q1] =3 (yq1)[q2 : q1].

(c) Let us prove that β is an embedding. Let x, y ∈ S be elements such that (xq1)[q2 :
q1] 6=3 (yq1)[q2 : q1]. Then (xq1, yq1) ∈ [q2 : q1]. So, (x, y) ∈ q2. Hence xq2 6=2 yq2.

This means β((xq1)[q2 : q1]) 6=2 β((yq1)[q2 : q1]).

(d) Since it is obvious that β is surjective, it remains to show that (β, i) is a homomor-

phism of Γ-semigroups. For x, y ∈ S and a ∈ Γ, we have

(β, i)(((xq1)[q2 : q1]) a ((yq1)[q2 : q1])) =2

(β, i)(w3((xq1)[q2 : q1], a, (yq1)[q2 : q1])) =2 (β, i)(((xay)q1)[q2 : q1])

=2 (xay)q2 =2 w2(xq2, a, yq2) =2 w2(β((xq1)[q2 : q1]), a, β((yq1)[q2 : q1]))
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=2 (β((xq1)[q2 : q1))a(β((yq1)[q2 : q1])).

(e) Finally, we show that the required equality is valid. For arbitrary x ∈ S we have

ϑ2(x) := xq2 =2 β((xq1)[q2 : q1])

=2 β(ϑ21(xq1)) =2 β(ϑ21(ϑ1(x)))

=2 (β ◦ ϑ21 ◦ ϑ1)(x). �

3.2. The case of co-ordered Γ-semigroup with apartness. Let us consider ordered Γ-

semigroup with apartness (S,=S , 6=S ,
S) under a co-order 
S and let σ and τ be co-

quasiorder relation on S such that σ ⊆ τ ⊆
S and suppose that σ and τ satisfy the

condition of Definition 2.5:

(∀x, y, z ∈ S)(∀a ∈ Γ))(((xaz, yaz) ∈ σ ∨ (zax, zay) ∈ σ) =⇒ (x, y) ∈ σ),

(∀x, y, z ∈ S)(∀a ∈ Γ))(((xaz, yaz) ∈ τ ∨ (zax, zay) ∈ τ) =⇒ (x, y) ∈ τ).

It is known that co-congruences qσ = σ ∪ σ−1 and qτ = τ ∪ τ−1 on S such that qσ ⊆ qτ
can be designed. Further, by Theorem 4.3 in [13], this allows us to construct Γ-semigroups

with apartness ([S : qσ],=σ, 6=σ, wσ) and ([S : qτ ],=τ , 6=τ , wτ ) which are ordered by

co-order relations �σ and �τ respectfully as follows

(∀x, y ∈ S)(xqσ �σ yqσ ⇐⇒ (x, y) ∈ σ)

and

(∀x, y ∈ S)(xqτ �τ yqτ ⇐⇒ (x, y) ∈ τ).

Let us define the relation [σ : τ ] on co-ordered Γ-semigroup with apartness [S : τ ] as

follows

(∀x, y ∈ S)((xqτ , yqτ ) ∈ [σ : τ ] ⇐⇒ (x, y) ∈ σ).

Theorem 3.3. Let σ and τ be co-quasiorder on a co-ordered Γ-semigroup with apartness

(S,=S , 6=S ,
S) with the internal operation wS : S × Γ× S −→ S such that σ ⊆ τ ⊆

S . Then [σ : τ ] is a co-quasiorder relation on [S : qτ ] compatible with the internal

operation wτ .

Proof. Ler x, y, z ∈ S be arbitrary elements. Then:

(xqτ , yqτ ) ∈ [σ : τ ] =⇒ (x, y) ∈ σ ⊆ τ ⊆ qτ

=⇒ xqτ 6=τ yqτ ;

(xqτ , zqτ ) ∈ [σ : τ ] ⇐⇒ (x, z) ∈ σ

=⇒ (x, y) ∈ σ ∨ (y, z) ∈ σ

=⇒ (xqτ , yqτ ) ∈ [σ : τ ] ∨ (yqτ , zqτ ) ∈ [σ : τ ].

Let us show that this relation is compatible with the internal operation wτ in [S : qτ ].
For x, y, z ∈ S we have

((xaz)qτ , (yaz)qτ ) ∈ [σ : τ ] ⇐⇒ (xaz, yaz) ∈ σ

=⇒ (x, y) ∈ σ

⇐⇒ (xqτ , yqτ ) ∈ [σ : τ ].

The second implication can be proved in an analogous way. �

For ease of writing, let’s put

q := q[σ:τ ] = [σ : τ ] ∪ [σ : τ ]−1.

Without major difficulties it can be verified that q is a co-congruence on the co-ordered

Γ-semigroup with apartness ([S, qτ ],=τ , 6=τ ,�τ ) compatible with its internal operation
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wτ . According to the previous theorem, Theorem 3.3, Γ-semigroup with apartness

([[S : qτ ] : q],=3, 6=3,�3, w3)

can be designed, where is

(∀x, y ∈ S)((xqτ )q =3 (yqτ )q ⇐⇒ (xqτ , yqτ )✁ q),

(∀x, y ∈ S)((xqτ )q 6=3 (yqτ )q ⇐⇒ (xqτ , yqτ ) ∈ q).

The internal operation w3 in [[S; qτ ] : q] is determined as follows

w3((xqτ )q, a (yqτ )q) := (xqτ )q · a · (yqτ )q := ((xay)qτ )q

for any (xqτ )q, (yqτ )q ∈ [[S : qτ ] : q] and a ∈ Γ.

The co-order relation �3 in [[S : qτ ] : q] is determined as follows

(∀x, y ∈ S)((xqτ )q �3 (yqτ )q ⇐⇒ (xqτ , yqτ ) ∈ [σ : τ ]).

We can now design and prove the following theorem which we recognize as ’The third

isomorphism theorem between co-ordered Γ-semigroups with apartness’. Of course, this

form of this theorem does not have its counterpart in the classical Γ-semigroup theory.

Theorem 3.4. Let σ and τ be co-quasiorder relations on co-ordered Γ-semigro- up with

apartness (S,=S , 6=S ,
S , wS) such that σ ⊆ τ ⊆ 
S . Then there is a unique injective,

embedding and surjective se-homomorphism

γ : [[S; qτ ] : q] −→ [S; qσ].

Proof. Let us define γ by

(∀(xqτ )q ∈ [[S : qτ ] : q])(γ((xqτ )q) := xqσ).

First, let us show that γ is a well-defined mapping. Assume x, y, u, v ∈ S are such

that (xqτ )q =3 (yqτ )q and (u, v) ∈ qσ . then (xqτ , yqτ ) ✁ q. On the other hand, from

(u, v) ∈ qσ we get (u, x) ∈ qσ ∨ (x, y) ∈ qσ ∨ (y, v) ∈ qσ . If we assume that (x, y) ∈ qσ
is valid, then we would have the following (x, y) ∈ σ or (y, x) ∈ σ. It would follow from

here

(x, y) ∈ σ ∨ (y, x) ∈ σ =⇒ (xqτ , yqτ ) ∈ [σ : τ ] ⊆ q ∨ (yqt, xqt) ∈ [σ : τ ] ⊆ q

which would contradict the hypothesis (xqτ , yqτ ) ✁ q. So, it has to be (u, x) ∈ qσ or

(y, v) ∈ qσ . Thus x 6=S u or y 6=S v. Therefore, (x, y) 6= (u, v) ∈ qσ . This means

(x, y)✁ qσ . Hence

γ((xqτ )q) := xqσ =σ yqσ := γ((yqτ )q).

Second, let us show that γ is a se-mapping. Let x, y ∈ S be such that

xqσ = γ((xqτ )q) 6=3 γ((yqτ )q) = yqσ.

Then (x, y) ∈ qσ = σ ∪ σ−1. Thus ((xqτ , yqτ ) ∈ [σ : τ ] ∪ [σ : τ ]−1 = q. Hence

(xqτ )q 6=3 (yqτ )q.

Let x, y, u, v ∈ S be such that xqσ =σ yqσ and (uqτ , vqτ ) ∈ q. Then (x, y) ✁ qσ =
σ ∪ σ−1 and (uqτ , vqτ ) ∈ q. Thus (uqτ , xqτ ) ∈ q or (xqτ , yqτ ) ∈ q or (yqτ , vqtau) ∈ q.

The option (xqτ , yqτ ) ∈ q gives (x, y) ∈ σ ∪ σ−1 which is in contradiction with the

hypothesis. So, it has to be (uqτ , xqτ ) ∈ q or (yqτ , vqτ ) ∈ q. Thus xqτ 6=τ uqτ or

yqτ 6=τ vqτ . Hence (xqτ , yqτ ) 6= (uqτ , vqτ ) ∈ q. This means (xqτ , yqτ ) ✁ q, i.e.

(xqτ )q =3 (yqτ )q. This shows that γ is an injective mapping.
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It remains to show that γ is an embedding. Let x, y ∈ S be such that (xqτ )q 6=3 (yqτ )q.

Then (xqτ , yqτ ) ∈ q = [σ : τ ] ∪ [σ : τ ]−1. Thus (x, y) ∈ σ ∪ σ−1 = qσ . Hence

xqσ 6=σ yqσ .

Finally, it is obvious that γ is a surjective mapping. �

4. FINAL COMMENTS

’Why could this selected material be of interest to the mathematical public?” — It’s

a very pertinent question that someone can ask. A significant number of members of this

community do not fully understand some of the claims made in this and similar papers, and

often the concepts and claims in them are thought of as something that should not deserve

the attention of that community. The following could serve as a kind of justification:

Within the chosen principled-logical environment, the notions and processes with them

treated in this and similar articles are logically possible.

New techniques have been designed and they have proven successful for processing

settings in such a chosen work environment.

This enriches mathematics, our understanding of structures in algebra, but also opens

new perspectives in the perception of observed algebraic structures.

Last but not least, this report presents the algebraic concepts Γ-semigroups with apart-

ness and processes with them such as se-isomorphisms between them, which readers can-

not encounter in the classical algebra.

In research what follows, the author will try to complete the research on Γ-semigroups

with apartness by establishing of dual of (ordered) ideals and their properties in such alge-

braic structures.
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FUZZY STABILITY RESULTS DERIVING FROM QUADRATIC FUNCTIONAL

EQUATION
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ABSTRACT. We establish the generalized Hyers-Ulam stability of the 4 variable quadratic

functional equation

φ (2v1 ± v2 ± v3 ± v4) = φ (v1 ± v3 ± v4) + φ (v1 ± v2 ± v3) + φ (v1 ± v2 ± v4)

+φ (±v1)− φ (±v2)− φ (±v3)− φ (±v4)

in Fuzzy Normed Spaces using two different methods.

1. INTRODUCTION AND PRELIMINARIES

Stability of some functional equations within the framework of fuzzy normed spaces

or random normed spaces has been investigated. While is it true that a function which

about fulfills a functional equation, Hyers theorem become generalized via Aoki for ad-

ditive mappings and through Rassias for linear mappings with the aid of thinking about

an unbounded Cauchy difference. Eventually, the stability problems for several sorts of

functional equations in numerous spaces were appreciably studied by using many authors

[1, 3, 4, 6, 8, 9, 10, 11, 13, 15, 16, 17, 18].

The well-known functional equation inside the field of stability of functional equation

is the quadratic functional equation

f(x+ y) + f(x− y) = 2f(x) + 2f(y). (1.1)

The function f(x) = x2 is the solution of the functional equation (1.1).

A generalization of the Rassias theorem turned into acquired by means of Gavruta

through changing the unbounded difference via a wellknown control function the purpose

of this paper is to have a look at the opportunity of changing the most powerful norm

within the essential theorem, with an arbitrary continuous norm, so that it will attain a sta-

bility end result for fuzzy normed spaces over discipline with valuation Rassias changed

into the primary to show that there exists a completely unique linear mapping fulfilling

all through the actually field. Numerous outcomes for the Hyers-Ulam-Rassias stability of

many functional equations had been proved via numerous researchers [2, 5, 7, 12, 14, 19].
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In this current work, authors establish the Hyers-Ulam stability results of the 4 variable

functional equation

φ (2v1 ± v2 ± v3 ± v4) = φ (v1 ± v3 ± v4) + φ (v1 ± v2 ± v3) + φ (v1 ± v2 ± v4)

+φ (±v1)− φ (±v2)− φ (±v3)− φ (±v4) (1.2)

in Fuzzy normed spaces using direct and fixed point methods.

Definition 1.1. Let M be a real linear space. A function H : M ×R → [0, 1] is said to be

fuzzy norm on M if for all v, w ∈ M and a, b ∈ R.
(N1) H(v, a) = 0 for a ≤ 0;

(N2) v = 0 iff H(v, a) = 1 for all a > 0;

(N3) H(av, b) = H
(

v, b
|a|

)

if a 6= 0;

(N4) H(v + w, a+ b) ≥ min{H(v, a), H(w, b)};

(N5) H(v, ·) is a non-decreasing function on R and lima→∞ H(v, a) = 1.
(N6) For v 6= 0, H(v, ·) is continuous on R.

The pair (M,H) is called a fuzzy normed linear space.

Theorem 1.1. [The Alternative of fixed point] Suppose that for a complete generalized

metric space (M,d) and a strictly contractive mapping T : M → N with Lipschitz con-

stant L. Then, for each given element v ∈ M either

(B1) (Tnv, Tn+1v) = +∞, ∀n ≥ 0, or

(B2) there exists natural number n0 such that:

i) d(Tnv, Tn+1v) < ∞ ∀n ≥ n0;

ii) The sequence (Tnv) is convergent to a fixed point w∗ of T ;

iii) w∗ is the unique fixed point of T in the set N = {w ∈ M ; d(Tn0v, w) < ∞};

iv) d(w∗, w) ≤ 1
1−L

d(w, Tw)∀w ∈ L.

Throughout the upcoming sections, we consider M , (Z,H
′

) and (N,H) are Linear

space, Fuzzy normed space and Fuzzy Banach space respectively. For the notational con-

venient, we define φ : M → N by

Dφ(v1, v2, v3, v4) = φ (2v1 ± v2 ± v3 ± v4)− φ (v1 ± v3 ± v4)− φ (v1 ± v2 ± v3)− φ (v1 ± v2 ± v4)

−φ (±v1) + φ (±v2) + φ (±v3) + φ (±v4)

for all v1, v2, v3, v4 ∈ M .

2. STABILITY RESULTS FOR (1.2): DIRECT METHOD

Theorem 2.1. Let ϕ ∈ {−1, 1} be fixed and let Υ : M4 → Z be a mapping such that for

some ς > 0 and
(

ς
52

)ϕ
< 1

H
′

(Υ (5ϕv, 5ϕv, 5ϕv, 5ϕv) , τ) ≥ H
′

(ςϕΥ(v, v, v, v), τ) ∀v ∈ M, τ > 0 (2.1)

and

lim
p→∞

H
′ (

Υ(5ϕpv1, 5
ϕpv2, 5

ϕpv3, 5
ϕpv4), 5

2ϕpτ
)

= 1

for all v1, v2, v3, v4 ∈ M and all τ > 0. Suppose an even mapping φ : M → N satisfies

the inequality

H (Dφ(v1, v2, v3, v4), τ) ≥ H
′

(Υ(v1, v2, v3, v4), τ) (2.2)
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for all τ > 0 and all v1, v2, v3, v4 ∈ M . Then the limit

Q2(v) = H − lim
p→∞

φ(5ϕpv)

52ϕp

exists for all v ∈ M and the mapping Q2 : M → N is a unique quadratic mapping such

that

H (φ(v)−Q2(v), τ) ≥ H
′ (

Υ(v, v, v, v), τ | 52 − ς |
)

(2.3)

for all v ∈ M and all τ > 0.

Proof. Consider ϕ = 1. Replacing (v1, v2, v3, v4) by (v, v, v, v) in (2.2), we get

H (φ(5v)− 25φ(v), τ) ≥ H
′

(Υ(v, v, v, v), τ) ∀v ∈ M, τ > 0. (2.4)

From that (2.4)

H

(

φ(5v)

52
− φ(v),

τ

52

)

≥ H
′

(Υ(v, v, v, v), τ) ∀v ∈ M, τ > 0. (2.5)

Interchanging v by 5pv in (2.5), we obtain

H

(

φ(5p+1v)

52
− φ(5pv),

τ

52

)

≥ H
′

(Υ(5pv, 5pv, 5pv, 5pv), τ) ∀v ∈ M, τ > 0.

(2.6)

Using (2.1), (N3) in (2.6) we get

H

(

φ(5p+1v)

52
− φ(5pv),

τ

52

)

≥ H
′

(

Υ(v, v, v, v),
τ

ςp

)

∀v ∈ M, τ > 0. (2.7)

It is easy to show that from (2.7), we have

H

(

φ(5p+1v)

52(p+1)
−

φ(5pv)

52p
,

τ

52(p+1)

)

≥ H
′

(

Υ(v, v, v, v),
τ

ςp

)

(2.8)

holds for all v ∈ M, τ > 0. Switching τ through ςpτ in (2.8), we have

H

(

φ(5p+1v)

52(p+1)
−

φ(5pv)

52p
,

ςpτ

52(p+1)

)

≥ H
′

(Υ(v, v, v, v), τ) ∀v ∈ M, τ > 0. (2.9)

It is easy to show that

φ(5pv)

52p
− φ(v) =

p−1
∑

l=0

φ(5l+1v)

52(l+1)
−

φ(5lv)

52l
(2.10)

for all v ∈ M . From (2.9) and (2.10), we have

H

(

φ(5pv)

52p
− φ(v),

p−1
∑

l=0

τς l

52(l+1)

)

≥ min{H

(

φ(5l+1v)

52(l+1)
−

φ(5lv)

52l
,

τ ς l

52(l+1)

)

: l = 0, 1, 2, 3}

≥ H
′

(Υ (v, v, v, v) , τ) ∀v ∈ M, τ > 0. (2.11)

Interchanging v by 5qv in (2.11) and utilizing (2.1), (N3), we reach

H

(

φ(5p+qv)

52(p+q)
−

φ(5qv)

52q
,

p−1
∑

l=0

τς l

52(l+1)

)

≥ H
′

(Υ(5qv, 5qv, 5qv, 5qv), τ)
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≥ H
′
(

Υ(v, v, v, v), τ
ςq

)

and so

H





φ(5p+qv)

52(p+q)
−

φ(5qv)

52q
,

p+q−1
∑

l=q

τς l

52(l+1)



 ≥ H
′

(Υ(v, v, v, v), τ) ∀v ∈ M, τ > 0.

(2.12)

and all p, q ≥ 0. Replacing τ by τ
∑p+q−1

l=q
ςl

52(l+1)

in (2.12), we get

H

(

φ(5p+qv)

52(p+q)
−

φ(5qv)

52q
, τ

)

≥ H
′

(

Υ(v, v, v, v),
τ

∑p+q−1
l=q

ςl

52(l+1)

)

∀v ∈ M, τ > 0.

(2.13)

and all p, q ≥ 0. As 0 < ς < 52 and
∑p

l=0

(

ς
52

)l
< ∞, the Cauchy criterion for conver-

gence and (N5) implies that {φ(5pv)
52p } is a Cauchy sequence in (N,H). Since (N,H) is a

fuzzy Banach space, this {φ(5pv)
52p } converges to some point Q2(v) ∈ N . So one can define

Q2 : M → N by

Q2(v) := H − lim
p→∞

φ(5pv)

52p

for all v ∈ M . Since φ is even. Letting p = 0 in (2.13), we obtain

H

(

φ(5pv)

52p
− φ(v), τ

)

≥ H
′

(

Υ(v, v, v, v),
τ

∑p−1
l=0

ςl

52(l+1)

)

∀v ∈ M, τ > 0.

(2.14)

Passing the limit as p → ∞ in (2.14) and utilizing (N6), we have

H (φ(v)−Q2(v), τ) ≥ H
′ (

Υ(v, v, v, v), τ(52 − ς)
)

for all v ∈ M and all τ > 0. Now we claim that Q2 is quadratic. Replacing (v1, v2, v3, v4)
by (5pv1, 5

pv2, 5
pv3, 5

pv4) in (2.2) respectively, we have

H

(

1

52p
Dφ (5pv1, 5

pv2, 5
pv3, 5

pv4) , τ

)

≥ H
′ (

Υ(5pv1, 5
pv2, 5

pv3, 5
pv4), 5

2pτ
)

for all v ∈ M and all τ > 0. Since

lim
p→∞

H
′ (

Υ(5pv1, 5
pv2, 5

pv3, 5
pv4), 5

2pτ
)

= 1

Q2 fulfils (1.2). Therefore, Q2 : M → N is quadratic. Next, to show the uniqueness

of Q2, let R2 be another quadratic function which fulfilling (2.3). Fix v ∈ M , clearly

Q2(5
pv) = 52pQ2(v) and R2(5

pv) = 52pR2(v) ∀v ∈ M, p > 0. From (2.3), we have

H(Q2(v)−R2(v), τ) = H

(

Q2(5
pv)

52p
−

R2(5
pv)

52p
, τ

)

≥ H
′

(

Υ(v, v, v, v),
(52p)τ(52 − ς)

2ςp

)

for all v ∈ M and all τ > 0. Since limp→∞
(52p)τ(52−ς)

2ςp = ∞, we have

lim
p→∞

H
′

(

Υ(v, v, v, v),
(52p)τ(52 − ς)

2ςp

)

= 1.

Thus H(Q2(v) − R2(v), τ) = 1 for all v ∈ M and all τ > 0, and so Q2(v) = R2(v). In

similar manner, we can obtain the stability results for ϕ = −1. �
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Corollary 2.2. Suppose that the function φ : M → N satisfies the inequality

H(Dφ(v1, v2, v3, v4), τ) ≥























H ′(η, τ),

H ′ (η||v1||
a + ||v2||

a + ||v3||
a + ||v4||

a, τ) ,

H ′
(

η
(

||v1||
a + ||v2||

a + ||v3||
a + ||v4||

a+

||v1||
4a · ||v2||

4a · ||v3||
4a · ||v4||

4a
)

, τ
)

,

for all v1, v2, v3, v4 ∈ M and all τ > 0, where η, a are constants with η > 0. Then there

exists a unique quadratic mapping Q2 : M → N such that

H(φ(v)−Q2(v), τ) ≥











H ′(η, | 24 | τ),

H ′
(

4η||v||a, | 52 − 5a | τ
)

; a 6= 2,

H ′
(

5η||v||4a, | 52 − 54a | τ
)

; a 6= 2
4 ,

for all v ∈ M and all τ > 0.

3. STABILITY RESULTS FOR (1.2):FIXED POINT METHOD

For to prove the stability result, we define the following θl is a constant such that

θl =

{

5 if l = 0;
1
5 if l = 1;

and χ is the set such that χ = {s/s : M → N, s(0) = 0} .

Theorem 3.1. Let φ : M → N be a mapping for which there exists a function Υ : M4 →
N with condition

lim
p→∞

H
′ (

Υ(θpv1, θ
pv2, θ

pv3, θ
pv4), θ

2pτ
)

= 1 ∀v1, v2, v3, v4 ∈ M, τ > 0, (3.1)

and fulfilling the inequality

H(Dφ(v1, v2, v3, v4), τ) ≥ H
′

(Υ(v1, v2, v3, v4), τ) ∀v1, v2, v3, v4 ∈ M, τ > 0.
(3.2)

If there exist L = L[l] such that v → γ(v) = Υ
(

v
5 ,

v
5 ,

v
5 ,

v
5

)

has the property

H
′

(

L
1

θ2l
γ(θlv), τ

)

= H
′

(γ(v), τ) ∀v ∈ M, τ > 0, (3.3)

then there exist unique quadratic function Q2 : M → N fulfilling the functional equation

(1.2) and

H(φ(v)−Q2(v), τ) ≥ H
′

(

L1−l

1− L
γ(v), τ

)

∀v ∈ M, τ > 0.

Proof. Let d be a general metric on χ such that

d(t, s) = inf
{

p ∈ (0,∞)|H(t(v)− s(v), τ) ≥ H
′

(γ(v), pτ), v ∈ M, τ > 0
}

.

It is easy to see that (χ, d) is complete. Define T : χ → χ by Tt(v) = 1
θ2
l

t(θlv) ∀v ∈ M ,

for t, s ∈ χ, we obtain

d(t, s) = p ⇒ H (t(v)− s(v), τ) ≥ H
′

(γ(v), pτ)

⇒ H

(

t(θlv)

θ2l
−

s(θlv)

θ2l
, τ

)

≥ H
′

(γ(θlv), pθ
2
l τ) (3.4)

⇒ H(Tt(v)− Ts(v), τ) ≥ H
′

(γ(θlv), pθ
2
l τ)
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⇒ H(Tt(v)− Ts(v), τ) ≥ H
′

(γ(v), pLτ)

⇒ d(Tt(v), T s(v)) ≥ pL

⇒ d(Tt, Ts, τ) ≥ Ld(t, s) ∀ t, s ∈ χ.

So, T is strictly contractive mapping on χ with Lipschitz constant L, switching (v1, v2, v3, v4)
by (v, v, v, v) in (3.2), we have

H (φ(5v)− 25φ(v), τ) ≥ H
′

(Υ(v, v, v, v), τ) ∀v ∈ M, τ > 0. (3.5)

Using (N3) in (3.5), we reach

H

(

φ(5v)

52
− φ(v), τ

)

≥ H
′

(

Υ(v, v, v, v)

52
, τ

)

∀v ∈ M, τ > 0, (3.6)

with the help of (3.3) when l = 0, it follows from (3.6) that

⇒ H

(

φ(5v)

52
− φ(v), τ

)

≥ H
′

(Lγ(v), τ)

⇒ d(Tφ, φ) ≤ L = L1 = L1−l. (3.7)

Replacing v by v
5 in (3.5), we get

H
(

φ(v)− 25φ
(v

5

)

, τ
)

≥ H
′

(

Υ
(v

5
,
v

5
,
v

5
,
v

5

)

, τ
)

∀v ∈ M, τ > 0,

when l = 1, it follows from (3.7), we reach

⇒ H
(

φ(v)− 25φ
(v

5

)

, τ
)

≥ H
′

(γ(v), τ)

⇒ d(φ, Tφ) ≤ 1 = L0 = L1−l. (3.8)

Then from (3.7) and (3.8), we can conclude

⇒ d(φ, Tφ) ≤ L1−l < ∞.

Now, from Theorem 1.1 in both cases, it follows that there exists a fixed point Q2 of T in

χ such that

Q2(v) = H − lim
p→∞

φ(θpv)

θ2p
∀ v ∈ M and τ > 0.

Replacing (v1, v2, v3,, v4) by (θpl v1, θ
p
l v2, θ

p
l v3, θ

p
l v4) in (3.2), we arrive

H

(

1

θ2pl
Dφ(θpl v1, θ

p
l v2, θ

p
l v3, θ

p
l v4), τ

)

≥ H
′

(Υ(θpl v1, θ
p
l v2, θ

p
l v3, θ

p
l v4), θ

2p
l τ)

for all τ > 0 and all v1, v2, v3, v4 ∈ M . By similar procedure of Theorem 2.1, we show

that the function Q2 : M → N is quadratic and it fulfils (1.2). By Theorem 1.1, as Q2 is

unique fixed point of T in the set

∆ = {φ ∈ χ/d(φ,Q2) < ∞} .

So that, Q2 is a unique function such that

H(φ(v)−Q2(v), τ) ≥ H
′

(γ(v), pτ) ∀v ∈ M, τ > 0.

Again utilizing Theorem 1.1, we reach

d(φ,Q2) ≤
1

1− L
d(φ, Tφ)

⇒ d(φ,Q2) ≤
L1−l

1− L
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⇒ H(φ(v)−Q2(v), τ) ≥ H
′

(

γ(v)
L1−l

1− L
, τ

)

∀v ∈ M, τ > 0.

�

Corollary 3.2. Suppose a function φ : M → N fulfils the inequality

H(Dφ(v1, v2, v3, v4), τ) ≥























H ′(η, τ),

H ′ (η||v1||
a + ||v2||

a + ||v3||
a + ||v4||

a, τ) ,

H ′
(

η
(

||v1||
a + ||v2||

a + ||v3||
a + ||v4||

a+

||v1||
4a · ||v2||

4a · ||v3||
4a · ||v4||

4a
)

, τ
)

,

for all v1, v2, v3, v4 ∈ M and τ > 0, where η, a are constants with η > 0. Then there

exists a unique quadratic mapping Q2 : M → N such that

H(φ(v)−Q2(v), τ) ≥















H
′

(

η, τ
|24|

)

,

H
′
(

4η||v||a, τ | 52 − 5a |
)

; a 6= 2,

H
′
(

5η||v||4a, τ | 52 − 54a |
)

; a 6= 2
4 .

for all v ∈ M and τ > 0.

Proof. Setting

Υ(v1, v2, v3, v4) ≤











η,

η(
∑4

m=1 ||vm||a),

η(
∏4

m=1 ||vm||a +
∑4

m=1 ||vm||4a),

for all v1, v2, v3, v4 ∈ M . Then

H
′

(

Υ(θpl v1, θ
p
l v2, θ

p
l v3, θ

p
l v4) , θ

2p
l τ
)

=















H
′

(η, θ2pl τ),

H
′

(

η
∑4

m=1 ||vm||a, θ
(2−a)p
l τ

)

,

H
′

(

η(
∑4

m=1 ||vl||
4a +

∏4
m=1 ||vm||a), θ

(2−4a)p
m τ

)

.

=











→ 1 as p → ∞,

→ 1 as p → ∞,

→ 1 as p → ∞.

Thus, (2.1) is holds. But we get

γ(v) = Υ
(v

5
,
v

5
,
v

5
,
v

5

)

has the property

H
′

(

L
1

θ2l
γ(θlv), τ

)

≥ H
′

(γ(v), τ) ∀v ∈ M, τ > 0.

Hence,

H
′

(γ(v), τ) = H
′

(

Υ
(v

5
,
v

5
,
v

5
,
v

5

)

, τ
)

=











H
′

(η, τ),

H
′
(

4
5a η||v||

a, τ
)

,

H
′
(

5
54a η||v||

4a, τ
)

.
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Now,

H
′

(

1

θ2l
γ(θlv), τ

)

=



















H
′

(

η

θ2
l

, τ
)

,

H
′

(

η

θ2
l

(

4
5a

)

||θlv||
a, τ
)

,

H
′

(

η

θ2
l

(

5
54a

)

||θlv||
4a, τ

)

.

=











H
′

(θ−2
l γ(v), τ),

H
′

(θa−2
l γ(v), τ),

H
′

(θ4a−2
l γ(v), τ).

Next, from the following cases for the conditions (i) and (ii).

Case(i):L = 5−2 for a = 0 if l = 0.

H(φ(v)−Q2(v), τ) ≥ H
′

(

L1−l

1−L
γ(v), τ

)

≥ H
′

(

5−2

1−5−2 η, τ
)

≥ H
′

(η, 24τ).

Case(ii):L =
(

1
5

)−2
for a = 0 if l = 1.

H(φ(v)−Q2(v), τ) ≥ H
′

(

L1−l

1−L
γ(v), τ

)

≥ H
′

(

1

1−( 1
5 )

−2 η, τ

)

≥ H
′

(η,−24τ).

Case(iii):L = (5)a−2 for a < 2 if l = 0.

H(φ(v)−Q2(v), τ) ≥ H
′

(

L1−l

1− L
γ(v), τ

)

≥ H
′

(

5a−2

1− 5a−2

4η||v||a

5a
, τ

)

≥ H
′ (

4η||v||a, τ(52 − 5a)
)

.

Case(iv):L = (5)2−a for a > 2 if l = 1.

H(φ(v)−Q2(v), τ) ≥ H
′

(

L1−l

1− L
γ(v), τ

)

≥ H
′

(

52−a

1− 52−a

4η||v||a

5a
, τ

)

≥ H
′ (

4η||v||a, τ(5a − 52)
)

.

Case(v):L = (5)4a−2 for a < 1
4 if l = 0 .

H(φ(v)−Q2(v), τ) ≥ H
′

(

L1−l

1− L
γ(v), τ

)

≥ H
′

(

54a−2

1− 54a−2

5η||v||4a

54a
, τ

)

≥ H
′ (

5η||v||4a, τ(52 − 54a)
)

.

Case(vi):L = (5)2−4a for a > 1
4 if l = 1.

H(φ(v)−Q2(v), τ) ≥ H
′

(

L1−l

1− L
γ(v), τ

)

≥ H
′

(

52−4a

1− 52−4a

5η||v||4a

54a
, τ

)

≥ H
′ (

5η||v||4a, τ(54a − 52)
)

.

�

4. CONCLUSION

In this work, we investigated Hyers-Ulam stability results for the quadratic functional

equation (1.2). In section 2, we examined Hyers-Ulam stability results of the quadratic

functional equation (1.2) in fuzzy normed space by utilizing direct method. In section 3,

we obtained Hyers-Ulam stability results of the quadratic functional equation (1.2) in fuzzy

normed space by utilizing fixed point method.
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ON PYTHAGOREAN FUZZY IDEAL OF SUBTRACTION SEMIGROUP AND

NEAR SUBTRACTION SEMIGROUP

V. CHINNADURAI AND A. ARULSELVAM∗

ABSTRACT. In this paper, we define the notions of Pythagorean fuzzy ideal of subtraction

semigroup and near subtraction semigroup. Also, we discuss some of its properties with

examples.

1. INTRODUCTION

In 1969, Abbott introduced the notion of subtraction algebra. He considered the sys-

tem of the form (φ, ◦, \) where φ is a set of functions closed under the composition ◦ of

function where (φ, ◦) is a functional semigroup and (φ, \) is a subtraction algebra [1]. Us-

ing this concept Schein[9] introduced the concept of subtraction semigroups in 1992. He

proved that every subtraction semigroup is isomorphism to a different semigroup of invert-

ible function. Zelink[13] studied an extraordinary kind of subtraction algebra called atomic

subtraction algebra. A near subtraction semigroup satisfies all axioms of subtraction semi-

group except one of the two distributive laws. Prince williams[8] defined the fuzzy ideal in

near subtraction semigroup(NSS). Jun et al.[5] introduced the concept of ideals in subtrac-

tion algebra and gave some characterizations. Dheena et al.[3, 4] discussed and derived

some properties of NSS, a generalization of subtraction semigroup. The concept of fuzzy

set was initiated by Zadeh[12]. Mahalakshmi et al.[7] studied the notion of bi ideals of

NSS. Chinnadurai[2] defined the concept of fuzzy ideals in algebraic structures. Kim et

al.[6], studied some properties of intuitionistic fuzzy ideals of semigroups. Yager[10, 11]

introduced the Pythagorean fuzzy set(PFS).

In this paper, we introduce the notions of Pythagorean fuzzy ideal in subtraction semigroup

and near subtraction semigroup. Also we characterize the subtraction and near subtraction

semigroup through fuzzification.

2. PRELIMINARIES

Now, we recall some new concepts of Pythagorean fuzzy ideals in NSS from the litera-

ture, which are required in the sequel.
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The basic concepts of subtraction semigroup(SS), power set(PS), NSS [6] and zero sym-

metric are referred respectively.

Definition 2.1. A non-empty set X together with a binary operation ” − ” is said to be a

SA(subtraction algebra), if

(i) j − (k − j) = j
(ii) j − (j − k) = k − (k − j)
(iii) (j − k)− l = (j − l)− k ∀j, k, l ∈ X .

Definition 2.2. A subset I of SA X is called subalgebra of X if j − k ∈ I ∀j, k ∈ X . In

SA the following holds:

(1) j − 0 = j and 0− j = 0
(2) j − (j − k) ≤ k
(3) j ≤ k if and only if j = k −m for some m ∈ X
(4) j ≤ k implies j − l ≤ k − l and l − k ≤ l − j ∀l ∈ X
(5) j − (j − (j − k)) = j − k
(6) (j − k)− j = 0
(7) (j − k)− k = j − k.

3. PYTHAGOREAN FUZZY IDEAL IN SUBTRACTION SEMIGROUP

In this section X denotes subtraction semigroup(SS).

Definition 3.1. A Pythagorean fuzzy set(PFS) D = (π, ϑ) of X is called PFSS(Pythagorean

fuzzy subtraction sub-semigroup) of X if

(1) π(j − k) ≥
∧

{π(j), π(k)}
(2) ϑ(j − k) ≤

∨

{ϑ(j), ϑ(k)} ∀j, k ∈ X .

Example 3.2. Let X = {0, j, k, l} be a subtraction sub-semigroup with two binary oper-

ations ′−′ and ′·′ is defined as follows.

− 0 j k l
0 0 0 0 0

j j 0 j 0

k k k 0 0

l l k j 0

· 0 j k l
0 0 0 0 0

j 0 j 0 0

k 0 0 k k

l 0 0 k k

Define a Pythagorean fuzzy set D = (π, ϑ) where π : X → [0, 1] by π(0) = 0.8, π(j) =
0.6, π(k) = 0.3, π(l) = 0.2. Then ϑ : X → [0, 1] by ϑ(0) = 0.3, ϑ(j) = 0.4, ϑ(k) =
0.6, ϑ(l) = 0.7 Then D is a PFSS of X . Hence D = (π, ϑ) is a subtraction sub-semigroup

of X .

Definition 3.3. A PFS D = (π, ϑ) of X is called PFLI(resp. PFRI) of X , if ∀j, k ∈ X .

(1) π(j) ≥ ∧{π(j − k), π(k)}
(2) ϑ(j) ≤ ∨{ϑ(j − k), ϑ(k)}
(3) π(jk) ≥ ∧{π(j), π(k)}
(4) ϑ(jk) ≤ ∨{ϑ(j), ϑ(k)}
(5) π(jk) ≥ π(k) (resp.π(jk) ≥ π(j))
(6) ϑ(jk) ≤ ϑ(k) (resp.ϑ(jk) ≤ ϑ(j)).
If π and ϑ are both PFLI and PFRI of X . Then π and ϑ are both PFI of X .
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Example 3.4. Let X = {0, j, k, l} be a SS with two binary operations ′−′ and ′·′ is defined

as follows.

− 0 j k l
0 0 0 0 0

j j 0 j 0

k k k 0 0

l l k j 0

· 0 j k l
0 0 0 0 0

j 0 j 0 0

k 0 0 k k

l 0 0 k k

Define a PFS D = (π, ϑ) where π : X → [0, 1] by π(0) = 0.8, π(j) = 0.6, π(k) =
0.3, π(l) = 0.2. Then ϑ : X → [0, 1] by ϑ(0) = 0.3, ϑ(j) = 0.4, ϑ(k) = 0.6, ϑ(l) = 0.7.

Then D is a PFL (resp.PFR) ideals of X . Hence D = (π, ϑ) is a PFLI (PFRI) of X .

Definition 3.5. Let D1 = (πD1
, ϑD1) and D2 = (πD2

, ϑD2
) be any two PFS of X . Then

the following FSs of X are defined as follows.

(D1 ⋆ D2)(j) =































(πD1
⋆ πD2

)(j) =







∨

j≤xy

∧{πD(x), πD(y)} ifj ≤ xy

[0, 0] otherwise.

(ϑD1
⋆ ϑD2

)(j) =







∧

j≤xy

∨{ϑD(x), ϑD(y)} ifj ≤ xy

[1, 1] otherwise.

(D1 ∩D2)(j) =

{

(πD1
∩ πD2

)(j)

(ϑD1
∪ ϑD2

)(j) ∀ j ∈ X

(D1−D2)(j) =































(πD1
− πD2

)(j) =







∨

j=k−l

∧{πD(k), πD(l)} ifj = k − l ∀ j, k, l ∈ X

[0, 0] otherwise.

(ϑD1
− ϑD2

)(j) =







∧

j=k−l

∨{ϑD(k), ϑD(l)} ifj = k − l ∀ j, k, l ∈ X

[1, 1] otherwise.

Theorem 3.1. Every PFLI (resp. PFRI) of X is a PFSS of X .

Proof. Let π and ϑ be an PFI of X . Then

π(j − k) ≥ ∧{π((j − k)− r), π(l)} ∀ l ∈ X
≥ ∧{π((j − k)− l), π(j)} for l = j
= ∧{π(0), π(j)}
= π(j).

Thus

π(j − k) ≥ π(j).
ϑ(j − k) ≤ ∨{ϑ((j − k)− l), ϑ(r)} ∀ l ∈ X

≤ ∨{ϑ((j − k)− l), ϑ(j)} for l = j
= ∨{ϑ(0), ϑ(j)}
= ϑ(j).

Thus

ϑ(j − k) ≤ ϑ(j).
Again consider

π(j − k) ≥ ∧{π((j − k)− l), π(l)} ∀ l ∈ X
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≥ ∧{π((j − k)− k), π(k)} for l = k
= ∧{π(j − k), π(k)} since (j − k)− k = j − k
= ∧{π(j), π(k)}.

And

ϑ(j − k) ≤ ∨{ϑ((j − k)− l), ϑ(l)} ∀ l ∈ X
≤ ∨{ϑ((j − k)− k), ϑ(k)} for l = k
= ∨{ϑ(j − k), ϑ(k)} since (j − k)− k = j − k
= ∨{ϑ(j), ϑ(k)}.

Then π and ϑ are PFSS of X .

The converse is not true. �

Theorem 3.2. If D = (π, ϑ) be an PFS of a SS X . Then

(a)(i) π ⋆ π ≤ π
(ii) ϑ ⋆ ϑ ≥ ϑ
(b)(i) π(jk) ≥ ∧{π(j), π(k)}
(ii) ϑ(jk) ≤ ∨{ϑ(j), ϑ(k)} ∀ j, k ∈ X .

Proof. (a) ⇒ (b) Let x, y ∈ X .

Consider

(π ⋆ π)(jk) =
∨

xy≤jk

{∧{π(j), π(k)}}

≥ ∧{π(x), π(y)}.

By (a) π ⋆ π ≤ π.

π(xy) ≥ (π ⋆ π)(xy)
≥ ∧{π(x), π(y)}.

Hence π(xy) ≥ ∧{π(x), π(y)}.

And

(ϑ ⋆ ϑ)(jk) =
∧

xy≤jk

{∨{ϑ(j), ϑ(k)}}

≤ ∨{ϑ(x), ϑ(y)}.

By (a) ϑ ⋆ ϑ ≥ ϑ.

ϑ(xy) ≤ (ϑ ⋆ ϑ)(xy)
≤ ∨{ϑ(x), ϑ(y)}.

Hence ϑ(xy) ≤ ∨{ϑ(x), ϑ(y)}.

(b) ⇔ (a) Let j ∈ X .

Consider

(π ⋆ π)(j) =
∨

j≤xy

∧{π(x), π(y)}

≤
∨

j≤xy

{π(xy)}

≤
∨

j≤xy

{π(j)}

= π(j).
Thus π ⋆ π ≤ π. If j cannot be expressed as j ≤ xy then (π ⋆ π)(x) = 0 ≤ π(j).
Thus (π ⋆ π)(j) ≤ π(j) ∀j ∈ X .

And

Let j ∈ X .

Consider

(ϑ ⋆ ϑ)(j) =
∧

j≤xy

∨{ϑ(x), ϑ(y)}

≥
∧

j≤xy

{ϑ(xy)}
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≥
∧

j≤xy

{ϑ(j)}

= ϑ(j).
Thus ϑ ⋆ ϑ ≥ ϑ. If j cannot be expressed as j ≤ ab then (ϑ ⋆ ϑ)(x) = 0 ≥ ϑ(j).
Thus (ϑ ⋆ ϑ)(j) ≥ ϑ(j) ∀j ∈ X .

This implies that π ⋆ π ≤ and ϑ ⋆ ϑ ≥ ϑ. �

Theorem 3.3. Let D =< π, ϑ > be an PFS of X . If D =< π, ϑ > is an Pythagorean

fuzzy(PF) sub-semigroup (PFLI, PFRI) of X . Then π − π = π and ϑ− ϑ = ϑ.

Proof. Let D =< π, ϑ > be an PF sub-semigroup of X .

Let p ∈ X then.

(π − π)(j) =
∨

j=x−y

{∧{π(x), π(y)}} x, y ∈ X

≥ ∧{π(j), π(0)} since j = j − 0
= π(j).

(ϑ− ϑ)(j) =
∧

j=x−y

{∨{ϑ(x), ϑ(y)}} x, y ∈ X

≤ ∨{ϑ(j), ϑ(0)} since j = j − 0
= ϑ(j).

On the other hand if j = x− y, x, y ∈ X , then

π(j) = π(x− y)
≥ ∧{π(x), π(y)}
≥

∨

j=x−y

{∧{π(x), π(y)}}

= (π − π)(j).
ϑ(j) = ϑ(x− y)

≤ ∨{ϑ(x), ϑ(y)}
≤

∧

j=x−y

{∨{ϑ(x), ϑ(y)}}

= (ϑ− ϑ)(j).
Hence π(j) = (π − π)(j) and ϑ(j) = (ϑ− ϑ)(j) ∀ j ∈ X .

Thus π = π − π and ϑ = ϑ− ϑ. �

Theorem 3.4. Let D1 and D2 be any two PFS of X . If D1 and D2 are PFLI (resp. PFRI)

of X . Then D1 and D2 is also PFLI (resp. PFRI) of X .

Proof. Let D1 and D2 be any two PFLIs of X .

Let j, k ∈ X .

Consider

(π1 ∩ π2)(jk) = ∧{π1(jk), π2(jk)}
≥ ∧{∧{π1(j), π1(k)},∧{π2(j), π2(k)}}
≥ ∧{∧{π1(j), π2(j)},∧{π1(k), π2(k)}}
= ∧{(π1 ∩ π2)(j), (π1 ∩ π2)(k)}.

(π1 ∩ π2)(jk) = ∧{π1(jk), π2(jk)}
≥ ∧{π1(k), π2(k)}
= (π1 ∩ π2)(k).

(ϑ1 ∪ ϑ2)(jk) = ∨{ϑ1(jk), ϑ2(jk)}
≤ ∨{∨{ϑ1(j), ϑ1(k)},∨{ϑ2(j), ϑ2(k)}}

≤ ∨{∨{ϑ1(j), ϑ2(j)},∨{ϑ1(k), ϑ2(k)}
}

= ∨{(ϑ1 ∪ ϑ2)(j), (ϑ1 ∪ ϑ2)(k)}.

(ϑ1 ∪ ϑ2)(jk) = ∨{ϑ1(jk), ϑ2(jk)}
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≤ ∨{ϑ1(k), ϑ2(k)}
= (ϑ1 ∪ ϑ2)(k).

And

(π1 ∩ π2)(j) = ∧{π1(j), π2(j)}
≥ ∧{

∧

{π1(j − k), π1(k)},∧{π2(j − k), π2(k)}}
≥ ∧{∧{π1(j − k), π2(j − k)},∧{π1(k), π2(k)}}
= ∧{(π1 ∩ π2)(j − k), (π1 ∩ π2)(k)}.

(ϑ1 ∪ ϑ2)(j) = ∨{ϑ1(j), ϑ2(j)}
≤ ∨{∨{ϑ1(j − k), ϑ1(k)},∨{ϑ2(j − k), ϑ2(k)}}
≤ ∨{∨{ϑ1(j − k), ϑ2(j − k)},∨{ϑ1(k), ϑ2(k)}}
= ∨{(ϑ1 ∪ ϑ2)(j − k), (ϑ1 ∪ ϑ2)(k)}.

This shows that the intersection of D1 and D2 two PFLI of X . �

Theorem 3.5. If Di = (πi, ϑi|i ∈ Ω) is a family of PFLI (resp. PFRI) of a SS X . Then
⋂

i∈Ω Di = (∩i∈Ωπi,∪i∈Ωϑi) is also a PFLI (resp. PFRI) of X where Ω is any IS(index

set).

Proof. Let Di = (πi, ϑi|i ∈ Ω) be a family of PFLI (resp. PFRI) of X .

Let j, k ∈ X and π(j) = ∩i∈Ωπi(x) =
∧

πi(j), ϑ(j) = ∪i∈Ωϑi(x) =
∨

ϑi(j).
π(j) =

∧

πi(j)
≥

∧

∧{πi(j − k), πi(k)}
= ∧{

∧

πi(j − k),
∧

πi(k)}
= ∧{∩πi(j − k),∩πi(k)}
= ∧{π(j − k), π(k)}.

ϑ(j) =
∨

ϑi(j)
≤

∨

∨{ϑi(j − k), ϑi(k)}
= ∨{

∨

ϑi(j − k),
∨

ϑi(k)}
= ∨{∪ϑi(j − k),∪ϑi(k)}
= ∨{ϑ(j − k), ϑ(k)}.

π(jk) =
∧

πi(jk)
≥

∧

∧{πi(j), πi(k)}
= ∧{

∧

πi(j),
∧

πi(k)}
= ∧{∩πi(j),∩πi(k)}
= ∧{π(j), π(k)}.

ϑ(jk) =
∨

ϑi(jk)
≤

∨

∨{ϑi(j), ϑi(k)}
= ∨{

∨

ϑi(j),
∨

ϑi(k)}
= ∨{∪ϑi(j),∪ϑi(k)}
= ∨{ϑ(j), ϑ(k)}.

π(jk) =
∧

πi(jk) ≥
∧

πi(k) ≥ π(k)
and

ϑ(jk) =
∨

ϑi(jk) ≤
∨

ϑi(k) ≤ ϑ(k).
Hence,

⋂

i∈Ω Di = (∩i∈Ωπi,∪i∈Ωϑi) is also a PFLI (resp. PFRI) of X . �

Theorem 3.6. If D = (π, ϑ) is any PFS of a SS X then D = (π, ϑ) is a PFLI (resp. PFRI)

of X if and only if every Pythagorean level set
⋃

(D, t, n) is a LI (resp. RI) of X when it is

non-empty.

Proof. Suppose that D = (π, ϑ) is a PFLI (resp. PFRI) of X . Let j, k, j − k ∈
⋃

(D, t, n)
∀ t ∈ [0, 1] and n ∈ [0, 1]. Then π(j) ≥ t, π(j − k) ≥ t, π(k) ≥ t and ϑ(j) ≤ n,
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ϑ(j − k) ≤ n, ϑ(k) ≤ n.

Suppose k, j − k ∈
⋃

(D, t, n) then π(j) ≥ ∧{π(j − k), π(k)} ≥ ∧{t, t} = t and

ϑ(j) ∨ {ϑ(j − k), ϑ(k)} ≤ ∨{n, n} = n. Hence , jk ∈
⋃

(D, t, n).
Suppose j, k ∈

⋃

(D, t, n) then π(jk) ≥ ∧{π(j), π(k)} ≥ ∧{t, t} = t and ϑ(jk) ∨
{ϑ(j), ϑ(k)} ≤ ∨{n, n} = n. Hence , jk ∈

⋃

(D, t, n).
Let j ∈ X and k ∈

⋃

(D, t, n) then π(jk) ≥ π(k) ≥ t and ϑ(jk) ≤ ϑ ≤ n.

This implies that jk ∈
⋃

(D, t, n). Hence
⋃

(D, t, n) is a LI of X .

Conversely, let t ∈ [0, 1] and n ∈ [0, 1] be ∋
⋃

(D, t, n) 6= 0 and
⋃

(D, t, n) is a LI (RI) of

X .

We assume that π(j) � ∧{π(j − k), π(k)} or ϑ(j) � ∨{ϑ(j − k), ϑ(k)}. If π(j) �
∧{π(j − k), π(k)} then ∃ t ∈ [0, 1] ∋ π(j) < t < ∧{π(j − k), π(k)} hence j − k, k ∈
⋃

(D, t,∨{ϑ(j − k), ϑ(k)}) but j /∈
⋃

(D, t,∨{ϑ(j − k), ϑ(k)}) which is contradiction.

If ϑ(j) � ∨{ϑ(j − k), ϑ(k)} then ∃ n ∈ [0, 1] ∋ ϑ(j) > n > ∨{ϑ(j − k), ϑ(k)} hence

j − k, k ∈
⋃

(D,∧{π(j − k), π(k)}, n) but j /∈
⋃

(D,∧{π(j − k), π(k)}) which is con-

tradiction. Hence, π(j) ≥ ∧{π(j − k), π(k)} and ϑ(j) ≤ ∨{ϑ(j − k), ϑ(k)}.

Let us assume that π(jk) � ∧{π(j), π(k)} or ϑ(jk) � ∨{ϑ(j), ϑ(k)}. If π(jk) �
∧{π(j), π(k)} then ∃ t ∈ [0, 1] ∋ π(jk) < t < ∧{π(j), π(k)}
hence j, k ∈

⋃

(D, t,∨{ϑ(j), ϑ(k)}) but jk /∈
⋃

(D, t,∨{ϑ(j), ϑ(k)}) which is contra-

diction.

If ϑ(jk) � ∨{ϑ(j), ϑ(k)} then ∃ n ∈ [0, 1] ∋ ϑ(jk) > n > ∨{ϑ(j), ϑ(k)} hence

j, k ∈
⋃

(D,∧{π(j), π(k)}, n) but jk /∈
⋃

(D,∧{π(j), π(k)}) which is contradiction.

Hence, π(jk) ≥ ∧{π(j), π(k)} and ϑ(jk) ≤ ∨{ϑ(j), ϑ(k)}.

Assume that π(jk) � π(k) or ϑ(jk) � ϑ(k). If π(jk) � π(k) then ∃ t ∈ [0, 1]
∋ π(jk) < t < π(k) hence k ∈

⋃

(D, t, ϑ(k)) but jk /∈
⋃

(D, t, ϑ(k)) which is contra-

diction. If ϑ(jk) � ϑ(k) then ∃ n ∈ [0, 1] ∋ ϑ(jk) > n > ϑ(k) hence k ∈
⋃

(D,π(k), n)
but jk /∈

⋃

(D,π(k), n) which is contradiction.

Hence, π(jk) ≥ π(k) and ϑ(jk) ≤ ϑ(k).
Therefore, D = (π, ϑ) is a PFLI (resp. PFRI) of X . �

Theorem 3.7. Let N be any non-empty subset of a SS X . Then N is a LI (resp. RI) of X
if and only if the characteristic PFS χN = (πχN

, ϑχN
) of N is X is a PFLI (resp. PFRI)

of X .

Proof. Assume that N is a LI of X . Let j, k ∈ X . Suppose that πχN
(j) < ∧{πχN

(j −
k), πχN

(k)} and ϑχN
(j) > ∨{ϑχN

(j−k), ϑχN
(k)}. It follows that πχN

(j) = 0,∧{πχN
(j−

k), πχN
(k)} = 1 and ϑχN

(j) = 1,∨{ϑχN
(j − k), ϑχN

(k)} = 0. This implies that

j − k, k ∈ N but j /∈ N , a contradicts to N being a SS of X .

Suppose that πχN
(jk) < ∧{πχN

(j), πχN
(k)} and ϑχN

(jk) > ∨{ϑχN
(j), ϑχN

(k)}. It

follows that πχN
(jk) = 0,∧{πχN

(j), πχN
(k)} = 1 and ϑχN

(jk) = 1,
∨ {ϑχN

(j), ϑχN
(k)} = 0. This implies that j, k ∈ N but jk /∈ N , a contradicts to N .

Suppose that πχN
(jk) < πχN

(k) and ϑχN
(jk) > ϑχN

(k). It follows that πχN
(jk) =

0, πχN
(k) = 1 and ϑχN

(jk) = 1, ϑχN
(k) = 0. This implies that k ∈ N but jk /∈ N , a

contradicts to N . This shows that χN = (πχN
, ϑχN

) is a PFLI (resp. PFRI) of X .

Conversely, χN = (πχN
, ϑχN

) is a PFLI(resp. PFRI) of X for any subset N of X .

Let j − k, k ∈ N for any j, k ∈ X then πχN
(j − k) = πχN

(k) = 1 and ϑχN
(j − k) =

ϑχN
(k) = 0. Since χN is a PFLI (resp. PFRI) of X .

πχN
(j) ≥ ∧{πχN

(j−k), πχN
(k)} ≥ ∧{1, 1} = 1 and ϑχN

(j) ≤ ∨{ϑχN
(j−k), ϑχN

(k)} ≤
∧{0, 0} = 0. This implies that j ∈ N .

Let j, k ∈ N for any j, k ∈ X then πχN
(j) = πχN

(k) = 1 and ϑχN
(j) = ϑχN

(k) = 0.
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Since χN is a PFLI (resp. PFRI) of X .

πχN
(jk) ≥ ∧{πχN

(j), πχN
(k)} ≥ ∧{1, 1} = 1 and ϑχN

(jk) ≤ ∨{ϑχN
(j), ϑχN

(k)} ≤
∧{0, 0} = 0. This implies that jk ∈ N .

Let k ∈ N and j ∈ X then πχN
(k) = 1 and ϑχN

(k) = 0. πχN
(jk) ≥ πχN

(k) ≥ 1 and

ϑχN
(jk) ≤ ϑχN

(k) ≥ 0. This gives that jk ∈ N .

Hence, N is a LI (RI) of X . �

4. PYTHAGOREAN FUZZY IDEAL OF NEAR-SUBTRACTION SEMIGROUP

Definition 4.1. Let X be a near-subtraction semigroup(NSS), (X,D) be a PFI. A PFS

D = (π, ϑ) is called a PFI of X , if

(1) π(j − k) ≥ ∧{π(j), π(k)} and ϑ(j − k) ≤ ∨{ϑ(j), ϑ(k)}
(2) π(xj − x(y − j)) ≥ π(j) and ϑ(xj − x(y − j)) ≤ ϑ(j)
(3) π(jk) ≥ π(j) and ϑ(jk) ≤ ϑ(j) ∀j, k, l, x, y ∈ X .

If D = (π, ϑ) is a PFLI of X if it satisfies (1),(2) and if D = (π, ϑ) is a PFRI of X if it

satisfies (1) and (3).

Theorem 4.1. If Di = (πi, ϑi|i ∈ Ω) is a family of PFI of a NSS X then
⋂

i∈Ω Di =
(∩i∈Ωπi,∪i∈Ωϑi) is also a PFI of X where Ω is any IS(index set).

Proof. If {Di}i∈Ω is a family of PFI of X .

Let ∩πi(x) = (
∧

πi)(j) =
∧

πi(j) and ∪ϑi(x) = (
∨

ϑi)(j) =
∨

ϑi(j). ∀j, k ∈ X , we

have

(∩i∈Ωπi)(j − k) =
∧

{πi(j − k)|i ∈ Ω}
≥

∧

∧{πi(j), π(k)|i ∈ Ω}
= ∧{

∧

{πi(j)|i ∈ Ω},
∧

{πi(k)|i ∈ Ω}}
= ∧{∩i∈Ωπi(j),∩i∈Ωπi(k)}.

(∪i∈Ωϑi)(j − k) =
∨

{ϑi(j − k)|i ∈ Ω}
≤

∨

∨{ϑi(j), ϑ(k)|i ∈ Ω}
= ∨{

∨

{ϑi(j)|i ∈ Ω},
∨

{ϑi(k)|i ∈ Ω}}
= ∨{∪i∈Ωϑi(j),∪i∈Ωϑi(k)}.

For all j, x, y ∈ X , we have

(∩i∈Ωπi)(xj − x(y − j)) =
∧

{πi(xj − x(y − j))|i ∈ Ω}
≥

∧

{πi(j)|i ∈ Ω}
= ∩i∈Ωπi(j).

(∪i∈Ωϑi)(xj − x(y − j)) =
∨

{ϑi(xj − x(y − j))|i ∈ Ω}
≤

∨

{ϑi(j)|i ∈ Ω}
= ∪i∈Ωϑi(j).

For all j, k ∈ X , we have

(∩i∈Ωπi)(jk) =
∧

{πi(jk)|i ∈ Ω}
≥

∧

{πi(j)|i ∈ Ω}
= ∩i∈Ωπi(j).

(∪i∈Ωϑi)(jk) =
∨

{ϑi(jk)|i ∈ Ω}
≤

∨

{ϑi(j)|i ∈ Ω}
= ∪i∈Ωϑi(j).

Hence,
⋂

i∈Ω Di = (∩i∈Ωπi,∪i∈Ωϑi) is also a PFI of X . �

Definition 4.2. An PFS D = (π, ϑ) of X is said to be an PFBI of X if ∀j, k ∈ X
(i) π(j − k) ≥ ∧{π(j), π(k)}
(ii) ϑ(j − k) ≤ ∨{ϑ(j), ϑ(k)}
(iii) (π ◦X ◦ π) ∩ (π ◦X) ⋆ π ⊆ π
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(iv) (ϑ ◦X ◦ ϑ) ∪ (ϑ ◦X) ⋆ ϑ ⊇ ϑ.

Example 4.3. Let X = {0, j, k, l} be a NSS with two binary operations ′−′ and ′·′ is

defined as follows.

− 0 j k l
0 0 0 0 0

j j 0 j j

k k k 0 k

l l l l 0

· 0 j k l
0 0 0 0 0

j j j j j

k 0 0 0 k

l 0 0 0 l

Define a PFS D = (π, ϑ) where π : X → [0, 1] by π(0) = 0.8, π(j) = 0.6, π(k) =
0.3, π(l) = 0.2. (π ◦X ◦ π)(0) = 0.8, (π ◦X ◦ π)(j) = 0.7, (π ◦X ◦ π)(k) = 0.5, (π ◦
X ◦ π)(l) = 0.2, (π ◦X) ⋆ π(0) = 0.7, (π ◦X) ⋆ π(j) = 0.6, (π ◦X) ⋆ π(k) = 0.3, (π ◦
X) ⋆ π(l) = 0.1 Then ϑ : X → [0, 1] by ϑ(0) = 0.3, ϑ(j) = 0.4, ϑ(k) = 0.6, ϑ(l) = 0.7
(π ◦X ◦ π)(0) = 0.4, (π ◦X ◦ π)(j) = 0.5, (π ◦X ◦ π)(k) = 0.6, (π ◦X ◦ π)(l) = 0.8,

(π ◦X)⋆π(0) = 0.3, (π ◦X)⋆π(j) = 0.6, (π ◦X)⋆π(k) = 0.7and(π ◦X)⋆π(l) = 0.8.

Proposition 4.2. Let D = (π, ϑ) be a PFS of X . If D = (π, ϑ) is a PFLI of X then

D = (π, ϑ) is a PFBI of X .

Proof. Let j
′

∈ X be such that j
′

= xyz = jl− j(k− l), where x, y, z, j, k, l ∈ X . Then

((πXπ) ∩ (πX ⋆ π))(j
′

) = ∧{((πXπ)(j
′

), (πX ⋆ π))(j
′

)}
= ∧{

∨

j
′=xyz

∧{π(x).π(y), π(z)}},
∨

j
′=jl−j(k−l)

∧{(πX)(j), π(l)}

= ∧{
∨

{π(x), π(z)},
∨

{(πX)(j), π(l)}}.

(Since πX ⊆ X and π is a PFLI, then π(jl − j(k − l)) ≥ π(l))
≤ ∧{X(x), X(z), X(j), π(jl − j(k − l))}
= ∧{1, 1, 1, π(jl − j(k − l))}
= π(jl − j(k − l))

= π(j
′

).

If j
′

is not expressible as j
′

= xyz = jl−j(k− l) then (πXπ∩πX ⋆π)(j
′

) = 0 ≤ π(j
′

).
Then πXπ ∩ πX ⋆ π ⊆ π. Hence D is a PFBI of X .

And

((ϑXϑ) ∪ (ϑX ⋆ ϑ))(j
′

) = ∨{((ϑXϑ)(j
′

), (ϑX ⋆ ϑ))(j
′

)}
= ∨{

∧

j
′=xyz

∨{ϑ(x), ϑ(y), ϑ(z)}},
∧

j
′=jl−j(k−l)

∨{(ϑX)(j), ϑ(l)}

= ∨{
∧

{ϑ(x), ϑ(z)},
∧

{(ϑX)(j), ϑ(l)}}.

(Since ϑX ⊇ X and ϑ is a PFLI, then ϑ(jl − j(k − l)) ≤ ϑ(l))
≥ ∨{X(x), X(z), X(j), ϑ(jl − j(k − l))}
= ∨{0, 0, 0, ϑ(jl − j(k − l))}
= ϑ(jl − j(k − l))

= ϑ(j
′

).

If j
′

is not expressible as j
′

= xyz = jl− j(k− l) then (ϑXϑ∪ϑX ⋆ϑ)(j
′

) = 0 ≥ ϑ(j
′

).
Then ϑXϑ ∪ ϑX ⋆ ϑ ⊇ ϑ. Hence D is a PFBI of X . �

Proposition 4.3. Let D = (π, ϑ) be a PFS of X . If D = (π, ϑ) is a PFRI of X then

D = (π, ϑ) is a PFBI of X .
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Proof. Let j
′

∈ X be ∋ j
′

= xy = jl − j(k − l), x = x1x2, where x, x1, x2, y, j, k and

l are in X . Consider,

((πXπ) ∩ (πX ⋆ π))(j
′

) = ∧{(πXπ)(j
′

), (πX ⋆ π)(j
′

)}
= ∧{

∨

j
′=xy

∧{(πX)(x), π(y)}, (πX ⋆ π)(jl − j(k − l))}

= ∧{
∨

j
′=xy

∧{
∨

x=x1x2

∧{π(x1), X(x2)}, π(y)}, (πX⋆π)(jl−j(k−

l))}
= ∧{

∨

j
′=xy

∧{
∨

x=x1x2

{π(a1)}, π(b)}, (πX ⋆ π)(jl − j(k − l))}

= ∧{π(x1), π(y), (πX ⋆ π)(jl − j(k − l))},

(since D = (π, ϑ)is a PFRI, we have π(xy) = π(x1x2y) = π(x1(x2y)) ≥ π(x1))

≤ ∧{π(xy), 1, 1} = π(xy) = π(j
′

).

If j
′

is not expressible as j
′

= xyz = jl−j(k− l) then (πXπ∩πX ⋆π)(j
′

) = 0 ≤ π(j
′

).
Then πXπ ∩ πX ⋆ π ⊆ π. Hence D is a PFBI of X .

And

((ϑXϑ) ∪ (ϑX ⋆ ϑ))(j
′

) = ∨{(ϑXϑ)(j
′

), (ϑX ⋆ ϑ)(j
′

)}
= ∨{

∧

j
′=xy

∨{(ϑX)(x), ϑ(y)}, (ϑX ⋆ ϑ)(jl − j(k − l))}

= ∨{
∧

j
′=xy

∨{
∧

x=x1x2

∨{ϑ(x1), X(x2)}, ϑ(y)}, (ϑX⋆ϑ)(jl−j(k−

l))}
= ∨{

∧

j
′=xy

∨{
∧

x=x1x2

{ϑ(x1)}, ϑ(y)}, (ϑX ⋆ ϑ)(jl − j(k − l))}

= ∨{ϑ(x1), ϑ(y), (ϑX ⋆ ϑ)(jl − j(k − l))},

(since D = (π, ϑ)is a PFRI, we have ϑ(xy) = ϑ(x1x2y) = ϑ(x1(x2y)) ≤ ϑ(x1))

≥ ∨{ϑ(xy), 1, 1} = ϑ(xy) = ϑ(j
′

).

If j
′

is not expressible as j
′

= xyz = jl− j(k− l) then (ϑXϑ∪ϑX ⋆ϑ)(j
′

) = 0 ≤ ϑ(j
′

).
Then ϑXϑ ∪ ϑX ⋆ ϑ ⊆ ϑ. Hence D is a PFBI of X . �

Theorem 4.4. Let D = (π, ϑ) be a PFSA(Pythagorean fuzzy subalgebra) of X . If DXD ⊆
D, then D is a PFBI of X .

Proof. Assume that π is a PFSA of X and πXπ ⊆ π. Let j ∈ X . Then

(πXπ ∩ πX ⋆ π)(j) = ∧{(πXπ)(j), (πX ⋆ π)(j)} ≤ (πXπ)(j) ≤ π(j).
Thus (πXπ ∩ πX ⋆ π) ⊆ π and π is a PFBI of X and

assume that ϑ is a PFSA of X and ϑXϑ ⊇ ϑ. Let j ∈ X . Then

(ϑXϑ ∪ ϑX ⋆ ϑ)(j) = ∨{(ϑXϑ)(j), (ϑX ⋆ ϑ)(j)} ≥ (ϑXϑ)(j) ≥ ϑ(j).
Thus (ϑXϑ ∪ ϑX ⋆ ϑ) ⊇ ϑ and ϑ is a PFBI of X . �

Theorem 4.5. If X is a ZSNSS(zero symmetric near-subtraction semigroup) and D is a

PFBI of X then πXπ ⊆ π and ϑXϑ ⊇ ϑ.

Proof. Let π be a PFBI of X . Then πXπ ∩ πX ⋆ π ⊆ π. Clearly π(0) ≥ π(j). Thus

(πX)(0) ≥ (πX)(j) ∀j ∈ X . Since X is a ZSNSS, πXπ ⊆ πX ⋆π. So πXπ∩πX ⋆π =
πXπ ⊆ π,

and let ϑ be a PFBI of X . Then ϑXϑ∪ϑX⋆ϑ ⊇ ϑ. Clearly ϑ(0) ≤ ϑ(j). Thus (ϑX)(0) ≤
(ϑX)(j) ∀j ∈ X . Since X is a ZSNSS, ϑXϑ ⊇ ϑX ⋆ϑ. So ϑXϑ∪ϑX ⋆ϑ = ϑXϑ ⊇ ϑ.

Which is the required result. �

Theorem 4.6. Let D = (π, ϑ) be a PFBI of a ZSNSS X . Then π(jkl) ≥ ∧{π(j), π(l)}
and π(jkl) ≤ ∨{π(j), π(l)}.



ON PYTHAGOREAN FUZZY IDEAL OF SUBTRACTION SEMIGROUP 271

Proof. Assume that π is a PFBI of ZSNSS X . BY Theorem 3.19 πXπ ⊆ π. Let j, k, l ∈
X . Then

π(jkl) ≥ (πXπ)(jkl)
=

∨

jkl=xy

∧{(πX)(x), π(y)}

≥ ∧{(πX)(jk), π(l)}
≥ ∧{(πX)(j), X(k), π(l)}
= ∧{(πX)(j), 1, π(l)}
= ∧{(πX)(j), π(l)}.

Thus π(pqr) ≥ ∧{π(j), π(l)}.

And

ϑ(jkl) ≥ (ϑXϑ)(jkl)
=

∧

jkl=xy

∨{(ϑX)(x), ϑ(y)}

≤ ∨{(ϑX)(jk), ϑ(l)}
≤ ∨{(ϑX)(j), X(k), ϑ(l)}
= ∨{(ϑX)(j), 1, ϑ(l)}
= ∨{(ϑX)(j), ϑ(l)}.

Thus ϑ(jkl) ≤ ∨{ϑ(j), ϑ(l)}. �

Theorem 4.7. Let D1 = (π1, ϑ1) and D2 = (π2, ϑ2) be any two PFBI of X . Then D1∩D2

is also a PFBI of X .

Proof. Let π1 and π2 be any two PFBI of X . Let j, k ∈ X . Then

(π1 ∩ π2)(j − k) = ∧{π1(j − k), π2(j − k)}
≥ ∧{∧{π1(j), π1(k)},∧{π2(j), π2(k)}}
= ∧{∧{π1(j), π2(j)},∧{π1(k), π2(k)}}
= ∧{(π1 ∩ π2)(j), (π1 ∩ π2)(k)}.

Let j
′

∈ X . Choose x, y, j, k, l ∈ X such that j
′

= xyz = jl− j(k − l). Since π1 and π2

are PFBI of X , we have

= ∧{
∨

j
′=xyz

∧{π1(x), π1(z)},
∨

j
′=jl−j(k−l)

π1} ≤ π1(j)

= ∧{
∨

j
′=xyz

∧{π2(x), π2(z)},
∨

j
′=jl−j(k−l)

π2} ≤ π2(j).

Now

= ∧{((π1 ∩ π2)X(π1 ∩ π2))(j
′

), ((π1 ∩ π2)X ⋆ (π1 ∩ π2))(j
′

)}
= ∧{

∨

j
′=xyz

∧{(π1 ∩ π1)(x), (π1 ∩ π2)(z)},
∨

j
′=jl−j(k−l)

(π1 ∩ π2)(l)}

= ∧{
∨

j
′=xyz

∧{∧{π1(x), π2(x)},∧{π1(z), π2(z)}},
∨

j
′=jl−j(k−l)

∧{π1(l), π2(l)}}

= ∧{∧{
∨

j
′=xyz

∧{π1(x), π1(z)},
∨

j
′=jl−j(k−l)

π1(l)},∧{
∨

j
′=xyz

∧{π2(x), π2(z)},

∨

j
′=jl−j(k−l)

π2(l)}}

≤ ∧{π1(j), π2(j)}
= (π1 ∩ π2)(j).

Thus π1 ∩ π2 is a PFBI of X . and

(ϑ1 ∪ ϑ2)(j − k) = ∨{ϑ1(j − k), ϑ2(j − k)}
≤ ∨{∨{ϑ1(j), ϑ1(k)},∨{ϑ2(j), ϑ2(k)}}
= ∨{∨{ϑ1(j), ϑ2(j)},∨{ϑ1(k), ϑ2(k)}}
= ∨{(ϑ1 ∪ ϑ2)(j), (ϑ1 ∪ ϑ2)(k)}.
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Let j
′

∈ X . Choose x, y, j, k, l ∈ X , ∋ j
′

= xyz = jl − j(k − l). Since ϑ1 and ϑ2 are

PFBI of X , we have

= ∨{
∧

j
′=xyz

∨{ϑ1(x), ϑ1(z)},
∧

j
′=jl−j(k−l)

ϑ1} ≥ ϑ1(j)

= ∨{
∧

j
′=xyz

∨{ϑ2(x), ϑ2(z)},
∧

j
′=jl−j(k−l)

ϑ2} ≥ ϑ2(j).

Now

= ∨{((ϑ1 ∪ ϑ2)X(ϑ1 ∪ ϑ2))(j
′

), ((ϑ1 ∪ ϑ2)X ⋆ (ϑ1 ∪ ϑ2))(j
′

)}
= ∨{

∧

j
′=xyz

∨{(ϑ1 ∪ ϑ1)(x), (ϑ1 ∪ ϑ2)(z)},
∧

j
′=jl−j(k−l)

(ϑ1 ∪ ϑ2)(l)}

= ∨{
∧

j
′=xyz

∨{∨{ϑ1(x), ϑ2(x)},∨{ϑ1(z), ϑ2(z)}},
∧

j
′=jl−j(k−l)

∨{ϑ1(l), ϑ2(l)}}

= ∨{∨{
∧

j
′=xyz

∨{ϑ1(x), ϑ1(z)},
∧

j
′=jl−j(k−l)

ϑ1(l)},∨{
∧

j
′=xyz

∨{ϑ2(x), ϑ2(z)},

∧

j
′=jl−j(k−l)

ϑ2(l)}}

≥ ∨{ϑ1(j), ϑ2(j)}
= (ϑ1 ∪ ϑ2)(j).

Thus ϑ1 ∪ ϑ2 is a PFBI of X . �
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r-FUZZY ℜs-COMPACTNESS AND r-FUZZY ℜs-CONNECTEDNESS IN THE

SENSE OF ŠOSTAK’S

E. ELAVARASAN

ABSTRACT. The purpose of this paper is to introduce the concepts of fuzzy regular semi

compactness, fuzzy regular semi connectedness, fuzzy regular semi strongly connected-

ness and fuzzy regular semi-C5-connectedness. Some interesting properties of these no-

tions are studied. In this connection, interrelations are discussed. Examples are provided

wherever necessary.

1. INTRODUCTION

Šostak [11], introduced the concept of fuzzy topological spaces as an extension of

Chang’s fuzzy topological spaces [2]. It has been developed in many direction [4, 7, 9].

Mashhour et. al., [8], A. M. Zahran [13] and E. E. Kerre et. al., [6] introduced the notion of

fuzzy regular semi open and regular semi closed sets and investigate the relationship among

fuzzy regular semi continuity and fuzzy regular semi irresolute mappings. Recently, Vadi-

vel and Elavarasan [12] introduce and study the concept of fuzzy regular semi open sets

and fuzzy regular semi continuous functions in fuzzy topological spaces in the sense of

Šostak’s. In this paper, we introduce the concepts of r-fuzzy regular semi compactness,

r-fuzzy regular semi connectedness, r-fuzzy regular semi strongly connectedness and r-

fuzzy regular semi-C5-connectedness in the sense of Šostak’s. Some interesting properties

of these notions are studied. In this connection, interrelations are discussed. Examples are

provided wherever necessary.

2. PRELIMINARIES

Throughout this paper, let X be a non-empty set, I = [0, 1], I0 = (0, 1]. A fuzzy

set λ of X is a mapping λ : X → I , and IX be the family of all fuzzy sets on X . The

complement of a fuzzy set λ is denoted by 1−λ. For λ ∈ IX , λ(x) = λ for all x ∈ X . For

each x ∈ X and t ∈ I0, a fuzzy point xt is defined by xt(y) =

{

t if y = x

0 if y 6= x.
Let Pt(X)

2010 Mathematics Subject Classification. 54A40, 03E72, 54D30.

Key words and phrases. r-fuzzy ℜs-compact, r-fuzzy ℜs-connected, r-fuzzy ℜs-strongly connected and
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be the family of all fuzzy points in X . All other notations and definitions are standard in

the fuzzy set theory.

Definition 2.1. [11] A function τ : IX → I is called a fuzzy topology on X if it satisfies

the following conditions:

(1) τ(0) = τ(1) = 1,

(2) τ(
∨

i∈J µi) ≥
∧

i∈J τ(µi), for any {µi : i ∈ J} ≤ IX .

(3) τ(µ1 ∧ µ2) ≥ τ(µ1) ∧ τ(µ2), for all µ1, µ2 ∈ IX .

The pair (X, τ) is called a fuzzy topological space (for short, fts). A fuzzy set λ is

called an r-fuzzy open (for short, r-fo) if τ(λ) ≥ r and a fuzzy set λ is called an r-fuzzy

closed (for short, r-fc) if τ(1− λ) ≥ r.

Theorem 2.1. [3] Let (X, τ) be a fts. Then for each λ ∈ IX and r ∈ I0, we define an

operator Cτ : IX×I0 → IX as follows: Cτ (λ, r) =
∧

{µ ∈ IX : λ ≤ µ, τ(1−µ) ≥ r}.

For λ, µ ∈ IX and r, s ∈ I0, the operator Cτ satisfies the following statements:

(C1) Cτ (0, r) = 0,

(C2) λ ≤ Cτ (λ, r),
(C3) Cτ (λ, r) ∨ Cτ (µ, r) = Cτ (λ ∨ µ, r),
(C4) Cτ (λ, r) ≤ Cτ (λ, s) if r ≤ s,

(C5) Cτ (Cτ (λ, r), r) = Cτ (λ, r).

Theorem 2.2. [3] Let (X, τ) be a fts. Then for each λ ∈ IX and r ∈ I0, we define an

operator Iτ : IX × I0 → IX as follows: Iτ (λ, r) =
∨

{µ ∈ IX : µ ≤ λ, τ(µ) ≥ r}. For

λ, µ ∈ IX and r, s ∈ I0, the operator Iτ satisfies the following statements:

(I1) Iτ (1, r) = 1,

(I2) Iτ (λ, r) ≤ λ,

(I3) Iτ (λ, r) ∧ Iτ (µ, r) = Iτ (λ ∧ µ, r),
(I4) Iτ (λ, r) ≤ Iτ (λ, s) if s ≤ r,

(I5) Iτ (Iτ (λ, r), r) = Iτ (λ, r).
(I6) Iτ (1− λ, r) = 1− Cτ (λ, r) and Cτ (1− λ, r) = 1− Iτ (λ, r)

Definition 2.2. [10] Let (X, τ) be a fts, λ ∈ IX and r ∈ I0. Then a fuzzy set λ is called

(1) r-fuzzy regular open (for short, r-fro) if λ = Iτ (Cτ (λ, r), r).
(2) r-fuzzy regular closed (for short, r-frc) if λ = Cτ (Iτ (λ, r), r).

Definition 2.3. [12] Let (X, τ) be a fts and λ ∈ IX , r ∈ I0. Then

(1) λ is called r-fuzzy regular semi open (for short, r-frso) if there exists r-fro set

µ ∈ IX and µ ≤ λ ≤ Cτ (µ, r).
(2) λ is called r-fuzzy regular semi closed (for short, r-frsc) if there exists r-frc set

µ ∈ IX and Iτ (µ, r) ≤ λ ≤ µ.

(3) The r-fuzzy regular semi interior of λ, denoted by RSIτ (λ, r), is defined by

RSIτ (λ, r) =
∨

{µ ∈ IX | µ ≤ λ, µ is r-frso }.

(4) The r-fuzzy regular semi closure of λ, denoted by RSCτ (λ, r) is defined by

RSCτ (λ, r) =
∧

{µ ∈ IX | µ ≥ λ, µ is r-frsc }.

We denote the set of all r-frso sets and r-frsc sets by FRSO(X) and FRSC(X).

Theorem 2.3. [12] Let (X, τ) be a smooth topological space. For λ ∈ IX , r ∈ I0, the

following statements are equivalent:

(1) λ is r-frso.

(2) 1− λ is r-frso.
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(3) Iτ (λ, r) = Iτ (Cτ (λ, r), r).
(4) Cτ (λ, r) = Cτ (Iτ (λ, r), r).

Definition 2.4. [12] Let (X, τ) and (Y, η) be fts’s. Let f : (X, τ) → (Y, η) be a

mapping. Then f is said to be:

(1) fuzzy regular semi irresolute (resp. fuzzy regular semi continuous) iff f−1(µ) is

r-frso for each r-frso set µ ∈ IY (resp. µ ∈ IY , η(µ) ≥ r).

(2) fuzzy regular semi irresolute open (resp. fuzzy regular semi open) iff f(λ) is

r-frso in Y for each r-frso set λ ∈ IX (resp. λ ∈ IX , τ(λ) ≥ r).

(3) fuzzy regular semi irresolute closed (resp. fuzzy regular semi closed) iff f(λ) is

r-frsc in Y for each r-frsc set λ ∈ IX (resp. λ ∈ IX , τ(1− λ) ≥ r).

Definition 2.5. [1] Let (X, τ) and (Y, σ) be a fts’s. Let f : (X, τ) → (Y, σ) be a

function. Then f is called

(1) weakly continuous if for each µ ∈ IY , where σ(µ) ≥ r, r ∈ I0, f−1(µ) ≤
Iτ (f

−1(Cσ(µ, r)), r).
(2) weakly open if for each µ ∈ IX , where τ(µ) ≥ r, r ∈ I0, f(µ) ≤ Iσ(f(Cτ (µ, r)), r).

Definition 2.6. [5] A fts (X, τ) is called an r-fuzzy compact ( r-fuzzy nearly compact and

r-fuzzy almost compact) if and only if for every family {λi|i ∈ J} in {λ : λ ∈ IX , τ(λ) ≥
r} such that

∨

i∈J λi = 1, there exists a finite subset J0 of J such that
∨

i∈J0
λi = 1 (resp.

∨

i∈J0
Iτ (Cτ (λi, r), r) = 1 and

∨

i∈J0
Cτ (λi, r) = 1).

Theorem 2.4. Let (X, τ) and (Y, σ) be two fts and f : (X, τ) → (Y, σ) is fuzzy weakly

open and fuzzy weakly continuous, then f−1(λ) is an r-fro (resp. r-frc) set for every r-fro

λ ∈ IY , r ∈ I0.

Proof. Let λ be an r-fro set in Y , we have σ(λ) ≥ r. Since f is fuzzy weakly continuous,

τ(f−1(λ) ≥ r. Hence f−1(λ) = Iτ (f
−1(λ), r) ≤ Iτ (Cτ (f

−1(λ), r), r). Since f is fuzzy

weakly open, f(Iτ (Cτ (f
−1(λ), r), r)) ≤ Iσ(f(Cτ (f

−1(λ), r), r)). Since f is fuzzy

weakly continuous, Iσ(f(Cτ (f
−1(λ), r), r)) ≤ Iσ(ff

−1(Cσ(λ, r), r)) ≤ Iσ(Cσ(λ, r), r)) =
λ. Hence Iτ (Cτ (f

−1(λ), r), r) ≤ f−1(λ). Thus f1(λ) is r-fro. An r-frc case will be sim-

ilar. �

3. r-FUZZY ℜs-COMPACTNESS

The most important of all covering properties is compactness. In this section, we intro-

duce the concept of fuzzy ℜs-compactness and study some of its basic properties.

Definition 3.1. A fts (X, τ) is called

(1) r-fuzzy ℜs compact if for every r-fuzzy regular semiopen cover {λi : i ∈ J} of

X , there exists a finite subset J0 of J such that
∨

i∈J0
λi = 1.

(2) r-fuzzy weakly ℜs compact if for every r-fuzzy regular semiopen cover {λi : i ∈
J} of X , there exists a finite subset J0 of J such that

∨

i∈J0
Iτ (λi, r) = 1.

(3) r-fuzzy almost ℜs compact if for every r-fuzzy regular semiopen cover {λi : i ∈
J} of X , there exists a finite subset J0 of J such that

∨

i∈J0
Cτ (λi, r) = 1.

Remark. (1) Every r-fuzzy weakly ℜs compact is r-fuzzy ℜs compact.

(2) Every r-fuzzy ℜs compact is r-fuzzy almost ℜs compact.

From Theorem 2.3, we have the following theorem:
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Theorem 3.1. A fts (X, τ) is r-fuzzy ℜs-compact if and only if for each family {λi|i ∈ J}
of r-frso sets of X such that

∧

i∈J λi = 0, there exists a finite subset J0 of J such that
∧

i∈J0
λi = 0.

Theorem 3.2. A fts (X, τ) is r-fuzzy weakly ℜs-compact if and only if for each family

{λi|i ∈ J} of r-frso sets of X such that
∧

i∈J λi = 0, there exists a finite subset J0 of J

such that
∧

i∈J0
Cτ (λi, r) = 0.

Proof. Suppose that (X, τ) is r-fuzzy weakly ℜs-compact. Let {λi|i ∈ J} be a family of

r-frso sets of X such that
∧

i∈J λi = 0. Then by Theorem 2.3, {1− λi|i ∈ J} is a family

of r-frso sets of X such that
∨

i∈J 1 − λi = 1 −
∧

i∈J λi = 1. Since (X, τ) is r-fuzzy

weakly ℜs compact, there exists a finite subset J0 of J such that
∨

i∈J0
Iτ (1− λi, r) = 1.

Hence
∧

i∈J0
Cτ (λi, r) = 1− (

∨

i∈J0
Iτ (1− λi, r) = 0. �

Converse follows by reversing the previous arguments.

Theorem 3.3. Let (X, τ) be a fts. Then the following are equivalent:

(1) (X, τ) is r-fuzzy weakly ℜs-compact.

(2) For each family {λi|i ∈ J} of r-frso sets of X such that
∧

i∈J λi = 0, there exists

a finite subset J0 of J such that
∧

i∈J0
Cτ (λi, r) = 0.

(3) For each r-fuzzy regular closed cover {λi|i ∈ J} of X , there exists a finite subset

J0 of J such that
∨

i∈J0
Iτ (λi, r) = 1.

Proof. (1)⇒(2): Trivial.

(2)⇒(1): Let {λi|i ∈ J} be a family of r-frso sets of X such that
∧

i∈J λi = 0. Since

λi is an r-frso set for each i ∈ J , Cτ (λi, r) = Cτ (Iτ (λi, r), r) for each i ∈ J . Since

{Iτ (λi, r)|i ∈ J} is a family of r-fro sets of X such that
∧

i∈J Iτ (λi, r) = 0, by (2) there

exists a finite subset J0 of J such that
∧

i∈J0
Cτ (λi, r) =

∧

i∈J0
Cτ (Iτ (λi, r), r) = 0.

Thus (X, τ) is r-fuzzy weakly ℜs-compact.

(2)⇔(3): It is obvious. �

Theorem 3.4. Let (X, τ) and (Y, σ) be two fts’s and let f : (X, τ) → (Y, σ) be surjective,

fuzzy weakly open and fuzzy weakly continuous function. If (X, τ) is r-fuzzy weakly ℜs-

compact, then so is (Y, σ).

Proof. Let {ηi|i ∈ J} be an r-fuzzy regular closed cover over Y . By Theorem 2.4,

{f1(ηi)|i ∈ J} is an r-fuzzy regular closed cover of X . Since X is r- fuzzy weakly ℜs-

compact, by Theorem 3.2, there exists a finite subset J0 of J such that
∨

i∈J0
Iτ (f

−1(ηi), r) =

1. From the surjectivity and fuzzy weakly openness of f , we have

1 = f(
∨

i∈J0
(Iτ (f

−1(ηi, r))))

=
∨

i∈J0
f(Iτ (f

−1(ηi, r)))

≤
∨

i∈J0
Iσ(f(Cτ (Iτ (f

−1(ηi), r), r)), r)

=
∨

i∈J0
(Iσ(f(f

−1(ηi)), r)

=
∨

i∈J0
Iσ(ηi, r).

Hence
∨

i∈J0
Iσ(ηi, r) = 1, and thus (Y, σ) is r-fuzzy weakly ℜs compact. �

Theorem 3.5. A fts (X, τ) is r-fuzzy almost ℜs compact if and only if for each family

{λi|i ∈ J} of r-frso sets of X such that
∧

i∈J λi = 0, there exists a finite subset J0 of J

such that
∧

i∈J0
Iτ (λi, r) = 0.

Proof. Let (X, τ) be r-fuzzy almost ℜs-compact and let {λi|i ∈ J} be a family of r-

frso sets of X such that
∧

i∈J λi = 0. Then {1 − λi|i ∈ J} is a family of r-frso sets
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of X such that
∨

i∈J 1 − λi = 1 − (
∧

i∈J λi) = 1. Since (X, τ) is r-fuzzy almost ℜs-

compact, there exists a finite subset J0 of J such that
∨

i∈J0
Cτ (1 − λi, r) = 1. Hence

∧

i∈J0
Iτ (λi, r) = 1−

∨

i∈J0
Cτ (1− λi, r) = 0.

The converse can be proved similarly. �

Theorem 3.6. Let (X, τ) be a fts. Then the following statements are equivalent:

(1) (X, τ) is r-fuzzy almost ℜs-compact.

(2) For each family {λi|i ∈ J} of r-fro sets of X such that
∧

i∈J λi = 0, there exists

a finite subset J0 of J such that
∧

i∈J0
λi = 0.

(3) For each r-fuzzy regular closed cover {λi|i ∈ J} of X , there exists a finite subset

J0 of J such that
∨

i∈J0
λi = 1.

Proof. Straightforward. �

Definition 3.2. A fts (X, τ) is called an r-fuzzy S-closed if and only if for every an r-

fuzzy semiopen cover {λi|i ∈ J} of X , there exists a finite subset J0 of J such that
∨

i∈J0
Cτ (λi, r) = 1.

Theorem 3.7. A fts (X, τ) is r-fuzzy almost ℜs-compact if and only if (X, τ) is r-fuzzy

S-closed.

Proof. Let (X, τ) be r-fuzzy S-closed. Since every r-frso set is r-fuzzy semiopen, (X, τ)
is r-fuzzy almost ℜs-compact.

Conversely, suppose that (X, τ) is r-fuzzy almost ℜs-compact and let {λi|i ∈ J} be

an r-fuzzy semiopen cover of X . Then there exists µi ∈ IX with τ(µi) ≥ r, such that

µi ≤ λi ≤ Cτ (µi, r), for each i ∈ J . We can easily show that Cτ (µi, r) is an r-frc

for each i ∈ J . Since µi ≤ λi ≤ Cτ (λi, r), for each i ∈ J , Cτ (µi, r) ≤ Cτ (λi, r) ≤
Cτ (Cτ (µi, r), r) for each i ∈ J . Thus Cτ (λi, r) = Cτ (µi, r) for each i ∈ J . Thus

{Cτ (λi, r)|i ∈ J} is an r-fuzzy regular closed cover of X . Since (X, τ) is r-fuzzy almost

ℜs-compact, there exists a finite subset J0 of J such that
∨

i∈J0
Cτ (λi, r) = 1. Hence

(X, τ) is r-fuzzy S-closed. �

Theorem 3.8. A fts (X, τ) is an r-fuzzy weakly ℜs-compact if and only if for every an

r-fuzzy semiopen cover {λi|i ∈ J} of X, there exists a finite subset J0 of J such that
∨

i∈J0
Iτ (Cτ (λi, r), r) = 1.

Proof. Similar to Theorem 3.7. �

Theorem 3.9. Let (X, τ) and (Y, σ) be two fts’s and let f : (X, τ) → (Y, σ) be a surjec-

tive, fuzzy weakly open and fuzzy weakly continuous function. If (X, τ) is r-fuzzy almost

ℜs-compact, then so is (Y, σ).

Proof. Let {ηi|i ∈ J} be an r-fuzzy regular closed cover of Y. By Theorem 2.4, {f−1(ηi)|i ∈
J} is an r-fuzzy regular closed cover of X . Since (X, τ) is r-fuzzy almost ℜs-compact,

by Theorem 2.4, there exists a finite subset J0 of J such that
∨

i∈J0
f−1(ηi) = 1. From

the surjectivity of f we have

1 = f(
∨

i∈J0
f−1(ηi)) =

∨

i∈J0
f(f−1(ηi)) =

∨

i∈J0
ηi.

Hence
∨

i∈J0
ηi = 1. Thus (Y, σ) is r-fuzzy almost ℜs-compact. �

Definition 3.3. A fts (X, τ) is called r-fuzzy extremally disconnected if τ(Cτ (λ, r)) ≥ r
for every λ ∈ IX with τ(λ) ≥ r.
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Theorem 3.10. Let (X, τ) and (Y, σ) be two fts, and let f : (X, τ) → (Y, σ) be a sur-

jective, fuzzy weakly open and fuzzy weakly continuous function. If (X, τ) is r-fuzzy ex-

tremally disconnected, then so is (Y, σ).

Proof. Let λ ∈ IY with σ(λ) ≥ r. Then λ = Iσ(λ, r). Hence Cτ (λ, r) is r-frc set. By

Theorem 2.4, f−1(Cσ(λ, r)) is r-frc, i.e., f−1(Cσ(λ, r)) = Cτ (Iτ (f
−1(Cσ(λ, r)), r), r).

Since (X, τ) is r-fuzzy extremally disconnected and τ(Iτ (f
−1(Cσ(λ, r)), r)) ≥ r and

τ(Cτ (Iτ (f
−1(Cσ(λ, r)), r), r)) ≥ r. From the surjectivity and fuzzy weakly openness of

f we have

Cσ(λ, r) = f(f−1(Cσ(λ, r)))
= f(Cτ (Iτ (f

−1(Cσ(λ, r)), r), r))
≤ Iσ(f(Cτ (Iτ (f

−1(Cσ(λ, r)), r), r)), r)
= Iσ(f(Cτ (f

−1(Cσ(λ, r)), r)), r)
= Iσ(f(f

−1(Cσ(λ, r))), r)
= Iσ(Cσ(λ, r), r).

Hence Cσ(λ, r) = Iσ(Cσ(λ, r), r) and so σ(Cσ(λ, r)) ≥ r. Thus (Y, σ) is r-fuzzy

extremally disconnected. �

Theorem 3.11. Let a fts (X, τ) be r-fuzzy extremally disconnected. If λ ∈ IX is r-frso,

then Iτ (λ, r) = λ = Cτ (λ, r).

Proof. Let λ be an r-frso set. Then there exists an r-fro µ such that µ ≤ λ ≤ Cτ (µ, r).
Since X is r-fuzzy extremally disconnected, µ = Cτ (µ, r). And we get µ = Iτ (µ, r),
since µ is an r-fro set. Thus we have the following, µ = Iτ (µ, r) ≤ Iτ (λ, r) ≤ λ ≤
Cτ (λ, r) ≤ Cτ (µ, r) = µ. Hence Iτ (λ, r) = λ = Cτ (λ, r). �

From the above theorem, we get the following:

Theorem 3.12. Let a fts (X, τ) be r-fuzzy extremally disconnected. Then the following

are equivalent:

(1) (X, τ) is r-fuzzy weakly ℜs-compact.

(2) (X, τ) is r-fuzzy ℜs-compact.

(3) (X, τ) is r-fuzzy almost ℜs-compact.

Theorem 3.13. For an r-fuzzy extremally disconnected fts (X, τ), the following are true:

(1) r-fuzzy compactness implies r-fuzzy weakly ℜs-compactness.

(2) r-fuzzy nearly compactness implies r-fuzzy ℜs-compactness.

(3) r-fuzzy almost compactness implies r-fuzzy almost ℜs-compactness.

Proof. (2) Let (X, τ) be an r-fuzzy extremally disconnected and r-fuzzy nearly compact

space, let {λi|i ∈ J} be an r-fuzzy regular semiopen cover of X. Then there exists an r-fro

set µi such that µi ≤ λi ≤ Cτ (µi, r) for each i ∈ J . Since (X, τ) is r-fuzzy extremally

disconnected and µi = Iτ (Cτ (µi, r)) for each i ∈ J, λi = Iτ (λi, r) for each i ∈ J. Thus

we get λi = Iτ (Cτ (λi, r), r) for each i ∈ J from Theorem 2.3. Hence (X, τ) is r-fuzzy

ℜs-compact since X is r-fuzzy nearly compact.

(1) and (3) are similar to (2). �

Corollary 3.14. If a fts (X, τ) is r-fuzzy extremally disconnected, then the following are

equivalent:

(1) r-fuzzy nearly compactness.

(2) r-fuzzy almost compactness.

(3) r-fuzzy S-closeness.

Proof. We get the results from Theorems 3.7, 3.12 and 3.13. �
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4. r-FUZZY ℜs-CONNECTEDNESS

Definition 4.1. Let (X, τ) be a fts and λ, µ ∈ IX , r ∈ I0. A r-fuzzy ℜs-separation on 1
is a pair of non null proper r-frso sets λ and µ such that λ ∧ µ = 0 and λ ∨ µ = 1.

Definition 4.2. A fts (X, τ) is said to be r-fuzzy ℜs-connected if and only if there is no

r-fuzzy ℜs-separation of 1. Otherwise, (X, τ) is said to be r-fuzzy ℜs-disconnected space.

Example 4.3. Let X = {a, b, c}, λ, µ, δ ∈ IX , r ∈ I0 are defined as λ(a) = 0.2, λ(b) =
0.3, λ(c) = 0.4; µ(a) = 0.6, µ(b) = 0.3, µ(c) = 0.4; δ(a) = 0.7, δ(b) = 0.4, δ(c) = 0.5.

We define fuzzy topology τ : IX → I as follows:

τ(λ) =











1 if λ ∈ {0, 1},
1

3
if λ = λ,

0 otherwise.

For r = 1

3
, µ and δ are r-frso sets in (X, τ), µ 6= 0, δ 6= 0, µ ∨ δ 6= 1 and µ ∧ δ 6= 0.

Hence (X, τ) is r-fuzzy ℜs-connected.

Proposition 4.1. A fts (X, τ) is a r-fuzzy ℜs-connected if and only if there exists no non-

null r-frso sets λ, µ ∈ IX , r ∈ I0 such that λ = 1− µ.

Proof. Necessity: Let λ and µ be two r-frso sets in (X, τ) such that λ 6= 0, 1−µ 6= 0 and

λ = 1 − µ. Therefore 1 − µ is a r-frsc set. Since λ 6= 0, µ 6= 1. This implies that µ is a

proper fuzzy set which is both r-frso and r-frsc in (X, τ). Hence (X, τ) is not a r-fuzzy

ℜs-connected space. But this is a contradiction to our hypothesis. Thus there exists no

non-null r-frso sets λ and µ in (X, τ) such that λ = 1− µ.

Sufficiency: Let λ be both r-frso and r-frsc in (X, τ) such that λ 6= 0, λ 6= 1. Let

1− λ = µ. Then µ is a r-frso set and 1− µ 6= 1. This implies that µ = 1− λ 6= 0, which

is a contradiction to our hypothesis. Hence (X, τ) is a r-fuzzy ℜs-connected space. �

Proposition 4.2. A fts (X, τ) is a r-fuzzy ℜs-connected space if and only if there exists no

non-null r-frso sets λ, µ ∈ IX with r ∈ I0 such that λ = 1 − µ, µ = 1 − RSCτ (λ) and

λ = 1−RSCτ (µ).

Proof. Necessity: Assume that there exists a fuzzy sets λ and µ such that λ 6= 0, 1−µ 6= 0,
λ = 1−µ, µ = 1−RSCτ (λ) and λ = 1−RSCτ (µ). Since 1−RSCτ (λ) and 1−RSCτ (µ)
are r-frso sets in (X, τ), λ and µ are r-frso sets in (X, τ). This implies (X, τ) is not a r-

fuzzy ℜs-connected space, which is a contradiction. Thus there exists no non-null r-frso

sets λ and µ in (X, τ) such that λ = 1− µ, µ = 1−RSCτ (λ) and λ = 1−RSCτ (µ).
Sufficiency: Let λ be both r-frso and r-frsc in (X, τ) such that λ 6= 0, λ 6= 1. Now by

taking 1 − λ = µ, we obtain a contradiction to our hypothesis. Hence (X, τ) is a r-fuzzy

ℜs-connected space. �

Definition 4.4. A fts (X, τ) is said to be r-fuzzy C5-disconnected if there exists fuzzy set

λ ∈ IX , r ∈ I0, which is both r-fo and r-fc set such that λ 6= 0 and λ 6= 1. If (X, τ) is not

r-fuzzy C5-disconnected then it is said to be r-fuzzy C5-connected.

Proposition 4.3. Let (X, τ) and (Y, σ) be two fts’s. Let f : (X, τ) → (Y, σ) is a fuzzy

regular semi continuous and surjective function. If (X, τ) is r-fuzzy ℜs-connected, then

(Y, σ) is a r-fuzzy C5-connected.

Proof. Let (X, τ) is r-fuzzy ℜs-connected. Suppose (Y, σ) is not a r-fuzzy C5-connected

space, then there exists a proper fuzzy set λ ∈ IY , r ∈ I0 which is both r-fo and r-fc set.

Since f is a fuzzy regular semi continuous function, f−1(λ) is both r-frso and r-frsc in
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(X, τ). But this is a contradiction to hypothesis. Hence (Y, σ) is a r-fuzzy C5-connected

space. �

Definition 4.5. A fuzzy set in a fts (X, τ) is said to be r-frsco set, which is both r-frso and

r-frsc set.

Definition 4.6. A fts (X, τ) is said to be r-fuzzy ℜs-C5-disconnected if there exists r-

frsco set λ ∈ IX , r ∈ I0 such that λ 6= 0 and λ 6= 1. If (X, τ) is not r-fuzzy ℜs-C5-

disconnected then it is said to be r-fuzzy ℜs-C5-connected.

Proposition 4.4. A fts (X, τ) is r-fuzzy ℜs-C5 connected, then it is r-fuzzy ℜs-connected.

Proof. Suppose that there exists non-null r-frso sets λ and µ such that λ ∨ µ = 1 and λ ∧
µ = 0 (r-fuzzy ℜs-disconnected), then λ = λ∨µ and λ = λ∧µ. In other words, λ = 1−µ.

Hence λ is a r-frsco set which implies that (X, τ) is r-fuzzy ℜs-C5-disconnected. �

Remark. The converse of the above Proposition need not be true as shown by the following

example.

Example 4.7. Let X = {a, b, c}, λ1, λ2, λ3, λ4, λ5, µ, δ ∈ IX are defined as λ1(a) =
0.4, λ1(b) = 0.5, λ1(c) = 0.6; λ2(a) = 0.4, λ2(b) = 0.5, λ2(c) = 0.4; λ3(a) =
0.5, λ3(b) = 0.5, λ3(c) = 0.5; λ4(a) = 0.5, λ4(b) = 0.5, λ4(c) = 0.6; λ5(a) =
0.4, λ5(b) = 0.5, λ5(c) = 0.5; µ(a) = 0.5, µ(b) = 0.5, µ(c) = 0.4; δ(a) = 0.6, δ(b) =
0.5, δ(c) = 0.6. We define fuzzy topology τ : IX → I as follows:

τ(λ) =















































1 if λ ∈ {0, 1},
1

3
if λ = λ1,

1

3
if λ = λ2,

1

3
if λ = λ3,

1

3
if λ = λ4,

1

3
if λ = λ5,

0 otherwise.

For r = 1

3
, The fuzzy sets µ and δ are r-frso sets over 1 (since there exist r-fro set λ1 such

that λ1 ≤ µ ≤ Cτ (λ1) = 1−λ4 and there exist r-fro set λ4 such that λ4 ≤ δ ≤ Cτ (λ4) =
1− λ2). Also, µ ∧ δ = µ 6= 0, µ ∨ δ = δ 6= 1, hence (X, τ) is r-fuzzy ℜs-connected. But

(X, τ) is r-fuzzy ℜs-C5-disconnected, since λ3 is both r-frso set and r-frsc set.

Proposition 4.5. Let (X, τ) and (Y, σ) be fts’s. Let f : (X, τ) → (Y, σ) be a fuzzy regular

semi irresolute and surjective function. If (X, τ) is r-fuzzy ℜs-connected, then (Y, σ) is

r-fuzzy ℜs-connected.

Proof. Assume that (Y, σ) is not r-fuzzy ℜs-connected. Thus there exists non-null r-frso

sets λ, µ ∈ IY , r ∈ I0 such that λ ∨ µ = 1 and λ ∧ µ = 0. Since f is fuzzy regular semi

irresolute function, ν = f−1(λ), η = f−1(µ) are r-frso sets in (X, τ). From λ 6= 0, we

get ν = f−1(λ) 6= 0. (If f−1(λ) 6= 0, then λ = f(f−1(λ)) = f(0) = 0, which is a

contradiction.) Similarly we obtain η = 0. Now, λ ∨ µ = 1 f−1(λ) ∨ f−1(µ) = f−1(1),
ν ∨ η = 1, λ ∧ µ = 0 f−1(λ) ∧ f−1(µ) = f−1(0) ν ∧ η = 0. This implies that ν ∨ η = 1
and ν ∧ η = 0. Thus (X, τ) is r-fuzzy ℜs-connected, which is a contradiction to our

hypothesis. Hence (Y, σ) is r-fuzzy ℜs-connected. �

Proposition 4.6. A fts (X, τ) is r-fuzzy ℜs-C5-connected if and only if there exists no

non-null r-frso sets λ, µ ∈ IX , r ∈ I0 such that λ = 1− µ.
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Proof. Suppose that λ and µ are r-frso sets in X such that λ 6= 0, µ 6= 0, λ = 1 − µ.

Since λ = 1− µ, 1− µ is a r-frso set and µ is a r-frsc set. And λ 6= 0 implies µ 6= 1. But

this is a contradiction to the fact that (X, τ) is r-fuzzy ℜs-C5-connected.

Conversely, let λ be both r-frso and r-frsc in X such that λ 6= 0, λ 6= 1. Now take

µ = 1 − λ. In this case µ is a r-frso set and λ 6= 1. Which implies that µ = 1 − λ = 0,

which is a contradiction. �

Proposition 4.7. A fts (X, τ) is r-fuzzy ℜs-C5-connected if and only if there exists no

non-null fuzzy sets λ, µ ∈ IX , r ∈ I0 such that 1 − λ = µ, µ = 1 − RSCτ (λ),
λ = 1−RSCτ (µ).

Proof. Assume that there exists a fuzzy sets λ and µ such that λ 6= 0, µ 6= 0, 1− λ = µ,

µ = 1 − RSCτ (λ) and λ = 1 − RSCτ (µ). Since 1 − RSCτ (λ) and 1 − RSCτ (µ) are

r-frso sets over X , λ and µ are r-frso sets in X , which is a contradiction.

Conversely, let λ be both r-frso and r-frsc in X such that λ 6= 0, λ 6= 1. Taking

µ = 1− λ, we obtain a contradiction. �

Definition 4.8. A fts (X, τ) is said to be r-fuzzy ℜs-strongly connected if there exists no

non-null r-frsc sets λ, µ ∈ IX , r ∈ I0 such that λ+ µ ≤ 1.

In otherwords, a fts (X, τ) is said to be r-fuzzy ℜs-strongly connected if there exists no

non-null r-frsc sets λ, µ ∈ IX , r ∈ I0 such that λ ∧ µ = 1.

Proposition 4.8. A fts (X, τ) is r-fuzzy ℜs-strongly connected if and only if there exists

no non-null r-frso sets λ, µ ∈ IX with r ∈ I0 such that λ 6= 1, µ 6= 1 and λ+ µ ≥ 1.

Proof. Necessity: Let λ and µ are r-frso sets in (X, τ) such that λ 6= 1, µ 6= 1 and

λ + µ ≥ 1. If we take ν = 1 − λ and η = 1 − µ, then ν and η become r-frsc sets in

X and ν 6= 0, η 6= 0 and ν + η ≤ 1. Which is a contradiction. Hence (X, τ) is r-fuzzy

ℜs-strongly connected.

Sufficiency: Let λ and µ be non-null r-frsc sets in (X, τ) such that λ + µ ≤ 1. If

ν = 1− λ and η = 1−µ, then ν and η become r-frso sets in (X, τ) and ν 6= 1, η 6= 1 and

ν + η ≥ 1. Which is a contradiction. Thus there exists no non-null r-frso sets λ and µ in

(X, τ) such that λ 6= 1, µ 6= 1 and λ+ µ ≥ 1. �

Proposition 4.9. Let (X, τ) and (Y, σ) be fts’s. Let f : (X, τ) → (Y, σ) be a fuzzy

regular semi irresolute and surjective function. If (X, τ) is r-fuzzy ℜs-strongly connected,

then (Y, σ) is r-fuzzy ℜs-strongly connected.

Proof. Suppose that (Y, σ) is not r-fuzzy ℜs-strongly connected. Then there exists non-

null r-frsc sets ν1 and ν2 in (Y, σ) such that ν1 6= 0, ν2 6= 0, ν1 + ν2 ≤ 0. Since f
is fuzzy regular semi irresolute function, f−1(ν1), f

−1(ν2) are r-frsc sets in (X, τ) and

f−1(ν1)∧f
−1(ν2) = 0, f−1(ν1) 6= 0, f−1(ν2) 6= 0. (If f−1(ν1) = 0, then f(f−1(ν1)) =

ν1 which implies f(0) = ν1. So 0 = ν1 a contradiction.) Hence (X, τ) is r-fuzzy ℜs-

strongly connected, a contradiction to our hypothesis. Thus (Y, σ) is r-fuzzy ℜs-strongly

connected. �

Remark. r-fuzzy ℜs-strongly connected does not imply r-fuzzy ℜs-C5-connected.

Example 4.9. In Example 4.7, (X, τ) is r-fuzzy ℜs-strongly connected, since there is no

r-frsc sets λ1, λ2, λ1 + λ2 ≤ 1. But (X, τ) is r-fuzzy ℜs-C5-disconnected.

Remark. r-fuzzy ℜs-C5-connected does not imply r-fuzzy ℜs-strongly connected.
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Example 4.10. In Example 4.3, (X, τ) is r-fuzzy ℜs-C5-strongly connected, since there

is no fuzzy set λ is both r-frso and r-frsc set. But (X, τ) is not r-fuzzy ℜs-strongly

connected, since there is the r-frsc sets λ and µ, λ+ µ ≤ 1.

Definition 4.11. Let (X, τ) be fts, λ, µ ∈ IX , r ∈ I0. The non-null fuzzy sets λ and µ
are said to be

(1) r-fuzzy ℜs-weakly separated if RSCτ (λ) ≤ 1− µ and RSCτ (µ) ≤ 1− λ.

(2) r-fuzzy ℜs-q-separated if RSCτ (λ) ∧ µ = 0 = λ ∧RSCτ (µ).

Definition 4.12. A fts (X, τ) is said to be r-fuzzy ℜs-CW -disconnected if there exists

r-fuzzy ℜs-weakly separated non-null fuzzy sets λ and µ in X such that λ ∨ µ = 1.

Example 4.13. Let X = {a, b, c}, λ, µ ∈ IX , r ∈ I0 are defined as λ(a) = 0, λ(b) =
1, λ(c) = 0; µ(a) = 1, µ(b) = 0, µ(c) = 1. We define fuzzy topology τ : IX → I as

follows:

τ(λ) =



















1 if λ ∈ {0, 1},
1

3
if λ = λ,

1

3
if λ = µ,

0 otherwise.

For r = 1

3
, the fuzzy sets λ and µ are r-frso sets in (X, τ), RSCτ (λ) ≤ 1−µ, RSCτ (µ) ≤

1 − λ. Hence λ and µ are r-fuzzy ℜs-weakly separated and λ ∨ µ = 1. Hence (X, τ) is

r-fuzzy ℜs-CW -disconnected.

Definition 4.14. A fts (X, τ) is said to be r-fuzzy ℜs-CQ-disconnected if there exists

r-fuzzy ℜs-q-separated non-null fuzzy sets λ and µ in X such that λ ∨ µ = 1.

Example 4.15. In Example 4.13, the fuzzy sets λ and µ are r-frso sets, RSCτ (λ) =
1−µ∧µ = 0 and RSCτ (µ) = 1−λ∧λ = 0. Hence λ and µ are r-fuzzy ℜs-q-separated

and λ ∨ µ = 1. Thus (X, τ) is r-fuzzy ℜs-CQ-disconnected.

Remark. A fts (X, τ) is said to be r-fuzzy ℜs-CW -connected if and only if (X, τ) is r-

fuzzy ℜs-CQ-connected.

Definition 4.16. Let (X, τ) be a fts and Y ≤ X . Let λY is defined as follows λY (x) =
{

1 if x ∈ Y

0 if x /∈ Y
. Let τY = {λY ∧µ : τ(µ) ≥ r}, then the fuzzy topology τY on Y is called

fuzzy subspace topology and (Y, τY ) is called fuzzy subspace of (X, τ).

Definition 4.17. A fuzzy subspace (Y, τY ) of fts (X, τ) is said to be r-fuzzy ℜs-open

(resp. r- fuzzy ℜs-closed, r-fuzzy ℜs-connected) subspace if λY ∈ FRSO(X) (resp.

λY ∈ FRSC(X), λY is r-fuzzy ℜs-connected).

Theorem 4.10. Let (Y, τY ) be a r-fuzzy ℜs-connected subspace of fts (X, τ) such that

γY ∧ µ ∈ FRSO(X). If 1 has a r-fuzzy ℜs-separations λ and µ, then either γY ≤ λ or

γY ≤ µ.

Proof. Let λ, µ be r-fuzzy ℜs-separation on 1. By hypothesis, λ ∧ γY ∈ FRSO(X),
µ ∧ γY ∈ FRSO(X) and [λ ∧ γY ] ∨ [µ ∧ γY ] = γY . Since γY is r-fuzzy ℜs-connected.

Then either λ ∧ γY = 0 or µ ∧ γY = 0. Therefore, either γY ≤ λ or γY ≤ µ. �

Theorem 4.11. If (X, τ2) is a r-fuzzy ℜs-connected space and τ1 is fuzzy coarser than τ2,

then (X, τ1) is also a r-fuzzy ℜs-connected.
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Proof. Let λ, µ ∈ IX , r ∈ I0 be r-fuzzy ℜs-separation on (X, τ1). Then λ, µ are r-frso

sets. Since τ1 ≤ τ2. Then λ, µ in (X, τ2) such that λ, µ is r-fuzzy ℜs-separation on

(X, τ2), which is a contradiction with the r-fuzzy ℜs-connectedness of (X, τ2). Hence,

(X, τ1) is r-fuzzy ℜs-connected. �

Remark. The converse of Theorem 4.11 is not true in general, as shown in the following

example.

Example 4.18. Let X = {a, b, c, d, e, f}, λ1, λ2, λ3, λ4 ∈ IX , r ∈ I0 are defined

as λ1(a) = 1, λ1(b) = 1, λ1(c) = 1, λ1(d) = 0, λ1(e) = 0, λ1(f) = 0; λ2(a) =
0.2, λ2(b) = 0.3, λ2(c) = 0.4, λ2(d) = 0, λ2(e) = 0, λ2(f) = 0; λ3(a) = 0, λ3(b) =
0, λ3(c) = 0, λ3(d) = 1, λ3(e) = 1, λ3(f) = 1; λ4(a) = 0.2, λ4(b) = 0.3, λ4(c) =
0.4, λ4(d) = 1, λ4(e) = 1, λ4(f) = 1. We define fuzzy topology τ1, τ2 : IX → I as

follows:

τ1(λ) =

{

1 if λ ∈ {0, 1},

0 otherwise.
τ2(λ) =







































1 if λ ∈ {0, 1},
1

3
if λ = λ1,

1

3
if λ = λ2,

1

3
if λ = λ3,

1

3
if λ = λ4,

0 otherwise.

Let τ1 be the indiscrete fuzzy ℜs-topology, then τ1 is r-fuzzy ℜs-connected, on the other

hand, Clearly, τ2 defines a fuzzy topology on X such that τ1 ≤ τ2. For r = 1

3
, λ1 and λ3

are r-frso sets in which form a r-fuzzy ℜs-separation of (X, τ2) where λ1 ∧ λ3 = 0 and

λ1 ∨ λ3 = 1. Hence (X, τ2) is r-fuzzy ℜs-disconnected.

Theorem 4.12. A fuzzy subspace (Y, τY ) of a r-fuzzy ℜs-disconnected space (X, τ) is

r-fuzzy ℜs-disconnected if γY ∧ µ ∈ FRSO(X), ∀µ ∈ FRSO(X).

Proof. Let (Y, τY ) be r-fuzzy ℜs-connected. Since (X, τ) is r-fuzzy ℜs-disconnected.

Then there exists r-fuzzy ℜs-separation λ, µ on (X, τ). By hypothesis, λ ∧ γY ∈
FRSO(X), µ ∧ γY ∈ FRSO(X) and [λ ∧ γY ] ∨ [µ ∧ γY ] = γY , which is a con-

tradiction with the r-fuzzy ℜs-connectedness of (Y, τY ). Therefore (Y, τY ) is r-fuzzy

ℜs-disconnected. �

Remark. A r-fuzzy ℜs-disconnectedness property is not hereditary property in general,

as in the following example.

Example 4.19. In Example 4.18, let Y = {a, b} ≤ X . We consider the fuzzy set λY of

Y defined as follows, λY (a) = 1, λY (b) = 1. Then we define fuzzy subspace topology

τY : IY → I as follows:

τY (λ) =







































1 if λ ∈ {0, 1},
1

3
if λ = λY ∧ λ1,

1

3
if λ = λY ∧ λ2,

1

3
if λ = λY ∧ λ3,

1

3
if λ = λY ∧ λ4,

0 otherwise.

Thus, the collection τY = {λY ∧µ : τ(µ) ≥ r} is a fuzzy subspace topology on Y in which

there is no r-fuzzy ℜs-separation on (Y, τY ). Therefore, (Y, τY ) is r-fuzzy ℜs-connected

at the time that (X, τ) is r-fuzzy ℜs-disconnected as shown in Example 4.18.
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5. CONCLUSION

Sostak’s fuzzy topology has been recently of major interest among fuzzy topologies. In

this paper, we have introduced r-fuzzy regular semi compactness and gave basic definition

and theorems of the concept. Also, we introduce r-fuzzy regular semi connectedness, r-

fuzzy regular semi strongly connectedness and r-fuzzy regular semi-C5-connectedness.

Some interesting properties of these notions are studied.
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STABILITY OF FINITE VARIABLE QUARTIC FUNCTIONAL EQUATION IN

CLASSICAL METHODS

K. TAMILVANAN, K. LOGANATHAN∗ AND G. BALASUBRAMANIAN

ABSTRACT. In this work, we investigate the Hyers-Ulam stability by using direct and

fixed point methods for the quartic functional equation

p
∑

b=1

φ



−vb +

p
∑

a=1;a 6=b

va



 = 4
∑

1≤a<b<c≤p

φ (va + vb + vc) + (−4p+ 14)

p
∑

a=1;a 6=b

φ (va + vb)

+2

p
∑

a=1;a 6=b

φ (va − vb) + (p− 8)φ

(

p
∑

a=1

va

)

+

p
∑

b=1

φ (2vb)

+(2p2 − 14p+ 14)

p
∑

a=1

φ(va)

for positive integer p ≥ 3.

1. INTRODUCTION

The stability problem of a functional equation became first posed by way of Ulam [13]

regarding the stability of group homomorphism which become responded by means of

Hyers [6] for Banach spaces. Hyers theorem became generalized through Aoki [2] for

additive mapping and through Rassias [11] for linear mappings by using considering an

unbounded Cauchy difference. Rassias [11] has provided plenty of have an impact on in the

improvement of what we name generalized Hyers-Ulam stability of functional equations.

A generalization of the Th. M. Rassias theorem became acquired with the aid of P.

Gavruta cite4through replacing the unbounded Cauchy difference by using a wellknown

control function within the spirit of Rassias technique. Won-Gil Park and Jae-Hyeong Bae

cite11, delivered the subsequent functional equation

f(x+ 2y) + f(x− 2y) = 4f(x+ y) + 4f(x− y) + 24f(y)− 6f(x) (1.1)

and that they mounted the general solution of the functional equation (1.1). It is straightfor-

ward to look that the function f(x) = x4 is a solution of the functional equation (ref1.1).

Therefore, it is natural that (1.1) is referred to as a quartic functional equation and each

2010 Mathematics Subject Classification. 39B52, 39B72, 39B82.
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solution of the quartic functional equation is stated to be quartic mapping. Numerous au-

thors are inspect the stableness for the functional equations in banach and numerous spaces

which offers an concept to develop this paper ( see [1, 3, 4, 6, 7, 9, 10, 12] ).

The aim of this paper is to obtain the Hyers-Ulam stability by using direct and fixed

point methods for the quartic functional equation

p
∑

b=1

φ



−vb +

p
∑

a=1;a 6=b

va



 = 4
∑

1≤a<b<c≤p

φ (va + vb + vc) + (−4p+ 14)

p
∑

a=1;a 6=b

φ (va + vb)

+2

p
∑

a=1;a 6=b

φ (va − vb) + (p− 8)φ

(

p
∑

a=1

va

)

+

p
∑

b=1

φ (2vb)

+(2p2 − 14p+ 14)

p
∑

a=1

φ(va) (1.2)

for positive integer p ≥ 3 in Banach space.

Theorem ( Alternative of fixed point): Suppose that for a complete generalized metric

space (A, d) and a strictly contractive mapping Γ : A → A with Lipschitz constant L.

Then, for each given element u ∈ A either

(B1) d(Γiu,Γi+1u) = +∞ ∀i ≥ 0, or

(B2) There exists natural number i0 such that

i) d(Γiu,Γi+1u) < ∞ ∀i ≥ i0;

ii) the sequence (Γiu) is convergent to a fixed point v∗ of Γ;

iii) v∗ is the unique fixed point of Γ in the set B =
{

v ∈ A; d(Γi0u, v) < ∞
}

;

iv) d(v∗, v) ≤ 1
1−L

d(v,Γv) ∀v ∈ B.

Consider E be a normed space and F be a Banach space. For notational handiness, we

define a function φ : E → F by

Dφ (v1, v2, · · · , vp) =

p
∑

b=1

φ



−vb +

p
∑

a=1;a 6=b

va



− 4
∑

1≤a<b<c≤p

φ (va + vb + vc)

−(−4p+ 14)

p
∑

a=1;a 6=b

φ (va + vb)− 2

p
∑

a=1;a 6=b

φ (va − vb)

−(p− 8)φ

(

p
∑

a=1

va

)

−

p
∑

b=1

φ (2vb)− (2p2 − 14p+ 14)

p
∑

a=1

φ(va)

for all v1, v2, · · · , vp ∈ E.

2. STABILITY RESULT FOR (1.2) IN BANACH SPACE USING DIRECT METHOD

Theorem 2.1. Let i ∈ {−1, 1}. Let ζ : Ep → [0,∞) be a function such that
∑∞

r=0
ζ(2riv1,2

riv2,··· ,2
rivp)

24ri converges in R and

lim
r→∞

ζ(2riv1, 2
riv2, · · · , 2

rivp)

24ri
= 0 ∀ v1, v2, · · · , vp ∈ E. (2.1)

If φ : E → F be a function fulfils

||Dφ(v1, v2, · · · , vp)|| ≤ ζ(v1, v2, · · · , vp) ∀ v1, v2, · · · , vp ∈ E, (2.2)
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then there exist a unique quartic function Q4 : E → F which fulfils (1.2) and

||φ(v)−Q4(v)|| ≤
1

16

∞
∑

r= 1−i
2

ν(2ri)

24ri
(2.3)

where ν(v) = ζ(v, 0, · · · , 0) ∀v ∈ E. The function Q4 is given by

Q4(v) = lim
r→∞

φ(2riv)

24ri
∀v ∈ E. (2.4)

Proof. Assume that i = 1. Replacing (v1, v2, · · · , vp) by (v, 0, · · · , 0) in (2.2), we get

‖16φ(v)− φ(2v)‖ ≤ ζ(v, 0, · · · , 0) ∀v ∈ E. (2.5)

It follows from (2.5) that

‖
φ(2v)

24
− φ(v)‖ ≤

1

24
ζ(v, 0, · · · , 0) ∀v ∈ E. (2.6)

Switching v through 2v and dividing by 24 in (2.6), we arrive

‖
φ(22v)

28
−

φ(2v)

24
‖ ≤

1

28
ζ(2v, 0, · · · , 0) ∀v ∈ E. (2.7)

Adding (2.6) and (2.7), we have

‖
φ(22v)

24
− φ(v)‖ ≤

1

24

(

ζ(v, 0, · · · , 0) +
ζ(2v, 0, · · · , 0)

24

)

∀v ∈ E.

In general for any integer s > 0 , one can easy to verify that

‖
φ(2sv)

24s
− φ(v)‖ ≤

1

24

∞
∑

r=0

ν(2rv)

24r
∀v ∈ E. (2.8)

In order to show the convergence of the sequence {φ(2sv)
24s }, replacing v by 2tv and dividing

24t in (2.8), for s, t > 0, we get

‖
φ(2s+tv)

24(s+t)
−

φ(2tv)

24v
‖ ≤

1

24

s−1
∑

r=0

ν(2r+tv)

24(r+t)
→ 0 as t → ∞ (2.9)

for all v ∈ E. Therefore, {φ(2sv)
24s } is a Cauchy sequence. As F is complete, there exists a

mapping Q4 : E → F such that

Q4(v) = lim
s→∞

φ(2sv)

24s
∀v ∈ E.

Passing s → ∞ in (2.8) we see that (2.3) holds for v ∈ E. To show that Q4 fulfils (1.2),

switching (v1, v2, · · · , vp) by (2tv, 2tv, · · · , 2tv) and dividing 24t in (2.2), we arrive

1

24t
‖Q4(2

tv, 2tv, · · · , 2tv)‖ ≤
1

24t
ζ(2tv, 2tv, · · · , 2tv) ∀v1, v2, · · · , vp ∈ E.

Letting t → ∞ in above inequality and using the definition of Q4(v) , we see that

Q4(v1, v2, · · · , vp) = 0. Hence Q4 satisfies (1.2) for all v ∈ E. To show that Q4 is

unique. Let R4 be the another quartic mapping fulfilling (1.2) and (2.3), then

‖Q4(v)−R4(v)‖ ≤
1

24t
{‖Q4(2

tv)− φ(2t)‖+ ‖φ(2tv)−R4(2
tv))‖}

≤
1

24

∞
∑

r=0

ν(2r+tv)

24(r+t)
→ 0 as t → ∞



288 TAMILVANAN ET AL.

for all v ∈ E. Hence Q4 is unique. Similarly, we can derive the stability results for

i = −1. �

Corollary 2.2. Let a and b be a non-negative real numbers. Let φ : E → F be a function

fulfilling

||Dφ(v1, v2, v3, · · · , vp)|| ≤











a,

a(
∑p

j=1 ||vj ||
b),

a(
∏p

j=1 ||vj ||
b +

∑p
j=1 ||vj ||

pb),

for all v1, v2, · · · , vp ∈ E. Then there exists a unique quartic function Q4 : E → F such

that

||φ(v)−Q4(v)|| ≤















a
|15| ,
a||v||b

|24−2b|
; b 6= 4,

a||v||pb

|24−2pb|
; b 6= 4

p
,

for all v ∈ E.

3. STABILITY RESULT FOR (1.2) IN BANACH SPACE USING FIXED POINT METHOD

Theorem 3.1. Let φ : E → F be a mapping for which there exists a function ζ : Ep →
[0,∞) with the condition

limr→∞
ζ(τ rδ v1, τ

r
δ v2, · · · , τ

r
δ vp)

τ4rδ
= 0 (3.1)

where

τδ =

{

2, if δ = 0;
1
2 , if δ = 1;

such that the functional inequality

||Dφ(v1, v2, · · · , vp)|| ≤ ζ(v1, v2, · · · , vp) ∀v1, v2, · · · , vp ∈ E. (3.2)

If there exist L = L(δ) such that the function

v → Υ(v) = ζ
(v

2
, 0, · · · , 0

)

has the property,
1

τ4δ
Υ(τδv) = LΥ(v) ∀v ∈ E. (3.3)

Then there exists a unique quartic function Q4 : E → F fulfilling (1.2) and

||φ(v)−Q4(v)|| ≤
L1−δ

1− L
Υ(v) (3.4)

holds for all v ∈ E.

Proof. Suppose d = {s/s : E → F, s(0) = 0)} and define the generalized metric on Φ.

d(s, t) = inf {r ∈ (0,∞) : ||s(v)− t(v)|| ≤ rΥ(v), v ∈ E} . It is easy to see that (Φ, d)
is complete. Define Ψ : Φ → Φ by

Ψs(v) =
1

τ4δ
s(τδv) ∀v ∈ Φ.

Now s, t ∈ Φ,

d(s, t) ≤ r ⇒ ||s(v)− t(v)|| ≤ rΥ(v) ∀v ∈ E.
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⇒ ||
1

τ4δ
s(τδv)−

1

τ4δ
t(τδv)|| ≤

1

τ4δ
rΥ(τδv) ∀v ∈ E.

⇒ ||Ψs(v)−Ψt(v)|| ≤ rΥ(v) ∀v ∈ E.

⇒ d(Ψs,Ψt) ≤ rL.

This implies d(Ψs,Ψt) ≤ Ld(s, t) ∀s, t ∈ Φ. (i,e.,) Ψ is strictly contractive mapping on

with Lipschtiz constant L. Switching (v1, v2, · · · , vp) by (v, 0, · · · , 0) in (3.2), we obtain

||φ(2v)− 16φ(v)|| ≤ ζ(v, 0, · · · , 0) ∀v ∈ E. (3.5)

It is follows from (3.5) that

||φ(v)−
φ(2v)

16
|| ≤

ζ(v, 0, · · · , 0)

16
∀v ∈ E. (3.6)

Utilizing (3.3) for δ = 0, we have

||φ(v)−
φ(2v)

16
|| ≤ Υ(v) ∀v ∈ E.

i.e., d(φ,Ψφ) ≤ 1 ⇒ d(φ,Ψφ) ≤ 1 = L = L1 < ∞.

Again interchanging v = v
2 in (3.5) and (3.6), we get

||φ(v)− 16φ
(v

2

)

|| ≤ ζ
(v

2
, 0, · · · , 0

)

and

||φ(v)− 16φ
(v

2

)

|| ≤ ζ
(v

2
, 0, · · · , 0

)

∀v ∈ E. (3.7)

Utilizing (3.3) for δ = 0, we have

||φ(v)−
φ(2v)

16
|| ≤ LΥ(v) ∀v ∈ E. (3.8)

(i.e.,) d(φ,Ψφ) ≤ 1 ⇒ d(φ,Ψφ) ≤ 1 = L0 < ∞. In above case, we arrive

d(φ,Ψφ) ≤ L1−δ.

Therefore, (B2(i))holds. By (B2(ii)), it follows that there exists a fixed point Q4 of Ψ in

E, such that

Q4(v) = limr→∞
φ(τ rδ v)

τ4rδ
∀v ∈ E. (3.9)

In order to prove Q4 : E → F is quartic. Interchanging (v1, v2, · · · , vp) through (τ rδ v1, τ
r
δ v2, · · · , τ

r
δ vp)

in (3.2) and dividing by τ4rδ , it follows from (3.1) and (3.9), we see that Q4 fulfils (1.2) for

all v1, v2, · · · , vp ∈ E. Hence Q4 fulfils (1.2). By (B2(iii)), Q4 is the unique fixed point

of Ψ in the set, F = {φ ∈ Φ; d(Ψφ,Q4) < ∞}. Utilizing the fixed point alternative result,

Q4 is the unique function such that,

||φ(v)−Q4(v)|| ≤ rΥ(v) ∀v ∈ E, r > 0.

Finally, by (B2(iv)), we reach

d(φ,Q4) ≤
1

1− L
d(φ,Ψφ)

(i.e., ) d(φ,Q4) ≤
L1−δ

1− L
.

Hence, we conclude that

||φ(v)−Q4(v)|| ≤
L1−δ

1− L
Υ(v) ∀v ∈ E.

�
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Corollary 3.2. Let φ : E → F be a mapping and there exists a real numbers a and b such

that

||Dφ(v1, v2, · · · , vp)|| ≤











a,

a(
∑p

j=1 ||vj ||
b),

a(
∏p

j=1 ||vj ||
b +

∑p
j=1 ||vj ||

pb),

for all v1, v2, · · · , vp ∈ E. Then there exist a unique quartic function Q4 : E → F such

that

||φ(v)−Q4(v)|| ≤















a
|15| ,
a||v||b

|24−2b|
; b 6= 4,

a||v||pb

|24−2pb|
; b 6= 4

p
,

for all v ∈ E.

Proof. Setting

ζ(v1, v2, · · · , vp) ≤











a,

a(
∑p

j=1 ||vj ||
b),

a(
∏p

j=1 ||vj ||
b +

∑p
j=1 ||vj ||

pb),

for all v1, v2, · · · , vp ∈ E. Now

ζ(τ rδ v1, τ
r
δ v2, · · · , τ

r
δ vp)

τ4rδ
≤















a
τ4r
δ

,

a
τ4r
δ

{

∑p
j=1 ||τ

r
δ vj ||

b
}

,

a
τ4r
δ

{

∏p
j=1 ||τ

r
δ vj ||

pb +
∑p

j=1 ||τ
r
δ vj ||

pb
}

,

=











−→ 0 as r −→ ∞,

−→ 0 as r −→ ∞,

−→ 0 as r −→ ∞,

i.e., (3.5) is holds. But we have Υ(v) = ζ
(

v
2 , 0, · · · , 0

)

. Hence

Υ(v) = ζ
(v

2
, 0, · · · , 0

)

=











a,
a||v||b

2b
,

a||v||pb

5pb
,

1

τ4δ
Υ(τδv) =















a
τ4
δ

,

1
τ4
δ

a||v||b

2b
,

1
τ4
δ

a||v||pb

2pb
,

=











τ−4
δ Υ(v),

τ b−4
δ Υ(v),

τpb−4
δ Υ(v),

for all v ∈ E. Hence the inequality (1.2) holds for

L = 2−4 if δ = 0 and L = 1
2−4 if δ = 1.

L = 2b−4 for b < 4 if δ = 0 and L = 1
2b−4 for b > 4 if δ = 1.

L = 2pb−4 for b < 4
p

if δ = 0 and L = 1
2pb−4 for b > 4

p
if δ = 1.

Now, from (3.5) we prove the following cases:
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Case1:L = 2−4 if δ = 0.

||φ(v)−Q4(v)| ≤
L1−δ

1−L
Υ(v) = (2−4)

1−2−4 a = a
15 .

Case2:L = 1
2−4 if δ = 1.

||φ(v)−Q4(v)|| ≤
L1−δ

1−L
Υ(v) = 1

1−24 a = −a
16 .

Case3:L = 24 for b < 4 if δ = 0.

||φ(v)−Q4(v)|| ≤
L1−δ

1−L
Υ(v) = 2b−4

1−2b−4

a||v||b

2b
= a||v||b

24−2b
.

Case4:L = 1
2b−4 for b > 4 if δ = 1.

||φ(v)−Q4(v)|| ≤
L1−δ

1−L
Υ(v) = 1

1− 1

2b−4

a||v||b

2b
= a||v||b

2b−24
.

Case5:L = 2pb−4 for b < 4
p

if δ = 0.

||φ(v)−Q4(v)|| ≤
L1−δ

1−L
Υ(v) = 2pb−4

1−2pb−4

a||v||pb

2pb
= a||v||pb

24−2pb
.

Case6:L = 1
2pb−4 for b > 4

p
if δ = 1.

||φ(v)−Q4(v)|| ≤
L1−δ

1−L
Υ(v) = 1

1− 1

2pb−4

a||v||pb

2pb
= a||v||pb

2pb−24
.

Hence the proof. �
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STRUCTURE AND APPLICATION OF HCA IN IMAGE ANALYSIS

M. RAJASEKAR AND R. ANBU∗

ABSTRACT. In this paper, we study the neighborhood structure of hexagonal cellular au-

tomata with null boundary conditions over the field Z2. Rule matrix with null boundary

condition and application of HCA in the field of image analysis are studied.

1. INTRODUCTION

The concept of Cellular Automata(CA) was initiated in the early 1950’s by John Von

Neumann and Stan Ulam [8, 10]. Afterwards, Stephen Wolfram developed the CA theory

[11].

The Hexagonal Cellular Automata (HCA) are 2D CA whose cells are of the form of

a hexagonal. Morita et al.[6] introduced this type of cellular automaton and they called it

HCA. Image processing are excess more important compared with serial algorithms [9].

CA are widely used by researchers in the domain of image processing. So, CA can be used

as a parallel method for any image processing task [3].

The paper is organized as follows.. In this second section, the concept used in the paper

are formally defined. In this third section, the neighbor structure of 2D HCA is explained.

In this forth section,rule matrix of HCA is studied. In this fifth section, we dispute about a

few application in the field of image analysis using HCA.

2. PRELIMINARIES

Definition 2.1. [5]A Null Boundary CA is the one in which the extreme cells are connected

to logic zero state.

Definition 2.2. [7] Uniform CA: The same rule applied to all the cells.

Definition 2.3. [1] Hybrid CA: The different rules have to implement the different cells.

Definition 2.4. [2] Cellular Automata:(CA): CA is defined as a quadruplets M =
{d ,Q,N, f}
* d ∈ Z+ is the dimension of the CA.

* Q = {1, 2, ..., p} is a countable set of states.
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* N = ( ~n1, ~n2, ..., ~nm) is the neighbor vector

* f : Qm → Q is the local rule. f given the new states of a cell from the old neighbors

states of the cells.

A mapping C : Zd → Q. Ct is denote the time t, the cell move to next state at time

t+1.

C
t+1 ~(n) = f(Ct( ~n1),C

t( ~n2), ...,C
t( ~nm))

now we consider f is a local rule of linear function

C
t+1 ~(n) = λ1C

t( ~n1) + λ2C
t( ~n2) + ...+ λmC

t( ~nm))
λi is the co-efficient for neighborhood.

In [4] the state of the cell (K,L) at time t is denoted by S
(t)
(K,L). The state of the cell

(K,L) at time (t+1) is denoted by S
(t+1)
(K,L) = R

(t)
(K,L).

The rule matrix TR that changes set of states of CA from (t) to (t+1) such that

[S]1×mn.(TR)mn×mn = [R]mn×1,

where

([R]mn×1) = (S
(t+1)
11 , S

(t+1)
12 , · · · , S

(t+1)
1n , · · · , S

(t+1)
m1 , · · · , S

(t+1)
mn )

=(R
(t)
11 ,R

(t)
12 , · · · ,R

(t)
1n , · · · ,R

(t)
m1, · · · ,R

(t)
mn).

3. THE NEIGHBORHOOD STRUCTURE OF 2D HCA

In this section, we show the neighborhood structure HCA over the field Z2 under the

null boundary.

S(K,L)

S(K−1,L+1)

S(K,L+1)

S(K+1,L)

S(K,L−1)

S(K−1,L−1)

S(K−1,L)

S(K,L)

S(K,L+1)

S(K+1,L+1)

S(K+1,L)

S(K+1,L−1)

S(K,L−1)

S(K−1,L)

a. L is even positive integer b. L is odd positive integer

FIGURE 1. Two configuration of the HCA.

In Figure 1, we show the HCA which comprises 6 cells surrounding the center cell

S(K,L) time t . The state of S(K,L) at time (t + 1) is a function f : Z6
2 → Z2 defined as

follows.

If L is an even integer figure 1.a, then we have,

S(K−1,L) + S(K−1,L+1) + S(K,L+1) + S(K+1,L) + S(K,L−1) + S(K−1,L−1) ...(1)

If L is an odd integer figure 1.b, then we have,

S(K−1,L) + S(K,L+1) + S(K+1,L+1) + S(K+1,L) + S(K+1,L−1) + S(K,L−1) ...(2)
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4. RULE MATRIX OF THE HCA WITH NULL BOUNDARY

In this section, we discuss with the rule matrix of 2D HCA with null boundary over the

field Z2.

Case (i). We take n is even positive integer and the following theorem.

(1, 1)

(2, 1)

(3, 1)

(4, 1)

(m-1, 1)

(m, 1)

(m, 2)

(m-1, 2)

(4, 2)

(3, 2)

(2, 2)

(1, 2)

(m, 3)

(m-1, 3)

(4, 3)

(3, 3)

(2, 3)

(1, 3)

(m, 4)

(m-1, 4)

(4, 4)

(3, 4)

(2, 4)

(1, 4)

(m, 5)

(m-1, 5)

(4, 5)

(3, 5)

(2, 5)

(1, 5)

(m, n)

(m-1, n)

(4, n)

(3, n)

(2, n)

(1, n)

(m, n-1)

(m-1, n-1)

(4, n-1)

(3, n-1)

(2, n-1)

(1, n-1). . .

. . .

. . .

. . .

. . .

. . .
.
.
..
.
.

.
.
.

.
.
. .
.
.

.
.
.

.
.
.

.
.
.

FIGURE 2. HCA of order m× n

and n is even

Theorem 4.1. Let CA = (d, S,N, f) be the HCA. Let m ≥ 3 and n be an even positive

integer. We prove that there exist a rule matrix TE
R from Z

mn
2 → Z

mn
2 corresponding to the

2D HCA which takes from configuration the state Ct of order m× n to the (t+1)th state

C
(t+1) is given by, TE

R =























AE BE 0 0 0 . . . 0 0 0
CE AE BE 0 0 . . . 0 0 0
0 CE AE BE 0 . . . 0 0 0
0 0 CE AE BE . . . 0 0 0
...

...
...

...
... . . .

...
...

...

0 0 0 0 0 . . . CE AE BE

0 0 0 0 0 . . . 0 CE AE























(mn×mn)

Where each sub matrix,

AE =























0 1 0 0 0 . . . 0 0 0
1 0 1 0 0 . . . 0 0 0
0 1 0 1 0 . . . 0 0 0
0 0 1 0 1 . . . 0 0 0
...

...
...

...
... . . .

...
...

...

0 0 0 0 0 . . . 1 0 1
0 0 0 0 0 . . . 0 1 0























(n×n)
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BE =























1 1 0 0 0 . . . 0 0 0
0 1 0 0 0 . . . 0 0 0
0 1 1 1 0 . . . 0 0 0
0 0 0 1 0 . . . 0 0 0
...

...
...

...
... . . .

...
...

...

0 0 0 0 0 . . . 1 1 1
0 0 0 0 0 . . . 0 0 1























(n×n)

CE =























1 0 0 0 0 . . . 0 0 0
1 1 1 0 0 . . . 0 0 0
0 0 1 0 0 . . . 0 0 0
0 0 1 1 1 . . . 0 0 0
...

...
...

...
... . . .

...
...

...

0 0 0 0 0 . . . 0 1 0
0 0 0 0 0 . . . 0 1 1























(n×n)

and

0 is the zero matrix

Proof. Let (S(K,L))TR = R(K,L). R(K,L) = S
(t+1)
(K,L) is a equal to the linear combination

of the neighbors in the following equation (1) and (2). The co-efficient of SKL = 0 if

K ≤ 0 or L ≤ 0. By using the local rule of the CA we have obtain the following,

R(1,1) = S(1,2) + S(2,2) + S(2,1)
R(1,L) = S(1,L+1) + S(2,L) + S(1,L−1), if L is even and 2 ≥ L > (n− 1)
R(1,L) = S(1,L+1) + S(2,L+1) + S(2,L) + S(2,L−1) + S(1,L−1), if L is odd and 3 ≥ L ≥
(n− 1)
R(1,n) = S(2,n) + S(1,n−1)

R(K,1) = S(K−1,1) + S(K,2) + S(K+1,2) + S(K+1,1), if 2 ≥ K ≥ (n− 1)
R(K,L) = S(K−1,L) + S(K−1,L+1) + S(K,L+1) + S(K+1,L) + S(K,L−1) + S(K−1,L−1), if

L is even and 2 ≥ L > (n− 1)
R(K,L) = S(K−1,L) + S(K,L+1) + S(K+1,L+1) + S(K+1,L) + S(K+1,L−1) + S(K,L−1), if

L is odd and 3 ≥ L ≥ (n− 1)
R(K,n) = S(K+1,n) + S(K,n−1) + S(K−1,n−1) + S(K−1,n)

R(m,1) = S(m−1,1) + S(m,2)

R(m,L) = S(m−1,L) + S(m−1,L+1) + S(m,L+1) + S(m,L−1) + S(m−1,L−1), if L is even

and 2 ≥ L > (n− 1)
R(m,L) = S(m,L−1) + S(m−1,L) + S(m,L+1), if L is odd and 2 ≥ L ≥ (n− 1)
R(m,n) = S(m,n−1) + S(m−1,n−1) + S(m−1,n)

finally, we get the rule matrix of even case. �
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Case (ii). We take n is odd positive integer and the following theorem.

(1, 1)

(2, 1)

(3, 1)

(4, 1)

(m-1, 1)

(m, 1)

(m, 2)

(m-1, 2)

(4, 2)

(3, 2)

(2, 2)

(1, 2)

(m, 3)

(m-1, 3)

(4, 3)

(3, 3)

(2, 3)

(1, 3)

(m, n)

(m, 4)

(m-1, 4)

(4, 4)

(3, 4)

(2, 4)

(1, 4)

(m, 5)

(m-1, 5)

(4, 5)

(3, 5)

(2, 5)

(1, 5)

(m-1, n)

(4, n)

(3, n)

(2, n)

(1, n)

(m, n-1)

(m-1, n-1)

(4, n-1)

(3, n-1)

(2, n-1)

(1, n-1)

b b b

b b b

b b b

b b b

b b b

b b b

b

b

b
b

b

b

b

b

b

b

b

b

b

b

bb

b

b

b

b

b

b

b

b

FIGURE 3. HCA of order m× n and n is odd

Theorem 4.2. Let CA = (d, S,N, f) be the HCA. Let m ≥ 3 and n be an odd positive

integer. We prove that there exist a rule matrix TO
R from Z

mn
2 → Z

mn
2 corresponding to the

2D HCA which takes from configuration the state Ct of order m× n to the (t+1)th state

C
(t+1) is given by, TO

R =























AO BO 0 0 0 . . . 0 0 0
CO AO BO 0 0 . . . 0 0 0
0 CO AO BO 0 . . . 0 0 0
0 0 CO AO BO . . . 0 0 0
...

...
...

...
... . . .

...
...

...

0 0 0 0 0 . . . CO AO BO

0 0 0 0 0 . . . 0 CO AO























(mn×mn)

Where each sub matrix,

AO =























0 1 0 0 0 . . . 0 0 0
1 0 1 0 0 . . . 0 0 0
0 1 0 1 0 . . . 0 0 0
0 0 1 0 1 . . . 0 0 0
...

...
...

...
... . . .

...
...

...

0 0 0 0 0 . . . 1 0 1
0 0 0 0 0 . . . 0 1 0























(n×n)
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BO =























1 1 0 0 0 . . . 0 0 0
0 1 0 0 0 . . . 0 0 0
0 1 1 1 0 . . . 0 0 0
0 0 0 1 0 . . . 0 0 0
...

...
...

...
... . . .

...
...

...

0 0 0 0 0 . . . 0 1 0
0 0 0 0 0 . . . 0 1 1























(n×n)

CO =























1 0 0 0 0 . . . 0 0 0
1 1 1 0 0 . . . 0 0 0
0 0 1 0 0 . . . 0 0 0
0 0 1 1 1 . . . 0 0 0
...

...
...

...
... . . .

...
...

...

0 0 0 0 0 . . . 1 1 1
0 0 0 0 0 . . . 0 0 1























(n×n)

and

0 is the zero matrix

Proof. The proof of theorem 4.2 can receive the following alike the same steps as in the

proof of theorem 4.1. �

5. APPLICATION OF HCA IMAGE ANALYSIS

Two dimensional HCA algorithm are widely used in image processing as its shape is

like to an image. In this section, we discuss the basic image processing of transition,

zooming, boundary, and thinning.

5.1. Transition. Transition is very important to the part of image processing. The image

moving from all the direction is using the transition. In this paper, we have applied seven

basic of 2D HCA rules. The directions for the rules is indicated in the table below.

Table 1. Translation of images using basic 2D HCA rules.

Rules Direction of translation of images

1 center

2 top

4 right-top

8 right-bottom

16 bottom

32 left-bottom

64 left-top

This rules using the hexagonal grid.

Translation of an image using 2D CA rules represented the following figure.
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a b c

d e f

g

FIGURE 4. Translation of an image using 2D rules (a)Center Images (b)

Top (c)right-top (d) right-bottom (e) bottom (f)left-bottom (g) left-top

5.2. Zooming. In zooming there are two operations, zooming in and zooming out. The

following example of zooming demonstrates that row or column using different uniform

and hybrid rules.

This example of zooming in

Example 5.1. Let us consider a 4 × 5 2D H with the starting configuration as shown in

figure

After running the HCA rules mentions in table foe every cells the resulting configuration

is shown in below
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This example of zooming out.

Example 5.2. Let us consider a 5× 5 2D HCA with the initial configuration as shown in

figure

Every cell in the 1st row, use the rule 1, rule 2, rule 4, rule 8, rule 16, rule 32 and rule 64.

Every cell in the 2nd row, use the rule 1 and rule 16.

Every cell in the 3rd row, use the rule 1 and rule 16.

Every cell in the 4th row, use the rule 1 and rule 2 except the 3rd cell that only use the rule

1 and 4.

In 5th row 1st cell we use rule 2 and rule 4. 2nd cell we use rule 2, rule 4, rule 8 and rule

64. 3rd cell we use rule 1, rule 2, rule 4 and rule 64. 4th cell we use rule 2, rule 4, rule 32

and rule 64. 5th cell using rule 2 and rule 64.

After applying this hybrid rules, the resulting configuration is shown in figure.
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5.3. Thinning. Thinning is an important procedure in image analysis. The following ex-

ample of thinning demonstrates that row or column can be thinned using different uniform

and hybrid rules.

Example 5.3. Let us consider a 4× 4 2D HCA containing all 1’s with the starting config-

uration as shown in figure

Every cell in the 1st column, use the rule 4, rule 8 and rule 16 if j is odd

Every cell in the 2nd column, use the rule 1 and rule 8 if j is even

Every cell in the 3rd column, use the rule 1 and rule 4 if j is odd

Every cell in the 4th column, use the rule 1 and rule 32 if j is even

6. CONCLUSIONS

In this paper we have defined HCA local rule over the field Z2. The rule matrix asso-

ciated to the 2D HCA has been obtained. We apply some important image process tasks

such transition, zooming and thinning using 2D HCA.
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SOMEWHAT PAIRWISE FUZZY e-IRRESOLUTE MAPPINGS

A. SWAMINATHAN∗ AND M. SANKARI

ABSTRACT. The concepts of somewhat pairwise fuzzy e-irresolute mapping and some-

what pairwise fuzzy irresolute e-open mapping is introduced. Also some properties and

comparisions of those mappings are given.

1. INTRODUCTION

The concepts of fuzzy sets introduced by Zadeh[7]. Chang [2] studied the notion of

fuzzy topology in 1968. Seenivasan and Kamala [3] introduced the concept of fuzzy

e-continous functions in fuzzy topological spaces. The concepts of somewhat fuzzy e-

continuous functions and somewhat fuzzy e-open functions are introduced and studied by

Swaminathan in [6]. The purpose of this paper is to introduce and study the concepts of

somewhat pairwise fuzzy e-irresolute mappings and somewhat pairwise fuzzy irresolute

e-open mappings on a fuzzy bitopological spaces and also we discuss some of their prop-

erties.

A fuzzy subset A of a space X is called fuzzy regular open [1] (resp. fuzzy regular

closed) if A =Int(Cl(A)) (resp.A =Cl(Int(A))). Now Cl(A) and Int(A) are defined as

follows:Cl(A) =
∧

{U : U ≥ A, U is fuzzy closed in X} and

Int(A) =
∨

{U ≤ A, U is fuzzy open in X}. The fuzzy δ-interior of a fuzzy subset A of

X is the union of all fuzzy regular open sets contained in A. A fuzzy subset A is called

fuzzy δ-open [4] if A = Intδ(A). The complement of fuzzy δ-open set is called fuzzy

δ-closed (i.e, A = Clδ(A)).
A fuzzy subset A of a space X is called fuzzy e-open[3] if A ≤cl(intδA)∨int(clδA)

and fuzzy e-closed set if A ≥cl(intδA)∧int(clδA). Throughout this paper X and Y stand

for (X, T1, T2) and (Y,F1,F2) respectively.

Definition 1.1. A mapping f : X → Y is called fuzzy e-continuous [3] if f−1(V ) is a

fuzzy e-open set on X for any fuzzy open set V on Y .

Definition 1.2. A mapping f : X → Y is called somewhat fuzzy e-continuous[6] if there

exists a fuzzy e-open set U 6= 0X on X such that U ≤ f−1(V ) 6= 0X for any fuzzy open

set V on Y .
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Definition 1.3. A mapping f : X → Y is called somewhat fuzzy e-open[6] if there exists

a fuzzy e-open set V 6= 0Y on Y such that V ≤ f(U) 6= 0Y for any fuzzy open set U on

X .

Definition 1.4. A fuzzy set U on a fuzzy topological space X is called fuzzy e-dense[6] if

there exists no fuzzy e-closed set V in X such that U < V < 1.

2. SOMEWHAT PAIRWISE FUZZY e-IRRESOLUTE MAPPINGS

In this section we introduce a somewhat pairwise fuzzy e-irresolute mapping and com-

pared few results.

Definition 2.1. A mapping f : (X, T1, T2) → (Y,F1,F2) is called pairwise fuzzy e-

continuous if f−1(V ) is a T1-fuzzy e-open or T2-fuzzy e-open set on (X, T1, T2) for any

F1-fuzzy open or F2-fuzzy open set V on (Y,F1,F2).

Definition 2.2. A mapping f : (X, T1, T2) → (Y,F1,F2) is called pairwise fuzzy e-

irresolute if f−1(V ) is a T1-fuzzy e-open or T2-fuzzy e-open set on (X, T1, T2) for any

F1-fuzzy e-open or F2-fuzzy e-open set V on (Y,F1,F2).

Definition 2.3. A mapping f : (X, T1, T2) → (Y,F1,F2) is called somewhat pairwise

fuzzy e-continuous if there exists a T1-fuzzy e-open or T2-fuzzy e-open set U 6= 0X on

(X, T1, T2) such that U ≤ f−1(V ) 6= 0X for any F1-fuzzy open or F2-fuzzy open set

V 6= 0Y on (Y,F1,F2) .

Definition 2.4. A mapping f : (X, T1, T2) → (Y,F1,F2) is called somewhat pairwise

fuzzy e-irresolute if there exists a T1-fuzzy e-open or T2-fuzzy e-open set U 6= 0X on

(X, T1, T2) such that U ≤ f−1(V ) 6= 0X for any F1-fuzzy e-open or F2-fuzzy e-open set

V 6= 0Y on (Y,F1,F2) .

Remark. From the above definitions, it is observed that the following reverse implications

are false:

(i)Every pairwise fuzzy e-continuous mapping is a somewhat pairwise fuzzy e-continuous

mapping.

(ii)Every somewhat pairwise fuzzy e-irresolute mapping is a somewhat pairwise fuzzy e-

continuous mapping.

(iii)Every pairwise fuzzy e-irresolute mapping is a somewhat pairwise fuzzy e-irresolute

mapping.

Example 2.5. Let M1,M2,M3,M4 and M5 be fuzzy sets on X = Y = {x, y, z}. Then

M1 = 0.3
a
+ 0.4

b
+ 0.5

c
, M2 = 0.6

a
+ 0.5

b
+ 0.5

c
, M3 = 0.7

a
+ 0.6

b
+ 0.4

c
, M4 = 0.3

x
+ 0.4

y
+ 0.4

z
and

M5 = 0.6
x
+ 0.5

y
+ 0.4

z
are defined as follows:Consider T1 = {0X ,M1,M2,M4,M5, 1X},T2 =

{0X ,M1,M2,M4, 1X},F1 = {0X ,M1,M
c
1
,M2,M3,M4,M5, 1X} and

F2 = {0X ,M1,M5, 1X}. Then (X, T1, T2) and (Y,F1,F2) are fuzzy bitopologies and

f : (X, T1, T2) → (Y,F1,F2) be an identity mapping. Then we have M1 ≤ f−1(M1) =
M1, M1 ≤ f−1(M c

1
) = M c

1
,M1 ≤ f−1(M2) = M2,M4 ≤ f−1(M3) = M3,M4 ≤

f−1(M4) = M4 and M4 ≤ f−1(M5) = M5 . Since M1,M2 and M4 are T1-fuzzy e-open

set on (X, T1, T2), f is somewhat pairwise fuzzy e-continuous. But f−1(M3) = M3 is not

a T1-fuzzy e-open or T2-fuzzy e-open set on (X, T1, T2). Hence f is not a pairwise fuzzy

e-continuous mapping.

Example 2.6. Let µ1(x), µ2(x) and µ3(x) be fuzzy sets on I = [0, 1] defined as follows:

µ1(x) =

{

0, 0 ≤ x ≤ 1

2

2x− 1, 1

2
≤ x ≤ 1
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µ2(x) =











1, 0 ≤ x ≤ 1

2

−4x+ 2, 1

2
≤ x ≤ 3

4

0, 3

4
≤ x ≤ 1

µ3(x) =

{

0, 0 ≤ x ≤ 1

4

1

3
(4x− 1), 1

4
≤ x ≤ 1

Let T1 = {0, µ1, µ2, µ1 ∨ µ2, 1} and T2 = {0, µ1 ∨ µ2, 1}, T3 = {0, µ
′

2
, 1} and

T4 = {0, µ
′

1
, 1} be a fuzzy topologies on I . Let f : (I, T1, T2) → (I,F1,F2) be a

function defined by f(x) = x
2

for each x ∈ I . We can see that for fuzzy e-open sets µ
′

1
and

µ
′

2
on (I,F1,F2), f

−1(µ
′

1
) = 1X ,µ1 ≤ f−1(µ

′

2
) = µ1. Since µ1 is a fuzzy e-open set

on (I, T1, T2). Therefore f is somewhat pairwise fuzzy e-continuous mapping. Consider a

fuzzy open set µ3 which is fuzzy e-open set on (I, T1, T2), f
−1(µ3) = µ3f(

x
2
) = α(x) =

{

0, 0 ≤ x ≤ 1

2

1

3
(2x− 1), 1

2
≤ x ≤ 1

for each x ∈ I . But there is no non-zero fuzzy e-open set

smaller than f−1(µ3(x)) = α(x) on (I, T1, T2). Hence f is not somewhat pairwise fuzzy

e-irresolute mapping.

Example 2.7. In Example 2.5, for an F1-fuzzy e-open sets on (Y,F1,F2), M4 ≤ f−1(M1) =
M1, M4 ≤ f−1(M c

1
) = M c

1
,M4 ≤ f−1(M2) = M2,M4 ≤ f−1(M3) = M3,M4 ≤

f−1(M4) = M4 and M4 ≤ f−1(M5) = M5 . Since M4 is a T1-fuzzy e-open set on

(X, T1, T2), f is somewhat pairwise fuzzy e-continuous But f−1(M3) = M3 is not a T1-

fuzzy or T2-fuzzy e-open set on (X, T1, T2). Hence f is not a pairwise fuzzy e-irresolute

mapping.

Definition 2.8. A fuzzy set U on a fuzzy bitopological space (X, T1, T2) is called pair-

wise e-dense fuzzy set if there exists no T1-fuzzy e-closed or T2-fuzzy e-closed set V in

(X, T1, T2) such that U < V < 1.

Theorem 2.1. Let f : (X, T1, T2) → (Y,F1,F2) be a mapping. Then the following are

equivalent:

(1) f is somewhat pairwise fuzzy e-irresolute .

(2) If V is an F1-fuzzy e-closed or F2-fuzzy e-closed set of (Y,F1,F2) such that f−1(V ) 6=
1X , then there exists a T1-fuzzy e-closed or T2-fuzzy e-closed set U 6= 1X of (X, T1, T2)
such that f−1(V ) ≤ U .

(3) If U is a pairwise e-dense fuzzy set on (X, T1, T2), then f(U) is a pairwise e-dense

fuzzy set on (Y,F1,F2).

Proof. (1)⇒ (2): Let V be an F1-fuzzy e-closed or F2-fuzzy e-closed set on (Y,F1,F2)
such that f−1(V ) 6= 1X . Then V c is an F1-fuzzy e-open or F2-fuzzy e-open set on

(Y,F1,F2) and f−1(V c) = (f−1(V ))c 6= 0X . Since f is somewhat pairwise e-irresolute

, there exists a T1-fuzzy e-open or T2-fuzzy e-open set U c 6= 0X on (X, T1, T2) such that

U c ≤ f−1(V c). Hence there exists T1-fuzzy e-closed or T2-fuzzy e-closed set U 6= 0X on

(X, T1, T2) such that f−1(V ) = 1− f−1(V c) ≤ 1− U c = U .

(2) ⇒ (3): Let U be a pairwise e-dense fuzzy set on (X, T1, T2) and suppose f(U) is

not pairwise e-dense fuzzy set on (Y,F1,F2). Then there exists an F1-fuzzy e-closed or

F2-fuzzy e-closed set V on (Y,F1,F2) such that f(U) < V < 1. Since V < 1 and

f−1(V ) 6= 1X , there exists a T1-fuzzy e-closed or T2-fuzzy e-closed set D 6= 1X such

that U ≤ f−1(f(U)) < f−1(V ) ≤ D. This contradicts to the assumption that U is a
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pairwise e-dense fuzzy set on (X, T1, T2). Hence f(U) is a pairwise e-dense fuzzy set on

(Y,F1,F2).
(3) ⇒ (1): Let V 6= 0Y be an F1-fuzzy e-open or F2-fuzzy e-open set on (Y,F1,F2)

and let f−1(V ) 6= 0X . Suppose that there exists no T1-fuzzy e-open or T2-fuzzy e-open

set U 6= 0X on (X, T1, T2) such that U ≤ f−1(V ). Then (f−1(V ))c is a T1-fuzzy set or

T2-fuzzy set on (X, T1, T2) such that there is no T1-fuzzy e-closed or T2-fuzzy e-closed set

D on (X, T1, T2) with (f−1(V ))c < D < 1. In fact, if there exists a T1-fuzzy e-open or

T2-fuzzy e-open set Dc such that Dc ≤ f−1(V ), then it is a contradiction. So (f−1(V ))c

is a pairwise e-dense fuzzy set on (X, T1, T2). Then f((f−1(V ))c) is a pairwise e-dense

fuzzy set on (Y,F1,F2) . But f((f−1(V ))c) = f(f−1(V c)) 6= V c < 1. This is a

contradiction to the fact that f((f−1(V ))c) is pairwise e-dense fuzzy set on (Y,F1,F2) .

Hence there exists a T1-fuzzy e-open or T2-fuzzy e-open set U 6= 0X on (X, T1, T2) such

that U ≤ f−1(V ). Consequently, f is somewhat pairwise fuzzy e-irresolute . �

Theorem 2.2. Let (X1, T1, T2), (X2,G1,G2), (Y1,F1,F2), (Y2,K1,K2) be fuzzy bitopo-

logical spaces. Let (X1, T1, T2) be product related to (X2,G1,G2) and let (Y1,F1,F2) be

product related to (Y2,K1,K2). If f1 : (X1, T1, T2) → (Y1,F1,F2) and f2 : (X2,G1,G2) →
(Y2,K1,K2) is a somewhat pairwise fuzzy e-irresolute mappings, then the product f1×f2 :
(X1, T1, T2) × (X2,G1,G2) → (Y1,F1,F2) × (Y2,K1,K2) is also somewhat pairwise

fuzzy e-irresolute.

Proof. Let C =
∨

i,j

(Ui×Vj) be Fi-fuzzy e-open or Kj-fuzzy e-open set on (Y1,F1,F2)×

(Y2,K1,K2) where Ui 6= 0Y1
is Fi-fuzzy e-open set and Vj 6= 0Y2

is Kj-fuzzy e-open

set on (Y1,F1,F2) and (Y2,K1,K2) respectively. Then (f1 × f2)
−1(C) =

∨

i,j

(f−1

1
(Ui)×

f−1

2
(Vj)). Since f1 is somewhat pairwise fuzzy e-irresolute , there exists a T1-fuzzy e-

open or T2-fuzzy e-open set Di 6= 0X1
such that Di ≤ f−1

1
(Ui) 6= 0X1

. And, since f2 is

somewhat pairwise fuzzy e-irresolute , there exists a G1-fuzzy e-open or G2-fuzzy e-open

set Aj 6= 0X2
such that Aj ≤ f−1

2
(Vj) 6= 0X2

. Now Di × Aj ≤ f−1

1
(Ui) × f−1

2
(Vj) =

(f1×f2)
−1(Ui×Vj) and Di×Aj 6= 0X1×X2

is a Di-fuzzy e-open or Vj-fuzzy e-open set

on (X1, T1, T2) × (X2,G1,G2). Hence Di × Aj is a Ti-fuzzy e-open or Gj-fuzzy e-open

set on (X1, T1, T2) × (X2,G1,G2) such that
∨

i,j

(Di × Aj) ≤
∨

i,j

(f−1

1
(Ui) × f−1

2
(Vj)) =

(f1 × f2)
−1(

∨

i,j

(Ui × Vj)) = (f1 × f2)
−1(C) 6= 0X1×X2

. Therefore, f1 × f2 is somewhat

pairwise fuzzy e-irresolute . �

Theorem 2.3. Let f : (X, T1, T2) → (Y,F1,F2) be a mapping. If the graph g :
(X, T1, T2) → (X, T1, T2) × (Y,F1,F2) of f is a somewhat pairwise fuzzy e-irresolute

mapping, then f is also somewhat pairwise fuzzy e-irresolute .

Proof. Let V be an F1-fuzzy e-open or F2-fuzzy e-open set on (Y,F1,F2). Then f−1(V ) =
1 ∧ f−1(V ) = g−1(1× V ). Since g is somewhat pairwise fuzzy e-irresolute and 1× V is

a Ti-fuzzy e-open or Fj-fuzzy e-open set on (X, T1, T2) × (Y,F1,F2), there exists a T1-

fuzzy e-open or T2-fuzzy e-open set U 6= 0X on (X, T1, T2) such that U ≤ g−1(1×V ) =
f−1(V ) 6= 0X . Therefore, f is somewhat pairwise fuzzy e-irresolute . �

3. SOMEWHAT PAIRWISE FUZZY IRRESOLUTE e-OPEN MAPPINGS

In this section, we introduce a somewhat pairwise fuzzy irresolute e-open mapping and

we characterize a somewhat pairwise fuzzy irresolute e-open mapping.
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Definition 3.1. A mapping f : (X, T1, T2) → (Y,F1,F2) is called pairwise fuzzy e-open

if f(U) is an F1-fuzzy e-open or F2-fuzzy e-open set on (Y,F1,F2) for any T1-fuzzy open

or T2-fuzzy open set U on (X, T1, T2).

Definition 3.2. A mapping f : (X, T1, T2) → (Y,F1,F2) is called pairwise fuzzy irres-

olute e-open if f(U) is an F1-fuzzy e-open or F2-fuzzy e-open set on (Y,F1,F2) for any

T1-fuzzy e-open or T2-fuzzy e-open set U on (X, T1, T2).

Definition 3.3. A mapping f : (X, T1, T2) → (Y,F1,F2) is called somewhat pair-

wise fuzzy e-open if there exists an F1-fuzzy e-open or F2-fuzzy e-open set V 6= 0Y on

(Y,F1,F2) such that V ≤ f(U) 6= 0Y for any T1-fuzzy open or T2-fuzzy open set U on

(X, T1, T2).

Definition 3.4. A mapping f : (X, T1, T2) → (Y,F1,F2) is called somewhat pairwise

fuzzy irresolute e-open if there exists an F1-fuzzy e-open or F2-fuzzy e-open set V 6= 0Y
on (Y,F1,F2) such that V ≤ f(U) 6= 0Y for any T1-fuzzy e-open or T2-fuzzy e-open set

U 6= 0X on (X, T1, T2).

Theorem 3.1. Let f : (X, T1, T2) → (Y,F1,F2) be a bijection. Then the following are

equivalent:

(1) f is somewhat pairwise fuzzy irresolute e-open.

(2) If U is a T1-fuzzy e-closed or T2-fuzzy e-closed set on (X, T1, T2) such that f(U) 6= 1Y
, then there exists an F1-fuzzy e-closed or F2-fuzzy e-closed set V 6= 1Y on (Y,F1,F2)
such that f(U) < V .

Proof. (1) ⇒ (2): Let U be a T1-fuzzy e-closed or T2-fuzzy e-closed set on (X, T1, T2)
such that f(U) 6= 1Y . Since f is bijective and U c is a T1-fuzzy e-open or T2-fuzzy e-

open set on (X, T1, T2), f(U
c) = (f(U))c 6= 0Y . And, since f is somewhat pairwise

fuzzy irresolute e-open mapping, there exists an F1-fuzzy e-open or F2-fuzzy e-open set

D 6= 0Y on (Y,F1,F2) such that D < f(U c) = (f(U))c. Consequently, f(U) < Dc =
V 6= 1Y and V is an F1-fuzzy e-closed or F2-fuzzy e-closed set on (Y,F1,F2).

(2) ⇒ (1): Let U be a T1-fuzzy e-open or T2-fuzzy e-open set on (X, T1, T2) such that

f(U) 6= 0Y . Then U c is a T1-fuzzy e-closed or T2-fuzzy e-closed set on (X, T1, T2) and

f(U c) 6= 1Y . Hence there exists an F1-fuzzy e-closed or F2-fuzzy e-closed set V 6= 1Y
on (Y,F1,F2) such that f(U c) < V . Since f is bijective, f(U c) = (f(U))c < V . Hence

V c < f(U) and V c 6= 0X is an F1-fuzzy e-open or F2-fuzzy e-open set on (Y,F1,F2).
Therefore, f is somewhat pairwise fuzzy irresolute e-open.

�

Theorem 3.2. Let f : (X, T1, T2) → (Y,F1,F2) be a surjection. Then the following are

equivalent:

(1) f is somewhat pairwise fuzzy irresolute e-open.

(2) If V is a pairwise e-dense fuzzy set on (Y,F1,F2), then f−1(V ) is a pairwise e-dense

fuzzy set on (X, T1, T2).

Proof. (1) ⇒ (2): Let V be a pairwise e-dense fuzzy set on (Y,F1,F2). Suppose f−1(V )
is not pairwise e-dense fuzzy set on (X, T1, T2). Then there exists a T1-fuzzy e-closed or

T2-fuzzy e-closed set U on (X, T1, T2) such that f−1(V ) < U < 1. Since f is some-

what pairwise fuzzy irreolute e-open and U c is a T1-fuzzy e-open or T2-fuzzy e-open

set on (X, T1, T2), there exists an F1-fuzzy e-open or F2-fuzzy e-open set D 6= 0Y on

(Y,F1,F2) such that D ≤ f(IntU c) ≤ f(U c). Since f is surjective, D ≤ f(U c) <

f(f−1(V c)) = V c. Thus there exists an F1-fuzzy e-closed or F2-fuzzy e-closed set Dc
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on (Y,F1,F2) such that V < Dc < 1. This is a contradiction. Hence f−1(V ) is pairwise

e-dense fuzzy set on (X, T1, T2).
(2) ⇒ (1): Let U be a T1-fuzzy open or T2-fuzzy open set on (X, T1, T2) and f(U) 6=

0Y . Suppose there exists no F1-fuzzy e-open or F2-fuzzy e-open set V 6= 0Y on (Y,F1,F2)
such that V ≤ f(U). Then (f(U))c is an F1-fuzzy set or F2-fuzzy set D on (Y,F1,F2)
such that there exists no F1-fuzzy e-closed or F2-fuzzy e-closed set D on (Y,F1,F2)
with (f(U))c < D < 1. This means that (f(U))c is pairwise e-dense fuzzy set on

(Y,F1,F2) . Thus f−1((f(U))c) is pairwise e-dense fuzzy set on (X, T1, T2). But

f−1((f(U))c) = (f−1(f(U)))c ≤ U c < 1. This is a contradiction to the fact that

f−1(f(V ))c is pairwise e-dense fuzzy set on (X, T1, T2). Hence there exists an F1-fuzzy

e-open or F1-fuzzy e-open set V 6= 0Y on (Y,F1,F2) such that V ≤ f(U). Therefore, f

is somewhat pairwise fuzzy irresolute e-open. �

4. CONCLUSIONS AND/OR DISCUSSIONS

Even though the concept of somewhat fuzzy continuous functions are not at all fuzzy

continuous functions , it has some interseting stuff to develope further. In this aspect

the somewhat fuzzy δ-irresolute continuous and somewhat fuzzy e-irresolute continuous

mappings were investigated in [5] and [6] respectively. From these papers, we have de-

veloped and studied this research article in fuzzy bitopology as somewhat pairwise fuzzy

e-irresolute mappings;this paper only concerned with somewhat pairwise fuzzy e-irresolute

functions with some interesting properties.
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DIRECT PRODUCT OF ANTI N -H-IDEALS IN BCK-ALGEBRAS

ANAS AL-MASARWAH

ABSTRACT. In this paper, we introduce the notion of anti N -H-ideals of a BCK-algebra.

Then, the notion of the direct product of two anti N -H-ideals by using minimum opera-

tion is introduced, and some related properties are studied. Ordinary H-ideals are linked

with anti N -H-ideals by means of an anti N -s-level set of the direct product of two N -

structures.

1. INTRODUCTION

The study of BCK-algebras was introduced by Imai and Iséki [12] in 1966. BCK-

algebras have been applied to many branches of mathematics, such as functional analysis,

group theory, topology, probability theory. Since Imai and Iséki [12] introduced the con-

cepts of ideals in BCK-algebras, many types of ideals in BCK-algebras have occurred,

for instance, H-ideals, closed ideals, implicative ideals, positive implicative ideals, and so

on.

A crisp set C in a universe X is a function λC : X → {0, 1} yielding the value

0 for elements excluded from the set C and the value 1 for elements belonging to the

set C. As a generalization of crisp sets, Zadeh [20] introduced the degree of positive

membership in 1965 and defined the concept of fuzzy set theory. This concept was applied

to a BCK-algebra by Xi [19]. Jun et al. [14] presented a new function which is called

negative-valued function, and developed N -structure as one of the hybrid models of fuzzy

set. They applied the idea of N -structure in BCK-algebras and proposed N -subalgebras

and N -ideals [14]. In [13], Jun established the definition of doubt fuzzy subalgebras and

ideals in BCK-algebras. Al-Masarwah et al. [10] introduced the notions of doubt N -

subalgebras and ideals in BCK-algebras, and discussed several properties. After that,

many Hybrid models of fuzzy sets were applied in BCK-algebras and other algebraic

structures [5, 6, 8, 7, 9, 4, 17, 18, 2, 1, 3, 16, 15].

In this paper, we discuss an N -structure with an application to BCK-algebras. We

introduce the notion of anti N -H-ideals in a BCK-algebra. Also, we considered the struc-

ture of a BCK-algebra and defined the direct product of two anti N -H-ideals. We present

some interesting results about direct product of two anti N -H-ideals of a BCK-algebra.

2010 Mathematics Subject Classification. 06F35, 03G25, 03B52, 03B05.

Key words and phrases. BCK-algebra; H-ideal; N -structure; Anti N -ideal; Anti N -H-ideal.
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Finally, we proved that the direct product of two anti N -structures becomes an anti N -H-

ideal if and only if for any s ∈ [−1, 0], an anti N -s-level set is an H-ideal of a BCK-

algebra X × Y.

2. PRELIMINARIES

In this section, we include some basic definitions and preliminary facts about a BCK-

algebra which are essential for our results. By a BCK-algebra, we mean an algebra

(X; ∗, 0) of type (2, 0) satisfying the following axioms for all x, y, z ∈ X :

(I) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,
(II) (x ∗ (x ∗ y)) ∗ y = 0,
(III) x ∗ x = 0,
(IV) 0 ∗ x = 0,
(V) x ∗ y = 0 and y ∗ x = 0 imply x = y.

Any BCK-algebra X satisfies the following axioms for all x, y, z ∈ X:

(I1) x ∗ 0 = x,
(I2) (x ∗ y) ∗ z = (x ∗ z) ∗ y,
(I3) x ∗ y ≤ x,
(I4) (x ∗ y) ∗ z ≤ (x ∗ z) ∗ (y ∗ z),
(I5) x ≤ y ⇒ x ∗ z ≤ y ∗ z, z ∗ y ≤ z ∗ x.

A partial ordering ≤ on a BCK-algebra X can be defined by x ≤ y if and only if

x ∗ y = 0. A non-empty subset K of a BCK/BCI-algebra X is called:

(1) A subalgebra of a BCK-algebra X [12] if x ∗ y ∈ K, ∀x, y ∈ X,
(2) An ideal of a BCK-algebra X [12] if ∀x, y ∈ X,

• 0 ∈ K,
• x ∗ y ∈ K and y ∈ K imply x ∈ K.

(3) An H-ideal of a BCK-algebra X [11] if ∀x, y, z ∈ X,
• 0 ∈ K,
• ((x ∗ y) ∗ z) ∈ K and y ∈ K imply x ∗ z ∈ K.

Definition 2.1. [21] A fuzzy set A = {(x, µA(x)) | x ∈ X} in a BCK-algebra X is

called an anti (a doubt) fuzzy H-ideal of X if

(1) µA(0) ≤ µA(x),
(2) µA(x ∗ z) ≤ max{µA(x ∗ (y ∗ z)), µA(y)}, for all x, y, z ∈ X.

Denote by F(X, [−1, 0]) the collection of functions from a set X to the interval [−1, 0].
We say that, an element of F(X, [−1, 0]) is a negative-valued function from X to [-1, 0]

(briefly, N -function on X). By an N -structure we mean an ordered pair (X,φ), where ϕ is

an N -function on X. In what follows, ϕ is an N -function on X unless otherwise specified.

In [14], Jun et al. introduced the concepts of N -subalgebras and N -ideals in a BCK-

algebra as follows:

Definition 2.2. An N -structure (X,ϕ) is called an N -subalgebra of X if for all x, y ∈ X :

ϕ(x ∗ y) ≤ max{ϕ(x), ϕ(y)}.

Definition 2.3. An N -structure (X,ϕ) is called an N -ideal of X if for all x, y ∈ X :

(1) ϕ(0) ≤ ϕ(x),
(2) ϕ(x) ≤ max{ϕ(x ∗ y), ϕ(y)}.
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3. DIRECT PRODUCT OF ANTI N -H-IDEALS

In this section, we introduce the concept of an anti N -H-ideal. Then, we give the

definition of the direct product of two N -H-ideals of two BCK-algebras X and Y, and we

provide some of its properties.

In what follows, X and Y are BCK-algebras, so we use (X × Y ; ∗, (0, 0)) to denote

a BCK-algebra unless otherwise specified. For the sake of brevity, we call X × Y a

BCK-algebra.

Definition 3.1. An N -structure (X,ϕ) is called an anti N -H-ideal of X if it satisfies the

following conditions for all x, y, z ∈ X :

(1) ϕ(0) ≥ ϕ(x),
(2) ϕ(x ∗ z) ≥ min{ϕ(x ∗ (y ∗ z)), ϕ(y)}.

Example 3.2. Let X = {0, a, b, c} be a BCK-algebra with the following Cayley table:

∗ 0 a b c

0 0 0 0 0

a a 0 0 a

b b a 0 b

c c c c 0

Let (X,ϕ) be an N -structure in which ϕ is given by:

ϕ(x) =

{

−0.1, if x = 0

−0.2, if x = a,b,c.

Then by routine calculation, we know that (X,ϕ) is an anti N -H-ideal of X.

Definition 3.3. Let (X, ∗X , 0X) and (Y, ∗Y , 0Y ) be two BCK-algebras. The direct prod-

uct of X and Y is defined to be the set X × Y = {(x, y) | x ∈ X, y ∈ Y }. In X × Y we

define the product ∗X×Y as follows:

(x, y) ∗X×Y (u, v) = (x ∗X u, y ∗Y v) for all (x, y), (u, v) ∈ X × Y.

One can easily verify that the direct product of two BCK-algebras is again a BCK-

algebra. Now, we write the following definition.

Definition 3.4. Let X be a BCK-algebra and let (X,ϕ) and (X,φ) be two anti N -H-

ideals of X. The direct product of (X,ϕ) and (X,φ) is defined by (X ×X,ϕ×φ), where

ϕ× φ : X ×X → [−1, 0] is given by

(ϕ× φ)(x, y) = min{ϕ(x), φ(y)}

for all (x, y) ∈ X ×X.

In the following, we extend the above definition to the direct product of anti N -H-ideals

of any BCK-algebras X and Y.

Definition 3.5. Let X and Y be two BCK-algebras and let (X,ϕ) and (Y, φ) be two anti

N -H-ideals of X and Y, respectively. Then, the direct product of (X,ϕ) and (Y, φ) is

defined by (X × Y, ϕ× φ), where ϕ× φ : X × Y → [−1, 0] is given by

(ϕ× φ)(x, y) = min{ϕ(x), φ(y)}

for all (x, y) ∈ X × Y.

Definition 3.6. An N -structure (X×Y, ϕ×φ) of a BCK-algebra X×Y is called an anti

N -H-ideal of X × Y if it satisfies the following conditions for all (x, y), (u, v), (w, z) ∈
X × Y :



312 AL-MASARWAH

(1) (ϕ× φ)(0, 0) ≥ (ϕ× φ)(x, y),
(2) (ϕ×φ)((x, y)∗ (w, z)) ≥ min{(ϕ×φ)((x, y)∗ ((u, v)∗ (w, z))), (ϕ×φ)(u, v)}.

Example 3.7. Consider a BCK-algebra X = {0, a, b, c} and an anti N -H-ideal (X,ϕ)
of X which are given in Example 3.2. Define an anti N -H-ideal (X,φ) in X as follows:

φ(x) =

{

−0.3, if x = 0

−0.4, if x = a,b,c.

Consider (X ×X,ϕ× φ), where (ϕ× φ)(x, y) = min{ϕ(x), φ(y)} is defined as:

(ϕ× φ)(x, y) =

{

−0.3, if (x,y) = (0,0), (a,0), (b,0), (c,0)

−0.4, otherwise.

By routine calculations, we know that (X ×X,ϕ× φ) is an anti N -H-ideal of X ×X.

Theorem 3.1. Let (X,ϕ) and (Y, φ) be two anti N -H-ideals of BCK-algebras X and Y,
respectively. Then, (X × Y, ϕ× φ) is an anti N -H-ideal of X × Y.

Proof. For any (x, y) ∈ X × Y, we have

(ϕ× φ)(0, 0) = min{ϕ(0), φ(0)} ≥ min{ϕ(x), φ(y)} = (ϕ× φ)(x, y).

Now, for any (x, y), (u, v), (w, z) ∈ X × Y, we have

(ϕ× φ)((x, y) ∗ (w, z)) = (ϕ× φ)(x ∗ w, y ∗ z)

= min{ϕ(x ∗ w), φ(y ∗ z)}

≥ min{min{ϕ(x ∗ (u ∗ w)), ϕ(u)},min{φ(y ∗ (v ∗ z)), φ(v)}}

= min{min{ϕ(x ∗ (u ∗ w)), φ(y ∗ (v ∗ z))},min{ϕ(u), φ(v)}}

= min{(ϕ× φ)((x ∗ (u ∗ w)), (y ∗ (v ∗ z))), (ϕ× φ)(u, v)}

= min{(ϕ× φ)((x, y) ∗ ((u, v) ∗ (w, z))), (ϕ× φ)(u, v)}.

Hence, (X × Y, ϕ× φ) is an anti N -H-ideal of X × Y. �

Proposition 3.2. Let (X × Y, ϕ × φ) be an anti N -H-ideal of X × Y. If (x, y) ≤ (u, v),
then (ϕ× φ)(x, y) ≥ (ϕ× φ)(u, v) for all (x, y), (u, v) ∈ X × Y.

Proof. Let (x, y), (u, v) ∈ X ×Y such that (x, y) ≤ (u, v). Then, (x, y) ∗ (u, v) = (0, 0).
Now,

(ϕ× φ)(x, y) = (ϕ× φ)((x, y) ∗ (0, 0))

≥ min{(ϕ× φ)((x, y) ∗ ((u, v) ∗ (0, 0))), (ϕ× φ)(u, v)}

= min{(ϕ× φ)((x, y) ∗ (u, v)), (ϕ× φ)(u, v)}

= min{(ϕ× φ)(0, 0), (ϕ× φ)(u, v)} = (ϕ× φ)(u, v).

Therefore, (ϕ× φ)(x, y) ≥ (ϕ× φ)(u, v) for all (x, y), (u, v) ∈ X × Y. �

Proposition 3.3. Let (X × Y, ϕ× φ) be an anti N -H-ideal of X × Y such that

(ϕ× φ)((x, y) ∗ (u, v)) ≥ (ϕ× φ)(u, v)

for all (x, y), (u, v) ∈ X × Y. Then, (X × Y, ϕ× φ) is an N -constant.

Proof. Note that in a BCK-algebra X ×Y, (x, y) ∗ (0, 0) = (x, y) for all (x, y) ∈ X ×Y,
and by using the assumption, we have

(ϕ× φ)(x, y) = (ϕ× φ)((x, y) ∗ (0, 0)) ≥ (ϕ× φ)(0, 0).
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It follows from Definition 3.6, (ϕ×φ)(x, y) = (ϕ×φ)(0, 0) for all (x, y), (u, v) ∈ X×Y.
Therefore, (X × Y, ϕ× φ) is an N -constant. �

Proposition 3.4. Let (X,ϕ) and (Y, φ) be two anti N -H-ideals of X and Y, respectively.

If (X × Y, ϕ× φ) is an anti N -H-ideal of X × Y, then ϕ(0) ≥ φ(y) and φ(0) ≥ ϕ(x) for

all x ∈ X, y ∈ Y.

Proof. Assume that ϕ(0) < φ(y) and φ(0) < ϕ(x) for some x ∈ X, y ∈ Y. Then,

(ϕ× φ)(x, y) = min{ϕ(x), φ(y)}

> min{ϕ(0), φ(0)}

= (ϕ× φ)(0, 0),

which is a contradiction. Thus, ϕ(0) ≥ φ(y) and φ(0) ≥ ϕ(x) for all x ∈ X, y ∈ Y. �

Theorem 3.5. Let (X,ϕ) and (Y, φ) be two N -structures of X and Y, respectively, such

that (X×Y, ϕ×φ) is an anti N -H-ideal of X×Y. Then, either (X,ϕ) is an anti N -H-ideal

of X or (Y, φ) is an anti N -H-ideal of Y.

Proof. Since (X×Y, ϕ×φ) is an anti N -H-ideal of X×Y, then for all (x, y), (u, v), (w, z) ∈
X × Y, we have

(ϕ× φ)((x, y) ∗ (w, z)) ≥ min{(ϕ× φ)((x, y) ∗ ((u, v) ∗ (w, z))), (ϕ× φ)(u, v)}.

By putting y = z = v = 0, we have

(ϕ× φ)((x, 0) ∗ (w, 0)) ≥ min{(ϕ× φ)((x, 0) ∗ ((u, 0) ∗ (w, 0))), (ϕ× φ)(u, 0)}. (3.1)

Also, we have

(ϕ× φ)((x, 0) ∗ (w, 0)) = (ϕ× φ)((x ∗ w), (0 ∗ 0))

= min{ϕ(x ∗ w), φ(0 ∗ 0)}

= ϕ(x ∗ w) (3.2)

and

(ϕ× φ)((x, 0) ∗ ((u, 0) ∗ (w, 0))) = (ϕ× φ)((x, 0) ∗ ((u ∗ w), (0 ∗ 0)))

= (ϕ× φ)((x ∗ (u ∗ w)), (0 ∗ (0, 0)))

= min{ϕ(x ∗ (u ∗ w)), φ(0 ∗ (0, 0))}

= ϕ(x ∗ (u ∗ w)). (3.3)

Again, by using Proposition 3.4, we have

(ϕ× φ)(u, 0) = min{ϕ(u), φ(0)} = ϕ(u). (3.4)

So, from (3.1), (3.2), (3.3) and (3.4) we get, ϕ(x∗w) ≥ min{ϕ(x∗(u,w)), ϕ(u)}. Hence,

(X,ϕ) is an anti N -H-ideal of X. �

Proposition 3.6. Let (X × Y, ϕ × φ) be an anti N -H-ideal of a BCK-algebra X × Y.
Then,

(ϕ× φ)((0, 0) ∗ ((0, 0) ∗ (x, y))) ≥ (ϕ× φ)(x, y)

for all (x, y) ∈ X × Y.
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Proof. Note that

(ϕ× φ)((0, 0) ∗ ((0, 0) ∗ (x, y)))

≥ min{(ϕ× φ)((0, 0) ∗ ((x, y) ∗ ((0, 0) ∗ (x, y)))), (ϕ× φ)(x, y)}

= min{(ϕ× φ)((0, 0) ∗ ((x, y) ∗ (0, 0))), (ϕ× φ)(x, y)}

= min{(ϕ× φ)((0, 0) ∗ (x, y)), (ϕ× φ)(x, y)}

= min{(ϕ× φ)(0, 0), (ϕ× φ)(x, y)}

= (ϕ× φ)(x, y) for all (x, y) ∈ X × Y.

Therefore, (ϕ× φ)((0, 0) ∗ ((0, 0) ∗ (x, y))) ≥ (ϕ× φ)(x, y) for all (x, y) ∈ X × Y. �

Corollary 3.7. Let (X × Y, ϕ× φ) be an anti N -H-ideal of X × Y. Then, the set

D(ϕ×φ) = {(x, y) ∈ X × Y | (ϕ× φ)(x, y) = (ϕ× φ)(0, 0)}

is an H-ideal of X × Y.

Proof. Let (X × Y, ϕ× φ) be an anti N -H-ideal of X × Y. Obviously, (0, 0) ∈ D(ϕ×φ).
Let (x, y), (u, v), (w, z) ∈ D(ϕ×φ) be such that (x, y) ∗ ((u, v) ∗ (w, z)), (u, v) ∈ D(ϕ×φ).
Then,

(ϕ× φ)((x, y) ∗ ((u, v) ∗ (w, z))) = (ϕ× φ)(0, 0) = (ϕ× φ)(u, v).

Now,

(ϕ× φ)((x, y) ∗ (w, z)) ≥ min{(ϕ× φ)((x, y) ∗ ((u, v) ∗ (w, z))), (ϕ× φ)(u, v)}

= (ϕ× φ)(0, 0).

Again, since (X × Y, ϕ × φ) is an anti N -H-ideal of X × Y, so (ϕ × φ)(0, 0) ≥ (ϕ ×
φ)((x, y) ∗ (w, z)). Therefore, (ϕ × φ)(0, 0) = (ϕ × φ)((x, y) ∗ (w, z)). It follows that

(x, y) ∗ (w, z) ∈ D(ϕ×φ) for all (x, y), (u, v), (w, z) ∈ X × Y. Therefore, D(ϕ×φ) is an

H-ideal of X. �

Definition 3.8. Let (X×Y, ϕ×φ) be an anti N -H-ideal of X×Y and s ∈ [−1, 0]. Then,

an anti N -s-level set of (X × Y, ϕ× φ) is as follows:

(ϕ× φ)s = {(x, y) ∈ X × Y | (ϕ× φ)(x, y) ≥ s}.

Theorem 3.8. Let (X × Y, ϕ× φ) be an N -structure of X × Y. Then, (X × Y, ϕ× φ) is

an anti N -H-ideal of X × Y if and only if (ϕ × φ)s 6= ∅ is an H-ideal of X × Y for all

s ∈ [−1, 0].

Proof. Assume that (X × Y, ϕ× φ) is an anti N -H-ideal of X × Y and s ∈ [−1, 0] such

that (ϕ × φ)s 6= ∅. Let (c, d) ∈ (ϕ × φ)s. Then, we have (ϕ × φ)(c, d) ≥ s. So we

deduce that (ϕ × φ)(0, 0) ≥ (ϕ × φ)(c, d) ≥ s. This shows that (0, 0) ∈ (ϕ × φ)s. Let

(x′, y′), (u′, v′), (w′, z′) ∈ X × Y such that (x′, y′) ∗ ((u′, v′) ∗ (w′, z′)) ∈ (ϕ× φ)s and

(u′, v′) ∈ (ϕ×φ)s. Then, (ϕ×φ)((x′, y′)∗((u′, v′)∗(w′, z′))) ≥ s and (ϕ×φ)(u′, v′) ≥ s.
Since (X × Y, ϕ× φ) is an anti N -H-ideal of X × Y, it follows that

(ϕ× φ)((x′, y′)∗(w′, z′))

≥ min{(ϕ× φ)((x′, y′) ∗ ((u′, v′) ∗ (w′, z′))), (ϕ× φ)(u′, v′)}

≥ min{s, s} = s,

so (x′, y′) ∗ (w′, z′) ∈ (ϕ× φ)s. Therefore, (ϕ× φ)s is an H-ideal of X × Y.
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Conversely, assume that (ϕ × φ)s 6= ∅ is an H-ideal of X × Y for all s ∈ [−1, 0]. Let

(x, y) ∈ X × Y be such that (ϕ× φ)(0, 0) < (ϕ× φ)(x, y). By taking

so =
1

2
[(ϕ× φ)(0, 0) + (ϕ× φ)(x, y)],

we get (ϕ × φ)(0, 0) < so < (ϕ × φ)(x, y). Therefore, (0, 0) 6∈ (ϕ × φ)so . This is a

contradiction. Hence, (ϕ × φ)(0, 0) ≥ (ϕ × φ)(x, y) for all (x, y) ∈ X × Y. Again, we

assume that (x, y), (u, v), (w, z) ∈ X × Y be such that

(ϕ× φ)((x, y) ∗ (w, z)) < min{(ϕ× φ)((x, y) ∗ ((u, v) ∗ (w, z))), (ϕ× φ)(u, v)}.

By taking

s1 =
1

2
[(ϕ×φ)((x, y)∗ (w, z))+min{(ϕ×φ)((x, y)∗ ((u, v)∗ (w, z))), (ϕ×φ)(u, v)}],

we have

(ϕ× φ)((x, y) ∗ (w, z)) < s1 < min{(ϕ× φ)((x, y) ∗ ((u, v) ∗ (w, z))), (ϕ× φ)(u, v)}.

This shows that, (x, y) ∗ ((u, v) ∗ (w, z)) ∈ (ϕ × φ)s1 , (u, v) ∈ (ϕ × φ)s1 , but (x, y) ∗
(w, z) /∈ (ϕ× φ)s1 , this is a contradiction. Therefore,

(ϕ× φ)((x, y) ∗ (w, z)) ≥ min{(ϕ× φ)((x, y) ∗ ((u, v) ∗ (w, z))), (ϕ× φ)(u, v)}

for all (x, y), (u, v), (w, z) ∈ X × Y. Hence, (X × Y, ϕ × φ) is an anti N -H-ideal of

X × Y. �

4. CONCLUSIONS

In this work, we introduced the notion of anti N -H-ideals in a BCK-algebra. Also,

we considered the structure of a BCK-algebra and defined the direct product of two anti

N -H-ideals. We presented some interesting results about the direct product of two anti

N -H-ideals of a BCK-algebra. Finally, we proved that the direct product of two anti N -

structures becomes an anti N -H-ideal if and only if for any s ∈ [−1, 0], an anti N -s-level

cut set is an H-ideal of a BCK-algebra X × Y.
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η-RICCI SOLITONS

ABDUL HASEEB∗, LOVEJOY S. DAS AND MOBIN AHMAD

ABSTRACT. The object of the present paper is to characterize ǫ − LP−Sasakian man-

ifolds with a quarter-symmetric metric connection admitting η−Ricci solitons. Finally,

the existence of η−Ricci soliton in an ǫ − LP−Sasakian manifold has been proved by a

concrete example.

1. INTRODUCTION

The study of manifolds with indefinite metrics is of high interest in physics and relativity

theory. In 1993, the concept of ǫ-Sasakian manifolds was introduced by Bejancu and

Duggal [2]. Later, it was shown by Xufeng and Xiaoli [18] that these manifolds are real

hypersurfaces of indefinite Kahlerian manifolds. In 2012, Prasad and Srivastava [14] have

studied ǫ-Lorentzian para-Sasakian manifolds and shown its existence by an example. On

the other hand, the concept of ǫ-Kenmotsu manifold was introduced by U. C. De and

A. Sarkar [6] who showed that the existence of new structure on an indefinite metrics

influences the curvatures. Recently, the manifolds with indefinite metrics have been studied

by various authors in several ways to a different extent such as ([10], [12], [17]) and many

others.

As a generalization of Ricci solitons, the notion of η-Ricci solitons was introduced by

Cho and Kimura [3]. They have studied Ricci solitons of real hypersurfaces in a non-flat

complex space form and defined η-Ricci solitons, which satisfies the equation

£V g + 2S + 2λg + 2µη ⊗ η = 0, (1.1)

where S is the Ricci tensor associated to g, η is a 1-form and λ, µ are real numbers. In

particular, if µ = 0, then the notion of η-Ricci soliton (g, V, λ, µ) reduces to the notion

of Ricci soliton (g, V, λ). Recenty, η−Ricci solitons have been studied by various authors

such as ([4], [9], [11], [13], [15], [19]) and many others.
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2. PRELIMINARIES

A differentiable manifold M of dimension n is called an ǫ-Lorentzian para-Sasakian

(briefly, ǫ− LP−Sasakian), if it admits a (1, 1)-tensor field φ, a contravariant vector field

ξ, a 1-form η and a Lorentzian like metric g which satisfy

φ2X = X + η(X)ξ, η(ξ) = −1, (2.1)

g(ξ, ξ) = −ǫ, η(X) = ǫg(X, ξ), φξ = 0, η(φX) = 0, (2.2)

g(φX, φY ) = g(X,Y ) + ǫη(X)η(Y ), (2.3)

(∇Xφ)Y = g(X,Y )ξ + ǫη(Y )X + 2ǫη(X)η(Y )ξ, (2.4)

∇Xξ = ǫφX (2.5)

for all X , Y ∈ χ(M), where χ(M) is the Lie algebra of vector fields on the manifold M ,

ǫ is -1 or 1 according to the vector field ξ being spacelike or timelike and ∇ denotes the

Levi-Civita connection with respect to g.

If we put

Φ(X,Y ) = g(φX, Y ) (2.6)

for all vector fields X and Y on M , then Φ(X,Y ) is a symmetric (0, 2) tensor field. Also

since the 1-form η is closed in an ǫ− LP−Sasakian manifold, so we have [14]

(∇Xη)(Y ) = Φ(X,Y ), Φ(X, ξ) = 0 (2.7)

for all X , Y ∈ χ(M).
Moreover, the curvature tensor R, the Ricci tensor S and the Ricci operator Q in an ǫ −

LP−Sasakian manifold with the Levi-Civita connection satisfy the following equations

[14]:

R(X,Y )ξ = η(Y )X − η(X)Y, (2.8)

R(ξ,X)Y = ǫg(X,Y )ξ − η(Y )X, (2.9)

R(ξ,X)ξ = −R(X, ξ)ξ = X + η(X)ξ, (2.10)

η(R(X,Y )Z) = ǫ[g(Y, Z)η(X)− g(X,Z)η(Y )], (2.11)

S(X, ξ) = (n− 1)η(X), Qξ = ǫ(n− 1)ξ, (2.12)

where X,Y, Z ∈ χ(M) and g(QX,Y ) = S(X,Y ).
We note that if ǫ = 1 and the structure vector field ξ is timelike, then an ǫ−LP−Sasakian

manifold is usual LP−Sasakian manifold.

Definition 2.1. An ǫ − LP−Sasakian manifold is said to be an η-Einstein manifold if its

non-vanishing Ricci tensor S of type (0, 2) satisfies [20]

S(Y, Z) = αg(Y, Z) + βη(Y )η(Z) (2.13)

where α and β are the smooth functions on M . If β = 0, then M is said to be an Einstein

manifold.

3. CURVATURE TENSOR IN AN ǫ− LP−SASAKIAN MANIFOLD WITH A

QUARTER-SYMMETRIC METRIC CONNECTION

A linear connection ∇̄ in a Riemannian manifold M is said to be a quarter-symmetric

connection [7] if the torsion tensor T of the connection ∇̄ is of the form

T (X,Y ) = ∇̄XY − ∇̄YX − [X,Y ] = η(Y )φX − η(X)φY, (3.1)
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where η is a 1-form and φ is a (1, 1) tensor field. If moreover, a quarter-symmetric con-

nection ∇̄ satisfies the condition

(∇̄Xg)(Y, Z) = 0 (3.2)

for all X,Y, Z ∈ χ(M), then the connection ∇̄ is said to be a quarter-symmetric metric,

otherwise it is said to be a quarter-symmetric non-metric.

A quarter-symmetric metric connection ∇̄ in an ǫ−LP−Sasakian manifold is given by

∇̄XY = ∇XY + η(Y )φX − ǫg(φX, Y )ξ. (3.3)

A quarter symmetric metric connection have been studied by various authors such as

Ahmad et al. [1], De and Mondal [5], Singh and Pandey [16] and many others.

If R̄ and S̄, respectively, are the curvature tensor and the Ricci tensor of a quarter-

symmetric metric connection ∇̄ in an ǫ− LP−Sasakian manifold M , then we have [9]

R̄(X,Y )Z = R(X,Y )Z + (2− ǫ)[g(φX,Z)φY − g(φY,Z)φX] (3.4)

+ǫη(Z)[η(Y )X − η(X)Y ] + [η(X)g(Y, Z)− η(Y )g(X,Z)]ξ,

R̄(X,Y )ξ = (1− ǫ)[η(Y )X − η(X)Y ], (3.5)

R̄(ξ,X)Y = −(1− ǫ)[g(X,Y )ξ + η(Y )X], (3.6)

R̄(ξ,X)ξ = (1− ǫ)[X + η(X)ξ], (3.7)

S̄(Y, Z) = S(Y, Z) + (1− ǫ)g(Y, Z) + (nǫ− 1)η(Y )η(Z)− (2− ǫ)g(φY,Z)ψ, (3.8)

S̄(X, ξ) = (1− ǫ)(n− 1)η(X), Q̄ξ = −(1− ǫ)(n− 1)ξ (3.9)

for all X,Y, Z ∈ χ(M).

Lemma 3.1. Let M be an n-dimensional ǫ − LP−Sasakian manifold with a quarter-

symmetric metric connection. Then we have

(∇̄Xφ)Y = (1− ǫ)(g(X,Y )ξ − η(Y )X − 2η(X)η(Y )ξ), (3.10)

∇̄Xξ = −(1− ǫ)φX, (3.11)

(∇̄Xη)Y = (1− ǫ)g(φX, Y ), (3.12)

(£̄ξg)(X,Y ) = 2ǫg(φX, Y ) (3.13)

for all X,Y ∈ χ(M).

Proof. By the covariant differentiation of φY with respect to X , we have

∇̄XφY = (∇̄Xφ)Y + φ(∇̄XY )

which in view of (3.3) takes the form

(∇̄Xφ)Y = (∇Xφ)Y − ǫg(φX, φY )ξ − η(Y )φ2X. (3.14)

By making use of (2.1), (2.3) and (2.4) in the last equation, (3.10) follows.

Next, we replace Y = ξ in (3.3) and using (2.2) we find

∇̄Xξ = ∇Xξ + η(ξ)φX. (3.15)

By using (2.1) and (2.5) in (3.15), we get (3.11).

In order to prove (3.12), we differentiate η(Y ) covariantly with respect to X and using

(3.2), we find

(∇̄Xη)(Y ) = ǫg(Y, ∇̄Xξ) (3.16)

which in view of (3.11) gives (3.12).

In view of (3.1), the expression (£̄ξg)(X,Y ) = £̄ξg(X,Y ) − g(£̄ξX,Y ) − g(X, £̄ξY )
takes the form

(£̄ξg)(X,Y ) = ∇̄ξg(X,Y )− g[∇̄ξX − ∇̄Xξ − φX, Y ] + g[X, ∇̄ξY − ∇̄Y ξ − φY ]
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in which using (3.11), we obtain (3.13). �

In [9], A. Haseeb and R. Prasad have studied η−Ricci solitons in an ǫ− LP−Sasakian

manifold with a quarter-symmetric metric connection and proved the following:

Lemma 3.2. If (g, ξ, λ, µ) is an η−Ricci soliton in an ǫ− LP−Sasakian manifold with a

quarter-symmetric metric connection, then

S̄(Y, Z) = −ǫg(φY,Z)− λg(Y, Z)− µη(Y )η(Z), (3.17)

λ− ǫµ = (1− ǫ)(n− 1) (3.18)

for all Y, Z ∈ χ(M).

4. η−RICCI SOLITONS IN ǫ− LP−SASAKIAN MANIFOLDS WITH A

QUARTER-SYMMETRIC METRIC CONNECTION ADMITTING CODAZZI TYPE OF

RICCI TENSOR

In this section we consider η−Ricci solitons in ǫ − LP−Sasakian manifolds with a

quarter-symmetric metric connection admitting Codazzi type of Ricci tensor. A. Gray [8]

introduced the notion of cyclic parallel Ricci tensor and Codazzi type of Ricci tensor.

Definition 4.1. An ǫ−LP−Sasakian manifold with a quarter-symmetric metric connection

is said to have Codazzi type of Ricci tensor if its Ricci tensor S̄ of type (0, 2) is non-zero

and satisfies the following condition

(∇̄X S̄)(Y, Z) = (∇̄Y S̄)(Z,X) (4.1)

for all X,Y, Z ∈ χ(M).

Taking covariant derivative of (3.17) and making use of (2.2), (3.10) and (3.12), we find

(∇̄X S̄)(Y, Z) = (1− ǫ)[ǫg(X,Y )η(Z)− η(Y )g(X,Z)− 2ǫη(X)η(Y )η(Z)] (4.2)

−(1− ǫ)µ[g(φX, Y )η(Z) + g(φX,Z)η(Y )].

If the Ricci tensor S̄ is of Codazzi type, then

(∇̄X S̄)(Y, Z) = (∇̄Y S̄)(Z,X). (4.3)

Using (4.2) in (4.3), we have

g(X,Y )η(Z)− g(Y, Z)η(X) + µ[g(φX, Y )η(Z)− g(φY,Z)η(X)] = 0, (1− ǫ) 6= 0,

which by taking Z = ξ and using (2.2) reduces to

g(X,Y ) + ǫη(X)η(Y ) + µg(φX, Y ) = 0. (4.4)

By putting Y = φY in (4.4), we find

g(X,φY ) + µg(φX, φY ) = 0. (4.5)

Replacing X by φX in (4.5), we have

g(φX, φY ) + µg(X,φY ) = 0. (4.6)

Now adding (4.5) and (4.6), we obtain

(1 + µ)[g(X,φY ) + g(φX, φY )] = 0 (4.7)

from which it follows that µ = −1. From the relation (3.18), we get λ = n(1 − ǫ) − 1.
Thus we have the following:

Theorem 4.1. Let (g, ξ, λ, µ) be an η−Ricci soliton in an n-dimensional ǫ−LP−Sasakian

manifold with a quarter-symmetric metric connection and if the manifold has Ricci tensor

of Codazzi type, then µ = −1 and λ = n(1− ǫ)− 1.
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5. η−RICCI SOLITONS IN ǫ− LP−SASAKIAN MANIFOLDS WITH A

QUARTER-SYMMETRIC METRIC CONNECTION ADMITTING CYCLIC PARALLEL

RICCI TENSOR

Definition 5.1. An ǫ−LP−Sasakian manifold with a quarter-symmetric metric connection

is said to have cyclic parallel Ricci tensor if its Ricci tensor S̄ of type (0, 2) is non-zero

and satisfies the following condition [8]

(∇̄X S̄)(Y, Z) + (∇̄Y S̄)(Z,X) + (∇̄Z S̄)(X,Y ) = 0 (5.1)

for all X,Y, Z ∈ χ(M).

Let (g, ξ, λ, µ) be an η−Ricci soliton in an ǫ− LP−Sasakian manifold with a quarter-

symmetric metric connection and the manifold M has cyclic parallel Ricci tensor, then

(5.1) holds. Taking covariant derivative of (3.17) and making use of (2.2), (3.10) and

(3.12), we find

(∇̄X S̄)(Y, Z) = (1− ǫ)[ǫg(X,Y )η(Z)− η(Y )g(X,Z)− 2ǫη(X)η(Y )η(Z)] (5.2)

−(1− ǫ)µ[g(φX, Y )η(Z) + g(φX,Z)η(Y )].

Similarly, we have

(∇̄Y S̄)(Z,X) = (1− ǫ)[ǫg(Y, Z)η(X)− η(Z)g(Y,X)− 2ǫη(X)η(Y )η(Z)] (5.3)

−(1− ǫ)µ[g(φY,Z)η(X) + g(φY,X)η(Z)],

and

(∇̄Z S̄)(X,Y ) = (1− ǫ)[ǫg(Z,X)η(Y )− η(X)g(Z, Y )− 2ǫη(X)η(Y )η(Z)] (5.4)

−(1− ǫ)µ[g(φZ,X)η(Y ) + g(φZ, Y )η(X)].

By using (5.2)-(5.4) in (5.1), we obtain

−2[g(X,Y )η(Z) + g(Y, Z)η(X) + g(Z,X)η(Y )] + 6η(X)η(Y )η(Z)

−2µ[g(φX, Y )η(Z) + g(φY,Z)η(X) + g(φZ,X)η(Y )] = 0, (1− ǫ) 6= 0

which by taking Z = ξ reduces to

g(φX, φY ) + µg(φX, Y ) = 0. (5.5)

Replacing Y by φY in (5.5), we have

g(φX, Y ) + µg(φX, φY ) = 0. (5.6)

By adding (5.5) and (5.6), we obtain

(1 + µ)[g(φX, Y ) + g(φX, φY )] = 0 (5.7)

from which it follows that µ = −1. From the relation (3.18), we get λ = n(1 − ǫ) − 1.
Thus we have the following:

Theorem 5.1. Let (g, ξ, λ, µ) be an η−Ricci soliton in an n-dimensional ǫ−LP−Sasakian

manifold with a quarter-symmetric metric connection and if the manifold has cyclic paral-

lel Ricci tensor, then µ = −1 and λ = n(1− ǫ)− 1.

Definition 5.2. An ǫ−LP−Sasakian manifold with a quarter-symmetric metric connection

is said to have cyclic η−recurrent Ricci tensor, if

(∇̄X S̄)(Y, Z) + (∇̄Y S̄)(Z,X) + (∇̄Z S̄)(X,Y ) (5.8)

= η(X)S̄(Y, Z) + η(Y )S̄(Z,X) + η(Z)S̄(X,Y )

for all X,Y, Z ∈ χ(M).
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Suppose that the manifold M with a quarter-symmetric metric connection has cyclic

η−recurrent Ricci tensor, then (5.8) holds. By using (3.17) and (5.2)-(5.4) in (5.8), we get

(λ−2(1−ǫ))(g(X,Y )η(Z)+g(Y, Z)η(X)+g(Z,X)η(Y ))+(6(1−ǫ)+3µ)η(X)η(Y )η(Z)

+(ǫ− 2(1− ǫ)µ)(g(φX, Y )η(Z) + g(φY,Z)η(X) + g(φZ,X)η(Y )) = 0

which by putting Y = Z = ξ gives µ = ǫλ. Thus we have the following:

Theorem 5.2. Let (g, ξ, λ, µ) be an η−Ricci soliton in an n-dimensional ǫ−LP−Sasakian

with a quarter-symmetric metric connection and if the manifold has cyclic η−recurrent,

then µ = ǫλ.

6. φ-RICCI SYMMETRIC η−RICCI SOLITONS IN ǫ− LP−SASAKIAN MANIFOLDS

WITH A QUARTER-SYMMETRIC METRIC CONNECTION

Definition 6.1. An ǫ−LP−Sasakian manifold with a quarter-symmetric metric connection

is said to be φ-Ricci symmetric if the Ricci operator Q̄ satisfies

φ2((∇̄XQ̄)(Y )) = 0 (6.1)

for any X,Y ∈ χ(M).

Let (g, ξ, λ, µ) be an η−Ricci soliton in an n-dimensional ǫ− LP−Sasakian manifold

with a quarter-symmetric metric connection and the manifold M is φ-Ricci symmetric.

Then (6.1) holds, which in view of (2.1) yields

(∇̄XQ̄)Y + η((∇̄XQ̄)Y )ξ = 0. (6.2)

Taking the inner product of (6.2) with Z and using (2.2), we find

g((∇̄XQ̄)Y, Z) + ǫη((∇̄XQ̄)Y )η(Z) = 0

which can be written as

g(∇̄XQ̄Y, Z)− S̄(∇̄XY, Z) + ǫη((∇̄XQ̄)Y )η(Z) = 0. (6.3)

Now putting Y = ξ in (6.3) and using (3.9) and (3.11), we get

(1− ǫ)2(n− 1)g(φX,Z) + (1− ǫ)S̄(φX,Z) + ǫη((∇̄XQ̄)ξ)η(Z) = 0.

Replacing Z by φZ in the last equation and using (2.2), we get

(1− ǫ)(n− 1)g(φX, φZ) + S̄(φX, φZ) = 0, (1− ǫ) 6= 0. (6.4)

By virtue of (3.17), (6.4) takes the form

[λ− (1− ǫ)(n− 1)]g(φX, φZ) + ǫ(X,φZ) = 0. (6.5)

Replacing X by φX in (6.5), we have

[λ− (1− ǫ)(n− 1)]g(X,φZ) + ǫ(φX, φZ) = 0. (6.6)

By adding (6.5) and (6.6), we get

[λ− (1− ǫ)(n− 1) + ǫ](g(X,φZ) + ǫ(φX, φZ)) = 0 (6.7)

from which it follows that λ = (1−ǫ)(n−1)−ǫ. From the relation (3.18), we get µ = −1.

Thus we have the following theorem:

Theorem 6.1. Let (g, ξ, λ, µ) be an η−Ricci soliton in an n-dimensional ǫ−LP−Sasakian

manifold with a quarter-symmetric metric connection and if the manifold is φ-Ricci sym-

metric, then λ = (1− ǫ)(n− 1)− ǫ and µ = −1.
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Now from the relations (2.3), (3.18) and (6.5), we obtain

S̄(X,Z) = −(n− 1)(1− ǫ)g(X,Z). (6.8)

Thus we have

Corollary 6.2. An n-dimensional φ-Ricci symmetric ǫ − LP−Sasakian manifold with a

quarter-symmetric metric connection admitting an η-Ricci soliton (g, ξ, λ, µ) is an Einstein

manifold of the form (6.8).

7. THE η−PARALLEL φ−TENSOR IN ǫ− LP−SASAKIAN MANIFOLDS WITH A

QUARTER-SYMMETRIC METRIC CONNECTION

In this section we study the η−parallel φ−tensor in ǫ − LP−Sasakian manifolds with

a quarter-symmetric metric connection. If the (1, 1)−tensor φ is η−parallel, then we have

g((∇̄Xφ)Y, Z) = 0 (7.1)

for any X,Y, Z ∈ χ(M).
By using (3.10) in (7.1), we have

(1− ǫ)g(g(X,Y )ξ − η(Y )X − 2η(X)η(Y )ξ, Z) = 0.

By using (2.2) in the last equation, we find

(1− ǫ)(ǫg(X,Y )η(Z)− η(Y )g(X,Z)− 2ǫη(X)η(Y )η(Z)) = 0. (7.2)

Putting Z = ξ in (7.2), we get

(1− ǫ)(g(X,Y )− η(X)η(Y )) = 0 (7.3)

from which it follows that either

(i) ǫ = 1(i.e., the vector field ξ is timelike), or (ii) g(X,Y ) = η(X)η(Y ).
Putting X = Q̄X in (ii), we obtain

S̄(X,Y ) = −(1− ǫ)(n− 1)η(X)η(Y ). (7.4)

In view of (3.17), (7.4) takes the form

ǫg(φY,Z) + λg(Y, Z) + [µ− (1− ǫ)(n− 1)]η(Y )η(Z) = 0. (7.5)

Taking Y = Z = ξ in (7.5) and using (2.1) and (2.2), we obtain

λ− ǫµ = (1− ǫ)(n− 1). (7.6)

Thus we have the following theorem:

Theorem 7.1. If in an n-dimensional ǫ−LP−Sasakian manifold with a quarter-symmetric

metric connection the tensor φ is η−parallel, then either the vector field ξ is timelike or

the manifold is a special type of an η−Einstein manifold of the form (7.4) and the scalars

λ and µ are related by λ− ǫµ = (1− ǫ)(n− 1).

If µ=0, then (7.6) reduces to λ = (1− ǫ)(n− 1). In this case we have

Corollary 7.2. If (g, ξ, λ) is a Ricci soliton in an n-dimensional ǫ−LP−Sasakian mani-

fold with a quarter-symmetric metric connection with η−parallel φ−tensor, then the Ricci

soliton on M is expanding according to the vector field ξ being spacelike.

Example. We consider the 3-dimensional manifoldM =
{

(x, y, z) ∈ R3
}

, where (x, y, z)

are the standard coordinates in R3. Let e1, e2 and e3 be the vector fields on M given by

e1 = coshx3
∂

∂x1
+ sinhx3

∂

∂x2
, e2 = sinhx3

∂

∂x1
+ coshx3

∂

∂x2
, e3 =

∂

∂x3
= ξ.
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Let g be the Lorentzian like (semi-Riemannian) metric defined by

g(e1, e1) = g(e2, e2) = 1, g(e3, e3) = −ǫ, g(e1, e2) = g(e1, e3) = g(e2, e3) = 0.

Let η be the 1-form on M defined by η(X) = ǫg(X, e3) = ǫg(X, ξ) for all X ∈ χ(M).
Let φ be the (1, 1) tensor field on M defined by

φe1 = −ǫe2, φe2 = −ǫe1, φe3 = 0.

Using Koszul’s formula for the metric g, we can easily calculate

∇e1e1 = 0, ∇e2e1 = −ǫe3, ∇e3e1 = 0, ∇e1e2 = −ǫe3, ∇e2e2 = 0, (7.7)

∇e3e2 = 0, ∇e1e3 = −e2, ∇e2e3 = −e1, ∇e3e3 = 0.

Also, one can easily verify that

∇Xξ = ǫφX and (∇Xφ)Y = g(X,Y )ξ + ǫη(Y )X + 2ǫη(X)η(Y )ξ.

Thus the manifold M is an ǫ− LP−Sasakian manifold. From (3.3) and (7.7), we obtain

∇̄e1e1 = 0, ∇̄e2e1 = (1− ǫ)e3, ∇̄e3e1 = 0, ∇̄e1e2 = (1− ǫ)e3 (7.8)

∇̄e2e2 = 0, ∇̄e3e2 = 0, ∇̄e1e3 = 0, ∇̄e2e3 = 0, ∇̄e3e3 = 0.

It is known that

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z. (7.9)

By using the above results, we can easily obtain the components of the curvature tensors

as follows:

R(e1, e2)e1 = ǫe2, R(e1, e2)e2 = −ǫe1, R(e1, e2)e3 = 0, (7.10)

R(e2, e3)e1 = 0, R(e2, e3)e2 = −ǫe3, R(e2, e3)e3 = −e2,

R(e1, e3)e1 = −ǫe3, R(e1, e3)e2 = 0, R(e1, e3)e3 = −e1,

and

R̄(e1, e2)e1 = ǫe2, R̄(e1, e2)e2 = 2(1− ǫ)e1, R̄(e1, e2)e3 = 0, (7.11)

R̄(e2, e3)e1 = 0, R̄(e2, e3)e2 = (1− ǫ)e3, R̄(e2, e3)e3 = −(1− ǫ)e2,

R̄(e1, e3)e1 = (1− ǫ)e3, R̄(e1, e3)e2 = 0, R̄(e1, e3)e3 = −(1− ǫ)e1.

From these curvature tensors, we can easily calculate

S(e1, e1) = S(e2, e2) = 0, S(e3, e3) = −2. (7.12)

S̄(e1, e1) = S̄(e2, e2) = (1− ǫ), S̄(e3, e3) = −2(1− ǫ). (7.13)

Now from (3.17) and (7.13), we obtain λ = −(1− ǫ) and µ = 3(1− ǫ). Therefore the data

(g, ξ, λ, µ) for λ = −(1− ǫ) and µ = 3(1− ǫ) defines an η−Ricci soliton on M .
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ROUGH APPROXIMATIONS OF INTERVAL ROUGH FUZZY IDEALS IN

GAMMA-SEMIGROUPS

V. S. SUBHA∗ AND P. DHANALAKSHMI

ABSTRACT. In this paper, we introduce the notions of interval rough fuzzy Γ-ideals, bi-Γ-

ideal, prime-Γ- ideal and prime-bi-Γ-ideal in Γ-semigroup and establish some interesting

properties of these structures.

1. INTRODUCTION

In 1965, the concept of fuzzy sets was introduced by Zadeh[10] and paved the way to

study uncertainty problems. Applications of fuzzy set theory have been found in various

fields. Sen [7] definded the Γ-semigroup in 1986. The notion of rough set was introduced

by Pawlak[4] as a new tool for reasoning about data. Rough set theory is a powerful tool to

deal with imperfect data. The rough set theory is an extension of set theory. The main idea

of rough set corresponds to the concepts of lower and upper approximations of a set. The

lower approximation of a given set is the union of all equivalence classes which are subsets

of the set, and the upper approximation is the union of all equivalence classes which have

a nonempty intersection with the set. Zadeh[9] introduced the notion of interval-valued

fuzzy sets as a generalization of fuzzy sets in 1975, ie., a fuzzy subset with an interval-

valued membership function. Later by combining rough sets and fuzzy sets, the notion of

rough fuzzy sets were introduced by Dubois and Prade [2]in 1990. The notion of interval

valued rough fuzzy sets in semigroups was introduced by Subha et al.[5].

Throughout this paper let us denote S as Γ-semigroup, ∂ as complete congruence rela-

tion and Ω as interval valued fuzzy set.

2. PRELIMINARIES

In this section we list some concepts that are required in the development of our work.

Definition 2.1. Let S be a Γ semigroup and ∂ congruence relation on S. The pair (S, ∂)
is called an approximation space. Let Ω be any nonempty subset of S. The sets

∂l(Ω) = {x ∈ S/[x]∂ ⊆ Ω} and ∂u(Ω) = {x ∈ S/[x]∂ ∩ Ω 6= φ}
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are called the lower and upper approximations of Ω. Then ∂(Ω) = (∂l(Ω), ∂u(Ω)) is

called rough set in (S, ∂).

Definition 2.2. Let Ω be a fuzzy subset of S. The fuzzy subsets of S defined by

∂u(Ω)(x) =
∨

a∈[x]∂

Ω(a) and ∂l(Ω)(x) =
∧

a∈[x]∂

Ω(a)

are called respectively, the upper and lower approximations of the fuzzy set Ω.
∂(Ω) = (∂l(Ω), ∂u(Ω)) is called a rough fuzzy set of Ω with respect to ∂ if

∂l(Ω) 6= ∂u(Ω).

Definition 2.3. Let Ω be an IF subset of S and [λ1, λ2] ∈ D[0, 1], we call (Ω, [λ1, λ2]) =
{x ∈ X : Ω−(x) ≥ λ1,Ω

+(x) ≥ λ2} and

(Ω, (λ1, λ2)) = {x ∈ X : Ω−(x) > λ1,Ω
+(x) > λ2} the [λ1, λ2]− level set of Ω and

(λ1, λ2)− level set of A, respectively.

Let S be the finite and nonempty set called the universe and assume that S is a Γ-

semigroup. Let Ω be an IF subset of S and let ∂ be the complete congruence relation on

S. Let ∂l(Ω) and ∂u(Ω) be the IF subset of S defined by,

∂l(Ω)(x) = [∧Ω−(y); y ∈ [x]∂ ,∧Ω
+(y); y ∈ [x]∂ ]

∂u(Ω)(x) = [∨Ω−(y); y ∈ [x]∂ ,∨Ω
+(y); y ∈ [x]∂ ]

Then ∂(Ω) = (∂l(Ω), ∂u(Ω)) is called an IRF set if ∂l(Ω) 6= ∂u(Ω).

Theorem 2.1. [5] Let ∂ be a congruence relation on S. If Ω is an IF subset of S and

[λ1, λ2] ∈ D[0, 1], then

(i) (∂l(Ω), [λ1, λ2]) = ∂l(Ω, [λ1, λ2])
(ii) (∂u(Ω), (λ1, λ2)) = ∂u(Ω, (λ1, λ2)).

Theorem 2.2. [8] Let ∂ be a complete congruence on S and Ω prime ideal of S. Then the

following statements are true.

(i) If ∂l(Ω) 6= φ, then Ω is a ∂-lower rough prime ideal of S.
(ii) Ω is a ∂-upper rough prime ideal of S.

3. INTERVAL ROUGH FUZZY Γ-IDEALS, INTERVAL ROUGH FUZZY BI-Γ-IDEAL AND

INTERVAL ROUGH FUZZY SUB-Γ-SEMIGROUP (IRFgI , IRFBgI AND IRFSgS)

In this section we introduce the concept of IRF set of S. We also introduce the concept

of IRFgI , IRFSgS and IRFBgI of S. Example of IRFgI is discussed.

An IF subset of S is called an IRFgI of S if it is both upper and lower IRFgI of S.

Theorem 3.1. If Ω is an IFgI of S, then ∂u(Ω) is an IFgI of S.

Proof. Assume that Ω is an IF left gI of S, then for all x, y ∈ S, we have

Ω(xγy) ≥ Ω(y).
∂u(Ω)(xγy) =

∨

pγq∈[xγy]∂

Ω(pγq)

≥
∨

p∈[x]∂γq∈[y]∂

Ω(pγq)

≥
∨

q∈[y]∂

Ω(q)

= ∂u(Ω)(y)
Hence ∂u(Ω) is an IFgI of S. �

Theorem 3.2. If Ω is an IFgI of S, then ∂u(Ω) is an IFgI of S.
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Proof. Similar to 3.1. �

Theorem 3.3. If Ω is an IFgI of S, then ∂u(Ω) is IRFgI of S.

Proof. By applying Theorems 3.1 and 3.2 we get the result. �

Example 3.1. Let S = {e, a, b} be a Γ-semigroup and Γ = {γ} with the following

multiplication table

γ e a b

e e e e

a e a e

b e e b

Let ∂ be a complete congruence relation S and the equivalence classes of S are

{{e} , {a, b}}. Also an IF subset of S are defined by Ω(e) = [1, 1], Ω(a) = [.8, .9] and

Ω(b) = [.7, .8]. Then Ω is an IRFgI of S.

Theorem 3.4. Let Ω be an IF subset of S. Then Ω is an IFgI of S if and only if for all

[λ1, λ2] ∈ D[0, 1] then (Ω, [λ1, λ2])(resp., (Ω, (λ1, λ2)) 6= φ, (Ω, (λ1, λ2))) is a gI of S.

Proof. Let us assume that Ω is an IFgI of S. Assume (Ω, [λ1, λ2]) 6= φ.
Let x ∈ (Ω, [λ1, λ2]), y ∈ S and γ ∈ Γ. Then Ω(x) ≥ [λ1, λ2]. Since Ω is an IFgI
of S then Ω(xγy) ≥ Ω(x) ∧ Ω(y) ≥ [λ1, λ2] implies xγy ∈ (Ω, [λ1, λ2]). Similarly

yγx ∈ (Ω, [λ1, λ2]). Hence (Ω, [λ1, λ2]) is an gI of S.
Conversely, let us take [λ1, λ2] ∈ D[0, 1] if (Ω, [λ1, λ2]) 6= φ, then (Ω, [λ1, λ2]) is an gI
of S. Let x, y ∈ S and γ ∈ Γ. Then we have two cases

Case(I): If Ω(x) ≤ Ω(y) and let [λ1, λ2] = Ω(x). Then x ∈ (Ω, [λ1, λ2]).
By assumption (Ω, [λ1, λ2]) is an gI of S. So xγy ∈ (Ω, [λ1, λ2]). Then

Ω(xγy) ≥ [λ1, λ2] = Ω(x) = Ω(x) ∧ Ω(y).

Case(II): If Ω(x) ≥ Ω(y). Let [λ1, λ2] = Ω(y). Then y ∈ (Ω, [λ1, λ2]).
By assumption we’ve (Ω, [λ1, λ2]) is an gI of S. So xγy ∈ (Ω, [λ1, λ2])

Ω(xγy) ≥ [λ1, λ2] = Ω(y) = Ω(x) ∧ Ω(y).

Hence from Case(I) and Case(II) we have Ω(xγy) ≥ Ω(x)∧Ω(y). Therefore Ω is an IFgI
of S. Similarly we prove for other case. �

Theorem 3.5. Let Ω be an IFgI of S. Then ∂u(Ω) is an IFgI of S.

Proof. Assume that Ω is an IFgI of S. Let x, y ∈ S and γ ∈ Γ then

Ω(xγy) ≥ Ω(x) ∨ Ω(y).
∂u(Ω)(xγy) =

∨

a∈[xγy]∂

Ω(a)

=
∨

a∈[x]∂γ[y]∂

Ω(a)

=
∨

c∈[x]∂d∈[y]∂

Ω(cγd)

≥

(

∨

c∈[x]∂

Ω(c)

)

∧

(

∨

d∈[y]∂

Ω(d)

)

= ∂u(Ω)(x) ∧ ∂u(Ω)(y).
Hence the theorem. �
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An IF subset of S is called an IRF sub-Γ-semigroup of S if it is both upper and lower

IRF sub-Γ-semigroup of S.

Theorem 3.6. If Ω is an IF sub-Γ-semigroup of S, then ∂u(Ω) is an IF sub-Γ-semigroup

of S.

Proof. Assume that Ω is an IF sub-Γ-semigroup of S. Let x, y ∈ S and γ ∈ Γ. Then

Ω(xγy) ≥ Ω(x) ∧ Ω(y)
∂u(Ω)(xγy) =

∨

pγq∈[xγy]∂

Ω(pγq)

≥
∨

p∈[x]∂γq∈[y]∂

(Ω(pγq)

≥
∨

p∈[x]∂γq∈[y]∂

(Ω(p) ∧ Ω(q))

≥ (
∨

p∈[x]∂

Ω(p)) ∧ (
∨

q∈[x]∂

Ω(q))

= ∂u(Ω)(x) ∧ ∂u(Ω)(y)
This proves that ∂u(Ω) is an IF sub-Γ-semigroup of S. Similarly we can prove for lower

approximation. �

Theorem 3.7. If Ω is an IF sub-Γ-semigroup of S, then ∂l(Ω) is an IF sub-Γ-semigroup

of S.

By combining Theorem 3.6 and Theorem 3.7 we get the following theorem.

Theorem 3.8. Let Ω be an IF sub-Γ-semigroup of S. Then Ω is an IRF sub-Γ-semigroup

of S.

Theorem 3.9. Let Ω be an IF subset of S then Ω is an IF sub-Γ-semigroup of S if and

only if (Ω, (λ1, λ2)) is a sub-Γ-semigroup of S for all [λ1, λ2] ∈ D[0, 1].

Proof. Suppose Ω is an IF sub-Γ-semigroup of S. Let x, y ∈ (Ω, (λ1, λ2)) and γ ∈ Γ then

Ω(x) > (λ1, λ2) and Ω(y) > (λ1, λ2) implies Ω(xγy) > (λ1, λ2)

Thus xγy ∈ (Ω, (λ1, λ2)). Hence (Ω, (λ1, λ2)) is a sub-Γ-semigroup of S.
Conversely, suppose that (Ω, (λ1, λ2)) is a sub-Γ-semigroup of S for each

[λ1, λ2] ∈ D[0, 1]. For any x, y ∈ S, and γ ∈ Γ. Let

Ω(x) = [λ1, λ2] and Ω(y) = [λ3, λ4].

Then Ω(x) = (λ1, λ2) > (λ1 ∧ λ3, λ2 ∧ λ4) and Ω(y) = (λ3, λ4) > (λ1 ∧ λ3, λ2 ∧ λ4).
Thus x, y ∈ (Ω, (λ1 ∧ λ3, λ2 ∧ λ4)), since (λ1 ∧ λ3, λ2 ∧ λ4) ∈ D[0, 1]. By hypothesis

xγy ∈ (Ω, (λ1 ∧ λ3, λ2 ∧ λ4)). Hence Ω is an IF sub-Γ-semigroup of S. �

Theorem 3.10. Let Ω be an IF subset of S then Ω is an IF sub-Γ-semigroup of S if and

only if (Ω, [λ1, λ2]) is a sub-Γ-semigroup of S for all [λ1, λ2] ∈ D[0, 1].

Theorem 3.11. If Ω is an IFBgI of S, then ∂u(Ω) is an IFBgI of S.

Proof. Assume that Ω is an IFBgI of S. Then Ω(xβsγy) ≥ Ω(x)∧Ω(y) for all x, y, s ∈ S
and β, γ ∈ Γ.

∂u(Ω)(xβsγy) =
∨

r∈[xβsγy]∂

Ω(r)

=
∨

r∈[x]∂β[s]∂γ[y]∂

Ω(r)
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=
∨

pqt∈[x]∂β[s]∂γ[y]∂

Ω(pβqγt)

≥
∨

p∈[x]∂t∈[y]∂

[(Ω(p) ∧ Ω(t))]

= ∂u(Ω)(x)∧∂u(Ω)(y) (1)

From equation (1) and by Theorem 3.1 we obtain ∂u(Ω) is an IFBgI of S. �

Theorem 3.12. If Ω is an IFBgI of S, then ∂l(Ω) is an IFBgI of S.

Theorem 3.13. Let Ω be an IF subset of S. If Ω is an IFBgI of S, then Ω is an IRFBgI
of S.

Proof. Follows from Theorem 3.11 and 3.12 �

Theorem 3.14. An IF subset of S is an IFBgI of S if and only if (Ω, (λ1, λ2)) is a BgI
of S for all [λ1, λ2] ∈ D[0, 1].

Proof. Suppose that Ω is an IFBgI of S. Let [λ1, λ2] ∈ D[0, 1]. Then Ω is an IF

sub-Γ-semigroup of S. By Theorem 3.9 (Ω, (λ1, λ2)) is a sub-Γ-semigroup of S. Let

t ∈ (Ω, (λ1, λ2))ΓSΓ(Ω, (λ1, λ2)),y ∈ S and α, β ∈ Γ such that t = xαyβz. Since

Ω is an IFBgI , Ω(xαyβz) ≥ Ω(x) ∧ Ω(z) > (λ1, λ2) implies t ∈ (Ω, (λ1, λ2)).
Thus (Ω, (λ1, λ2))ΓSΓ(Ω, (λ1, λ2)) ⊆ (Ω, (λ1, λ2)). Hence (Ω, (λ1, λ2)) is a BgI of S.

Conversely, suppose that (Ω, (λ1, λ2)) is a BgI of S, then (Ω, (λ1, λ2)) is sub-Γ-semigroup

of S. By Theorem 3.9 Ω is an IF sub-Γ-semigroup of S. For any x, z ∈ S and α, β ∈ Γ.

Let Ω(x) = [λ3, λ4] and Ω(z) = [λ5, λ6] then x, z ∈ (Ω, (λ3 ∧ λ5, λ4 ∧ λ6)).
Let y ∈ S then xαyβz ∈ (Ω, (λ3 ∧ λ5, λ4 ∧ λ6)) implies that

Ω(xαyβz) > (λ3 ∧ λ5, λ4 ∧ λ6) = Ω(x) ∧ Ω(z). Hence Ω is an IFBgI of S. �

4. INTERVAL ROUGH FUZZY PRIME-Γ-IDEAL(IRFPgI )

In this section we introduce the concept of IRFPgI of S.

Theorem 4.1. Let Ω be an IF subset of S. Then Ω is an IFPgI of S if and only if for all

[λ1, λ2] ∈ D[0, 1], (Ω, [λ1, λ2]) is a PgI of S.

Proof. Assume that Ω is an IFPgI of S. Then Ω is an IF an gI of S. Assume

(Ω, [λ1, λ2]) 6= φ. By Theorem 3.4 (Ω, [λ1, λ2]) is a gI of S. Let x, y ∈ S and γ ∈ Γ
then xγy ∈ Ω[λ1,λ2]. Since Ω is an IFPgI of S. Ω(xγy) = Ω(x) or Ω(xγy) = Ω(y) and

x ∈ (Ω, [λ1, λ2]) or y ∈ (Ω, [λ1, λ2]) Therefore (Ω, [λ1, λ2]) is a PgI of S.

Conversely, assume that for all [λ1, λ2] ∈ D[0, 1], if (Ω, [λ1, λ2]) 6= φ, then (Ω, [λ1, λ2])
is a PgI of S. Let x, y ∈ S and γ ∈ Γ. By Theorem 3.4 Ω is an IFgI of S. This implies

Ω(xγy) ≥ Ω(y) and Ω(xγy) ≥ Ω(x). Let λ1 = Ω(xγy). Thus xγy ∈ (Ω, [λ1, λ2]).
Since (Ω, [λ1, λ2]) is a PgI of S, x ∈ (Ω, [λ1, λ2]) or y ∈ (Ω, [λ1, λ2]). This implies that

Ω(x) ≥ [λ1, λ2] = Ω(xγy) or Ω(y) ≥ [λ1, λ2] = Ω(xγy). Hence Ω(xγy) = Ω(x) or

Ω(xγy) = Ω(y). Hence Ω is an IFPgI of S. �

Theorem 4.2. Let Ω be an IF subset of S. Then Ω is an IFPgI of S if and only if for all

[λ1, λ2] ∈ D[0, 1], (Ω, (λ1, λ2)) is a PgI of S.

Theorem 4.3. Let Ω be an IFPgI of S. Then Ω is an IRFPgI of S.

Proof. By applying Theorems 3.4, 4.2, 2.1 and 2.2 we get the result. �
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5. INTERVAL ROUGH FUZZY PRIME-BI-Γ-IDEAL (IRFPBgI )

In this section we introduce the notion of IRFPBgI of S also discuss some property

of this ideal.

Theorem 5.1. Let Ω be an IF subset of S. Then Ω is an IFPBgI of S if and only if

(Ω, [λ1, λ2])(resp., (Ω, (λ1, λ2)) 6= φ) is a PBgI of S for every [λ1, λ2] ∈ D[0, 1].

Proof. Suppose that Ω is an IFPBgI of S. Then Ω is an IFBgI of S. Assume that

(Ω, [λ1, λ2]) 6= φ. By Theorem 3.14 (Ω, [λ1, λ2]) is a BgI of S. Let x, y, a ∈ S and γ, β ∈
Γ such that xγaβy ∈ (Ω, [λ1, λ2]). Since Ω ia an IFPBgI of S, we have Ω(xγaβy) =
Ω(x) or Ω(xγaβy) = Ω(x). Thus x ∈ (Ω, [λ1, λ2]) or y ∈ (Ω, [λ1, λ2]). Hence (Ω, [λ1, λ2])
is a PBgI of S.

Conversely, suppose that for all [λ1, λ2] ∈ D[0, 1], if (Ω, [λ1, λ2]) 6= φ, and (Ω, [λ1, λ2])
is a PBgI of S. Let x, a, y ∈ S and γ, β ∈ Γ. By Theorem 3.14 Ω is an IFPBgI of S.
Then, we have Ω(xγaβy) = Ω(x) ∧ Ω(y).
Let [λ1, λ2] = Ω(xγaβy) and xγaβy ∈ (Ω, [λ1, λ2]). Since (Ω, [λ1, λ2]) is a PBgI of S,
we have x ∈ (Ω, [λ1, λ2]) or y ∈ (Ω, [λ1, λ2]) which implies

Ω(x) ≥ [λ1, λ2] = Ω(xγaβy) or Ω(x) ≥ [λ1, λ2] = Ω(xγaβy).
Hence Ω is an IFPBgI of S. �

A nonempty set IF set Ω is called an IRFPBgI of S if it is both lower and upper

IRFPBgI of S.

Theorem 5.2. Let Ω be an IFPBgI of S. Then Ω is an IRFPBgI of S.

Theorem 5.3. Let Ω be an IFPBgI of S. Then Ω is a ∂-lower IRFPBgI of S if and

only if for all [λ1, λ2] ∈ D[0, 1] ∂(Ω, [λ1, λ2]) 6= φ, and (Ω, [λ1, λ2]) is a ∂-lower rough

PBgI of S.

Proof. Suppose that Ω is a ∂-lower IRFPBgI of S. ∂(Ω) is a IFPBgI of S. By Theorem

5.1 (∂(Ω), [λ1, λ2]) is a PBgI of S. By Theorem 2.1 ∂(Ω, [λ1, λ2])=(∂(Ω), [λ1, λ2]) and

this implies ∂(Ω, [λ1, λ2]) is a PBgI of S. Hence (Ω, [λ1, λ2]) is a ∂-lower rough PBgI
of S. Similarly, we can obtain the converse part. �

Theorem 5.4. Let Ω be an IFPBgI of S. Then Ω is a ∂-upper IRFPBgI of S if and

only if for all

[λ1, λ2] ∈ D[0, 1] (Ω, (λ1, λ2)) 6= φ, and (Ω, (λ1, λ2)) is a ∂-upper rough PBgI of S.

Proof. The proof is similar to Theorem 5.3 and follows from Theorem 2.1 we can obtain

the proof easily. �

6. CONCLUSION

Fuzzy set theory and rough set theory take into account two distinct aspects of uncer-

tainty that can be experienced in real world problems in many fields. The fusion of fuzzy

set and rough set lead to various models. This paper is deliberated to built up a relation

between rough sets, fuzzy sets and interval-valued fuzzy sets. In the present paper, we use

Γ-semigroup instead of universe set, and introduced the notion of interval-valued rough

fuzzy ideals, interval-valued fuzzy bi-ideals and interval-valued fuzzy prime ideals. Also,

we believe, this paper will turn out to be more useful in the theory of rough sets and fuzzy

sets.
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