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THE THIRD ISOMORPHISM THEOREM
FOR (CO-ORDERED) I'-SEMIGROUPS WITH APARTNESS

DANIEL A. ROMANO

ABSTRACT. The notion of I'-semigroups has been introduced by M. K. Sen and N. K.
Saha. The concept of (co-ordered) I"-semigroups with apartness in Bishop’s constructive
algebra was introduced by this author. Many classical notions and processes of semigroups
and I'-semigroups have been extended to (co-ordered) I"-semigroups with apartness such
as ideals, filters and the first theorem of isomorphism of this class of algebraic structures.
In this paper, as a continuation of earlier research, the author designs a form of the third iso-
morphism theorems for I'-semigroups and co-ordered I'-semigroups with apartness which
does not have its counterpart in the classical I'-semigroup theory.

1. INTRODUCTION

The principle-logical framework of this article is Bishop constructive mathematics ([1,
2, 8]) which implies intuitionistic logic ([16]).

Within this framework the author is interested in I'-semigroups with apartness as a con-
tinuation of his research [9, 11, 12, 13]. The concept of the I"-semigroup with apartness was
introduced in the article [9]. Semilattice congruences in I'-semigroup with apartness were
the focus of the paper [11] while the article [12] analyzes some substructures of co-ordered
I"-semigroup with apartnss such as co-filters. In article [13], two forms of the first theorem
on isomorphism between (co-ordered) I'-semigroups with apartness are considered.

In this report, as a continuation of previous research, the author presents a form of the
third theorem on isomorphism between (co-ordered) I'-semigroups with apartness which
does not have its counterpart in the classical I'-semigroup theory: Theorem 3.2 for I'-
semigroup with apartness and Theorem 3.4 for co-ordered I'-semigroup with apartness.

The concept of co-congruences on I'-semigroup with apartness was introduced and an-
alyzed in the author’s article [9]. The presence of a I' -cocongruence ¢ on a (co-ordered)
I'-semigroup with apartness (S, =, #, w) it allows the construction of a (co-ordered) T
- semigroup with apartness [S : ¢] = {zq : € S}. This type of (co-ordered) I'-
semigroups has no counterpart in the classical theory of I'-semigroups. Let ¢; and g2 be
co-congruences on a ['-semigroup with apartness S such that g C ¢;. Theorem 3.2
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shows the relationship between I'-semigroups [S : ¢1] and [S : g2]. Theorem 3.4 describes
an analogous relationship between I'-semigroups [S : ¢1] and [S : ¢o] if ['-semigroup with
apartness S is ordered with respect to two co-orders relations.

2. PRELIMINARIES

The concept of I'-semigroup was developed in the papers [14, 15]. Articles [3, 4] study
isomorphisms on (ordered) I'-semigroups.

2.1. I'-semigroup with apartness. To explain the notions and notations used in this ar-
ticle, which but not previously described, we instruct the reader to look at the articles
[3, 4, 6, 7, 14, 15]. Here we will introduce some specific notions and substructures of
this semigroups that appear only in the Bish version by reference to the author’s reports
[9, 10, 11, 12, 13].

Definition 2.1. ([9], Definition 2.1) Let (S, =g, #s) and (I', =r, #r) be two non-empty
sets with apartness. Then S is called a I'-semigroup with apartness if there exist a strongly
extensional total mapping

wg: SxI'xS3(x,a,y) — ws(z,a,y) :=zay € S
satisfying the condition
(Vz,y,z € S)(Va,b € T')((zay)bz =5 za(ybz)).

We recognize immediately that the following implication
(Vz,y,u,v € S)(Va,b € I')(zay #5 ubv = (x#su V aF#r bV y #sv))
is valid, because wg is a strongly extensional function.

Example 2.2. Let N be a semiring of natural numbers, R be the filed of real number, where
the apartness is determined as follows

(Vo € R)w £y <= (3 € N)(J— 4] > 1),

S :=1[0,1] € RandT :={+ :n € N}. Then S is a commutative I'-semigroup under the
usual multiplication.

Example 2.3. Let S be the set My 3(IR) of all 2 x 3 matrices over the set of real numbers
R and T" be the set M3x2(R) of all 3 x 2 matrices over R. Apartness *#’ is defined in
M 3(R) in the standard way

(VA,B € ngg(R))(A 7é B «<— (H(Z,j) € {1,2} X {1,2,3})(aij # b”))

The apartness relation in Msx2(R) is defined analogously. Define A«B = usual matrix
product of A, o, B for all A;B € S and for all & € I'. Then S is a I"-semigroup with
apartness. Note that .S is not a semigroup.

Definition 2.4. ([9], Definition 2.2) Let S be a I'-semigroup with apartness. A subset 7" of
S is said to be a I'-cosubsemigroup of S if the following holds
(Vz,ye Y Vael)(zay e T = (€T VyeT)).

We will assume that the empty set () is a I'-cosubsemigroup of a I’-semigroup S by defini-
tion.
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2.2. Co-ordered I'-semigroup with apartness. The relation « is said to be a co-order on
the set (X, =x, #x ) with apartness if it is consistent & C #x, co-transitive &« C « * a,
ie.
(Vz,y,2 € X)((z,2) e« = ((z,y) € V (y,2) € a))

and linear in the following sense: #x C o U a~ L. ais said to be a co-quasiorder on X if
it is a consistent and co-transitive relation on X.

In order to avoid misunderstanding the notations used, we remind yourself that equality
and apartness are determined on the product S x T in the following way

(Vz,y € S)(VYu,v € T)((z,u) = (y,v) <= (x =5y A u=r0))
and

(Vz,y € S)(Vu,v € T)((z,u) # (y,v) < (x #sy V uFrv)).
A brief recapitulation of a number of algebraic structures ordered by co-quasiorder relation
is presented in the review paper [10].

In the following definition we introduce the concept of co-order relations in I'-semigroup
with apartnesst.

Definition 2.5. ([11], Definition 3.1) Let S be a I'-semigroup with apartness. A co-order
relation £ s on S is compatible with the semigroup operations in S if the following holds

(Vz,y,z € S)(Va € T')((zaz £s yaz V zax s zay) = x %5 Y).

In this case it is said that S is an ordered I'-semigroup under co-order £ s or it is co-ordered
I"-semigroup.

If we speak the language of classical algebra, then the relation £ is compatible with
the operation wg in S if this operation is cancellative with respect to the co-order.

Example 2.6. Let M = {a,b,c}, whereisita # b, b # canda # ¢, and I' = {~}
with the internal operation wj; defined as in [5], Example 1.11. Then M is a commutative
I'-semigroup. Define a relation £ on M as follows %:= {(b,a), (b, ¢), (¢, a), (¢,b)}. Then
M is a co-ordered set. It can be verified that M is a ordered I'-semigroup under the co-
order relation .

Example 2.7. Let N be additive semigroup of natural numbers. If we put S := (N, =
,#,+, %), T' := {5}, where an apartness # is determined by z # y <= -(z = y),
and w(z,5,y) = x+5+y € N, then S is ordered I'-semigroup under the co-order %
determined by z £ y <= —(z < y).

Example 2.8. Let S be a set of all reverse isotone se-mapping from an ordered set (P, =
, #) under a co-order £ p into another ordered set (Q, =, #) under the co-order £, and let
I" be set of all reverse isotone se-mapping from () to P. In both cases, apartness is defined
as follows f # g <= (3z)(f(x) # g(x)). For f,g € Sanda € T put fag=goao f,
where ’ o / be mark for standard composition between relations. Then S is a I'-semigroup.
A co-order ’ & ' relation on S can defined by f £ g <= (Jz € P)(f(z) £q g(x)).
Then S is a co-ordered I"-semigroup.

2.3. T'-cocongruences. The notion of the co-equality relation in sets with apartness intro-
duced and analyzed by this author (see, for example, [10]). The relation q is a co-equality
on a set (S,=g,#g) if it is a consistent, symmetric and co-transitive relation on S. A
co-congruence on some algebraic structure ((S,=g,#gs), ) is a coequality relation on S
which is compatible in one very specific sense with the internal operation in S. A reader
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can look at these specific features in the author review article [10]. A co-equality relation
q on a semigroup with apartness S is a co-congruence in S if the following holds
(Va, y,u,v € S)((zu,yv) € ¢ = ((x,y) €q V (u,v)).
The concept of I"-cocongruence on I'-semigroups with apartness was introduced in [9]
by the following definition

Definition 2.9. ([9], Definition 2.6) Let .S be a I'-semigroup with apartness. A co-equality
relation ¢ C S x S'iscalled a I - cocongruence on S if the following holds
(zau,ybv) € ¢ = ((z,y) €q V a#r bV (u,v) € q)
for any x,y,u,v € Sand all a,b € T.
Let g be a co-congruence on I'-semigroup with apartness S. This tool it allows the
construction of the congruence relation ¢< on .S compatible with ¢. The pair (¢<,q) it
allows to design I'-semigroup with apartness S/(¢<, ¢). In addition to this structure, the

relation g it allows the design of I'-semigroup with apartness [S : ¢] := {zq : © € S}
which has no counterpart in the classical I'-semigroup theory.

In this paper, the focus is on this structure and in what follows, some of the properties
of this last algebraic structure are analyzed.

2.4. Homomorphism between I'-semigroups. In this subsection, the determination of
the concept of ['-homomorphism between I'-semigroups with apartness is taken from arti-
cle [9].

Definition 2.10. ([9], Definition 2.7) Let (S, =g, #¢) is a I'-semigroup and (T, =7, #r) a
A - semigroups with apartness. A pair (h, @) of strongly extensional functions h : S — T'
and ¢ : I' — A is called a se-homomorphism from I'-semigroup S to A-semigroup 7T if
the following holds

(Va,y € S)(Va € T)((h, ) (zay) =1 h(z)p(a)h(y)).
The following can be verified without difficulty.

Lemma 2.1. Let (h, ) be a se-homomorphism from T-semigroup with apartness S to a
A-semigroup with apartness R. Then holds

(h7(,0) cCws =wro (ha(p7h)
where (h, @, h) is understood as follows:

(Va,y € S)(Va € T)((h, ¢, h)(z, a,y) := (h(z), p(a), h(y)))-

Of course, the specificity of this determination is in the requirement that the functions
h:S — Tand ¢ : ' — A must be strongly extensional functions. It is easily verified
that (h, ) is a correctly determined strongly extensive function.

Also, it is easy to see that:

Proposition 2.2. Let (h, ) : S — T be a se-homomorphism. Then the relation
q := Coker(h, ) := {(z,y) : (h,0)(x) #r (h,©)(y)}

is a I'-cocongruence on S.

3. THE MAIN RESULTS

In this section, which is the central part of this paper, we are talking about "the Third
theorem on isomorphism between I'-semigroups with apartness’ and ’the Third theorem
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on isomorphism between ordered I'-semigroup with apartness under a co-order. The speci-
ficity of this presentation is that the forms of this theorem that do not have their counterparts
in the classical I'-semigroup theory.

3.1. The case of I'-semigroup with apartness. Let ¢; and g2 be co-congruences on a
I-semigroup with apartness (S, =g, #gs,wg) such that ¢o C ¢;. We can construct I'-
semigroups with apartness ([.S : ql] =1, 71, W[s:q,]) and ([S : 2], =2, #2, W[g.q,])- In the
following theorem we will give a construction of relation [g2 : ¢1] on [S : Q1] by relations
q1 and gs.

Theorem 3.1. Let g1 and q2 be co-congruences on a I'-semigroup with apartness S such
that go C q1. Then the relation [q2 : q1] C [S : q1] X [S : ¢1], defined by

(Vzqi,yq €[S 1)) (g1, yq1) € a2 : 1] = (x,9) € q2),

is a co-congruence on [S : q1].

Proof. We will first show that [g2 : 1] is a co-equality relation on [S : ¢;]. Letz,y,z € S
be elements such that (xq1, 2¢1) € [g2 : ¢1]- Then
() (zq1,2q1) € [g2 1 1] == (2,2) € @2
= ((z,y) €q2 V (y,2) € ¢2)
= ((zq1,yq1) € lg2: 1] V (ya1,2q1) € [g2 : @1]).
= (7,9) € @2
= (y,7) € @2
= (yq1,zq1) € [q2 : q1].
(iii) (zq1,yq1) € [g2: 1] = (z,y) €2 Cqu
<~ I 751 Yqq -

Second, let us check that [¢2 : g1] is a co-congruence on [S : ¢1]. Take z,y,u,v € S

and a, b € T such that ((zq1)a(yq1), (ug1)b(vq1)) € [g2 : ¢1]. Then

((xay)qy, (ubv)q1) € g2 : 1] <= (xay,ubv) € qq
= (r,u) €@ Cqa Va#rbV (y,v) € Cq
= xq1 1 yq1 V a #r bV yq #1 vq. O

(i) (zq1,yq1) € [g2 : 1]

We can ([13], Theorem 3.3) design I'-semigroup
[Sia1] : [o2 : aa]] == A{(zqu)la2 - o] s 2qn € [S: ]}

with

(Vz,y € S)((zq1)la2 : 1] =3 (ya1)[e2 : 1] <= (2q1,yq1) < g2+ @1])
and

(Va,y € S)((zq)lez : 1] #3 (yau)la2 - 1] <= (zq1,yq1) € a2 = au)),
where the internal operation
W3 1= W[[S:q1]:[g2:q1]] ([Sia1 : (g2 : )] xTx[[S:qn] s g2 : qu]] — [[S: 1] : [g2 ¢ ]
is determined as follows

ws((zq1)laz « 1, a, (yar) (g2 = @1]) == ((way)qr)laz = au].
Also, according to Theorem 3.3 in [13], there are unique se-epimorphisms
1 S — [Siql],ﬁg S — [ng] and1921 : [Sql] — [[Sqﬂ : [qg : (Z1H
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In order to be able to design the third isomorphism theorem for this class of y-semigroups
with apartness we need the following lemma

One form of the third isomorphism theorem between I'-semigroups with apartness that
does not have its counterpart in the classical theory of I'-semigroups can now be designed.

Theorem 3.2. Let q; and qy be co-congruences on a I'-semigroup with apartness S
such that qo C q1. Then there is a unique injective, embedding and surjective se-
homomorphism 3 : [S : 1] : [q2 : q1]] — [S : 2] such that 93 = 0 a1 0 9.
Proof. Define 8 : [[S:q1] : [g2: q1]] — [S : q2] by
(Vzlgo s 1] €[S au] + (@2 : au]]) (B((zq1) g2 = @1]) = 2g2).
(a) First, let’s show that 3 is well-defined se-mapping.

Let ,y,u,v € S be such that (zq1)[g2 : 1] =3 (yq1)[g2 : ¢1] and (ug1,vq1) € [g2 :
¢1]- Then (zq1,yq1) < [g2 : ¢1] and (u, v) € go. Thus

(uqi,vq1) € g2 : 1] =
(ugr,zqr) € la2 : @] V (2q1,yq1) € [a2 2 @] V (yq1,vq1) € [g2 © q1]
= (0, %) €2 V (¥,v) € @2
= u#gx V yFsv
= (,y) # (u,v) € 2.
This means (z,y) <0 g2. Thus
B((zq1)le2 : q1]) = g2 =2 yq2 == B((yq1)[q2 : q1])-
On the other hand, if
B((zq1)laz + ¢1]) #2 B((yar)laz = a1l),
we have xqa #2 yqa. Then (x,y) € ¢o. Thus (xq1,yq1) € [g2 : ¢1]. So,
(zq1)lg2 = @1 #3 (yar)laz = a1l

(b) Second, it should be shown that 3 is an injective mapping. Let z,y,u,v € S be
such that

B((zq1)lg2 : a1]) =2 B((ya1)[q2 : q1])

and (uq1,vq1) € [g2 : ¢1]. This means g2 =2 yg2 and (u,v) € go. Then (z,y) < ¢a.
Further on, from (u, v) € g2 we have

(wv) €@ = (x) €@ Cqa V (@y) €V (yv)€e Ca
= uq1 #12q1 V Y@ # vqr
= (zq1,yq1) # (uqi,vq1) € g2 : q1].
This means (zq1,yq1) < [¢2 : ¢1]. Hence
(za)la2 : 1] =3 (yar)[g2 = @]
(c) Let us prove that 3 is an embedding. Let 2,y € S be elements such that (2q;)[g2 :

q1] #3 (ya1)[q2 : q1]. Then (2q1,yq1) € [g2 : q1]- So, (x,y) € g2. Hence xq2 #2 yqo.
This means S((xq1)[qg2 : 1]) #2 B((yq1)[q=2 : ¢1])-

(d) Since it is obvious that 3 is surjective, it remains to show that (3, ) is a homomor-
phism of I'-semigroups. For z,y € S and a € I', we have

(B,1)(((zq1)[g2 : ¢1]) a ((ya1)[g2 : @1])) =2
(B,9)(ws((zq)[a2 - ¢1], a, (yar)laz = @1])) =2 (B, ) (((zay)q1)[gz : q1])
=2 (zay)q2 =2 w2(2q2, a, yq2) =2 wa(B((zq1)le2 : ¢1]), a, B((yq1)le2 : ¢1]))
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=2 (B((zq1)lg2 - 1))a(B((yar)laz : ¢1])-
(e) Finally, we show that the required equality is valid. For arbitrary x € S we have
V2(z) := g2 =2 B((za1)lg2 : ¢1])

=2 B(V21(xq1)) =2 B(¥21(V1(x)))

=2 (ﬂo’ﬁm 0191)(33). U
3.2. The case of co-ordered I'-semigroup with apartness. Let us consider ordered I'-
semigroup with apartness (S, =g, #s, £s) under a co-order £g and let o and 7 be co-
quasiorder relation on S such that o C 7 C g and suppose that o and 7 satisfy the
condition of Definition 2.5:

(Vz,y,z € S)(Va € T))(((zaz,yaz) € 0 V (zaz,zay) € 0) = (z,y) € 0),

(Vz,y,z € S)(Va € T))(((zaz,yaz) € T V (zax, zay) € T) = (x,y) € 7).

It is known that co-congruences ¢, = c Uo ' and ¢, = 7 U7 ! on S such that ¢, C ¢,
can be designed. Further, by Theorem 4.3 in [13], this allows us to construct I'-semigroups
with apartness ([S : ¢o), =, #o,Wo) and ([S : ¢r], =+, #r,w,) which are ordered by
co-order relations £, and £, respectfully as follows

(Va,y € S)(2qr 40 yqo <= (z,y) € 0)
and

(Vo,y € S)(2qr £- ygr <= (z,y) € 7).

Let us define the relation [0 : 7] on co-ordered I'-semigroup with apartness [S : 7] as
follows
(Ve,y € S)(2¢r,yqr) € [0: 7] <= (x,y) € 0).

Theorem 3.3. Let 0 and T be co-quasiorder on a co-ordered I'-semigroup with apartness
(S,=s,#s, £s) with the internal operation wg : S x I' x S — S suchthatoc C 7 C
£s. Then [0 : 7] is a co-quasiorder relation on S : q;| compatible with the internal
operation W
Proof. Ler z,y, z € S be arbitrary elements. Then:
(2qr,yq-) Elo: 7] = (z,y) €0 C 7 C ¢r

= ¢ Fr Yir
(xqr,2q;) €0 : 7] < (v,2) €0

= (z,y) €0V (y,2) €0

= (2¢r,yqr) € lo: 7] V (ygr, 2¢5) € [0 : 7],

Let us show that this relation is compatible with the internal operation w, in [S : g].

For z,y, z € S we have

((xaz)qr, (yaz)gr) € [0 : 7] <= (xaz,yaz) € o
= (z,y) €0
<— (2qr,yq;) € [0 : 7]
The second implication can be proved in an analogous way. (]
For ease of writing, let’s put
q = (o7 =[0:T]U]0: )7t
Without major difficulties it can be verified that q is a co-congruence on the co-ordered
I'-semigroup with apartness ([S, ¢;], =, #,, £,) compatible with its internal operation
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w,. According to the previous theorem, Theorem 3.3, I'-semigroup with apartness

([[S = gr] : q], =3, #s3, ﬁ?nws)

can be designed, where is
(V,y € S)(2q:)q =3 (y4-)q <= (2¢r,yq:) < q),

)((gr)
(Va,y € S)((zqr)q #3 (yar)g <= (2¢r,y47) € Q).
The internal operation ws in [[S; ¢,] : ¢] is determined as follows
(

w3((2q7)q, a (yqr)q) == (2¢-)q - a - (yg-)q = ((xay)q-)q

for any (zq;)q, (yg-)q € [[S: ¢r] : ¢l and a € T
The co-order relation 43 in [[S : ¢,] : ¢| is determined as follows

(Va,y € S)((z¢r)q A3 (yar)a <= (2¢r,yq-) € [0 : 7]).
We can now design and prove the following theorem which we recognize as ’The third
isomorphism theorem between co-ordered I'-semigroups with apartness’. Of course, this
form of this theorem does not have its counterpart in the classical I'-semigroup theory.

Theorem 3.4. Let o and T be co-quasiorder relations on co-ordered I'-semigro- up with
apartess (S, =g, #s, %s,ws) such that o C 7 C %g. Then there is a unique injective,
embedding and surjective se-homomorphism

v [[S5a:] 2 ) — [S50]

Proof. Let us define v by

(V(za-)g € [[S = ¢-]  a))(7((2gr)q) := 2go).

First, let us show that ~ is a well-defined mapping. Assume z,y,u,v € S are such
that (zq;)q =3 (yq-)q and (u,v) € g,. then (xq,,yq,) < ¢q. On the other hand, from
(u,v) € ¢o we get (u,x) € ¢» V (2,y) € ¢ V (y,v) € g,. If we assume that (z,y) € ¢,
is valid, then we would have the following (z,y) € o or (y,z) € o. It would follow from
here

(z,y) €0 V (y,2) €0 = (2¢r,yqr) €[0:7] S q V (yagr,zq) €lo: 7] C g
which would contradict the hypothesis (zg¢.,yqg,) < ¢. So, it has to be (u,x) € g, or
(y,v) € ¢o. Thus z #g u ory #g v. Therefore, (z,y) # (u,v) € ¢,. This means
(z,y) < ¢o. Hence

Y((2¢:)9) = 245 =0 Y40 = 7((ya-)q)-

Second, let us show that ~y is a se-mapping. Let x,y € S be such that

2qo = 7((2¢r)q) #3 7((yar)q) = Yo
Then (z,y) € ¢, = 0 Uo L. Thus ((zq,,yq,) € [0 : T]U [0 : 7|71 = q. Hence

(zqr)q #3 (Ya-)q.

Let z,y,u,v € S be such that zq, =, yq, and (ug,,vq;) € q. Then (z,y) < g, =
oUo~ 1 and (uq,,vq,) € q. Thus (ug,,2q,) € qor (¢-,yq.) € qor (Yqr, Vqtau) € q.
The option (zq,,yq,) € q gives (z,y) € o U o1 which is in contradiction with the
hypothesis. So, it has to be (uq,,xq,) € q or (yg-,vq,) € q. Thus xq; #; uq, or

yqr #r vq.. Hence (xqr,yq.) # (ugr,vq:) € g. This means (zq,,yq,) < g, i.e.
(zq-)q =3 (yq-)q. This shows that ~ is an injective mapping.
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It remains to show that  is an embedding. Let x,y € S be such that (zq;)q #3 (yg-)q.
Then (zq-,yq.) € ¢ = [o : 7]U[o : 7]~} Thus (z,y) € c Uo~ ! = ¢,. Hence

Tqo #o Yqo-
Finally, it is obvious that + is a surjective mapping. (]

4. FINAL COMMENTS

"Why could this selected material be of interest to the mathematical public?” — It’s
a very pertinent question that someone can ask. A significant number of members of this
community do not fully understand some of the claims made in this and similar papers, and
often the concepts and claims in them are thought of as something that should not deserve
the attention of that community. The following could serve as a kind of justification:

Within the chosen principled-logical environment, the notions and processes with them
treated in this and similar articles are logically possible.

New techniques have been designed and they have proven successful for processing
settings in such a chosen work environment.

This enriches mathematics, our understanding of structures in algebra, but also opens
new perspectives in the perception of observed algebraic structures.

Last but not least, this report presents the algebraic concepts I'-semigroups with apart-
ness and processes with them such as se-isomorphisms between them, which readers can-
not encounter in the classical algebra.

In research what follows, the author will try to complete the research on I'-semigroups
with apartness by establishing of dual of (ordered) ideals and their properties in such alge-
braic structures.
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FUZZY STABILITY RESULTS DERIVING FROM QUADRATIC FUNCTIONAL
EQUATION
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ABSTRACT. We establish the generalized Hyers-Ulam stability of the 4 variable quadratic
functional equation
¢(2’U1 +ovgtvstug) =¢(v1 vz tovs)+ ¢ (v1 L2 :tv3)+¢(v1 + vo +v4)
+¢ (£v1) — ¢ (Fv2) — ¢ (fv3) — ¢ (va)

in Fuzzy Normed Spaces using two different methods.

1. INTRODUCTION AND PRELIMINARIES

Stability of some functional equations within the framework of fuzzy normed spaces
or random normed spaces has been investigated. While is it true that a function which
about fulfills a functional equation, Hyers theorem become generalized via Aoki for ad-
ditive mappings and through Rassias for linear mappings with the aid of thinking about
an unbounded Cauchy difference. Eventually, the stability problems for several sorts of
functional equations in numerous spaces were appreciably studied by using many authors
[1,3,4,6,8,9,10, 11, 13, 15, 16, 17, 18].

The well-known functional equation inside the field of stability of functional equation
is the quadratic functional equation

fet+y) + fl@—y) =2f(z) +2f(y). (1.1
The function f(x) = 22 is the solution of the functional equation (1.1).

A generalization of the Rassias theorem turned into acquired by means of Gavruta
through changing the unbounded difference via a wellknown control function the purpose
of this paper is to have a look at the opportunity of changing the most powerful norm
within the essential theorem, with an arbitrary continuous norm, so that it will attain a sta-
bility end result for fuzzy normed spaces over discipline with valuation Rassias changed
into the primary to show that there exists a completely unique linear mapping fulfilling
all through the actually field. Numerous outcomes for the Hyers-Ulam-Rassias stability of
many functional equations had been proved via numerous researchers [2, 5, 7, 12, 14, 19].
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In this current work, authors establish the Hyers-Ulam stability results of the 4 variable
functional equation

¢(2U1 ﬁ:Ug:l:U3:|:U4) :¢(U1iv3iv4)—|—¢(vliv2 :|:113)+¢(1]1 :|:’U2:|:1]4)
+¢ (£v1) — ¢ (£v2) — ¢ (£v3) — ¢ (Lva) (1.2)

in Fuzzy normed spaces using direct and fixed point methods.

Definition 1.1. Let M be a real linear space. A function H : M x R — [0, 1] is said to be
fuzzy norm on M if for all v,w € M and a,b € R.

(N1) H@w,a)=0 for a<0;

(N3) v=0 iff H(v,a)=1foralla > 0;

(N3) H(av,b) :H(v,%) if a#0;

(Ny) H@w+w,a+b)>min{H(v,a), Hw,b)};

(N5) H(v,-) is anon-decreasing function on R and lim,_,~, H(v,a) = 1.
(Ng) Forwv # 0, H(v,-)is continuous on R.

The pair (M, H) is called a fuzzy normed linear space.

Theorem 1.1. [The Alternative of fixed point] Suppose that for a complete generalized
metric space (M, d) and a strictly contractive mapping T : M — N with Lipschitz con-
stant L. Then, for each given element v € M either
(BI) (T"v, T" ) = +oco0, Vn >0, or
(B2) there exists natural number ng such that:
i) d(T", T""v) < oo Vn > ng;

ii) The sequence (T"v) is convergent to a fixed point w* of T

iii) w* is the unique fixed point of T in the set N = {w € M;d(T™v,w) < o0},

iv) d(w*, w) < Ard(w, Tw)Vw € L.

Throughout the upcoming sections, we consider M, (Z, H') and (N, H) are Linear
space, Fuzzy normed space and Fuzzy Banach space respectively. For the notational con-
venient, we define ¢ : M — N by

D¢(U1,Uz,v3,1}4) = ¢(2U1 i’UQ iU3 i’U4) — (b(vl i?]3 i’U4) — ¢(1}1 i’UQ ivg) — (15(1}1 iUQ i’U4)
—¢ (£v1) + ¢ (Fv2) + ¢ (£v3) + ¢ (£v4)

for all vy, v, v3,v4 € M.

2. STABILITY RESULTS FOR (1.2): DIRECT METHOD

Theorem 2.1. Let p € {—1,1} be fixed and let Y : M* — Z be a mapping such that for
some ¢ > 0 and (;—;)w <1

H (T (5%v,5%v,5%v,5%v) , 1) > H Y (v,v,v,v),7) YoeM,7>0 (2.1)
and

llm Hl (T(54PPU17 5‘PPU27 5‘PP’U3, 5<va4)7 52Lpp7_) = 1
p—o0

for all vy,va,v3,v4 € M and all 7 > 0. Suppose an even mapping ¢ : M — N satisfies
the inequality

H(D¢(U1,UQ,’[}3,'U4),T) Z H, (T(Ul,UQ,Ug,’U4),T) (22)
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forall T > 0 and all v1,vs,v3,v4 € M. Then the limit

Qo(v) = H — Tim 2070)

p—oo  H2¥P

exists for all v € M and the mapping Q2 : M — N is a unique quadratic mapping such
that

H ($(v) = Qa(v),7) 2 H (Y(v,v,0,v),7 | 5> =< ) (2.3)
forallv € M and all T > 0.

Proof. Consider ¢ = 1. Replacing (v, v2,v3,v4) by (v,v,v,v) in (2.2), we get

H (¢(5v) — 25¢(v),7) > H (Y(v,v,0,v),7) Vv € M,r>0. (2.4)
From that (2.4)
¢(5v) T ,
H( =5~ —0(t). 55 ) 2 H (T(v,0,0,0),7) YoeM,7>0.  (25)

Interchanging v by 5Pv in (2.5), we obtain

p+1 ,
H (M — ¢(5%v), 52) > H (Y(5Pv,5%v,5Pv,5Pv), 1) Vv e M, >0.

52
(2.6)
Using (2.1), (N3) in (2.6) we get

+1
H <¢(5pv) — ¢(5"v), ;) >H (T(v,v,v,v), ;) Yoe M, 7>0. (2.7)

52
It is easy to show that from (2.7), we have
o5 ) p(5Pv) T , .
H ( 52(1’7"1‘1) a 52p ’ 52(p+1) 2 H T(Uv v, v, U)7 §7p (28)

holds for all v € M, 7 > 0. Switching 7 through ¢P7 in (2.8), we have

P57+ 1v)  ¢(5Pv) <P '
(52(p+1) T Tem 5D >H (T(v,v,v,v),7) YveM7t>0. (29)

It is easy to show that

(57 g5 t) g5
(52:) —¢(v) = i 5(2(l+11))) - (521v)

for all v € M. From (2.9) and (2.10), we have
p—1 1 I+1 l l
H <¢(5p”) — ),y TC) > min{H (¢<5 v) _¢v) 7S ) 1=0,1,2,3}

52p 52(i+1) 52(+1) 520’ 52(1+1)
1=0

(2.10)

ZH,(T(’U,’U,’U,’U),T) Yve M, 7> 0. (2.11)
Interchanging v by 5%v in (2.11) and utilizing (2.1), (N3), we reach
—1

p
H <¢<5”+qv> o) S~ e ) > H' (Y(5%,5%,5%,5%),7)

52(p+q) 529 l—o 52(1+1)
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2 H, (T(U,’U/U,’U), glq)

and so
+q—-1 1
o(57* 1) ¢(5%) S~ 7S /
2G5 lz: F205D) >H (Y(v,v,v,v),7) YveM,7>0.
=q
(2.12)
and all p, ¢ > 0. Replacing 7 by ————— in (2.12), we get

Zp+q 1 <t
52(1+1)

H (¢(5P+qv) . ¢(5q'U)’T> 2 Hl <T(’U,’U7’U,’U), Z:T> Yo € M,T > 0.

T 1 _J
wor s T
(2.13)
andall p,g > 0. As0 < ¢ < 5%and > }_, (5%)l < 00, the Cauchy criterion for conver-
gence and (N5) implies that {¢(552ppv) } is a Cauchy sequence in (N, H). Since (N, H) is a
¢ (5Pv)

527

fuzzy Banach space, this {
Qs : M — N by

} converges to some point Q2(v) € N. So one can define

Q2(v) := H — lim $(570)

p—oo  H2P

for all v € M. Since ¢ is even. Letting p = 0 in (2.13), we obtain

H <¢(5521;v) - ¢(U)77—) > Hl <T(’U,U,’U,’U), z:p—ngl> Vo e M’T > 0.

1=0 5FD
(2.14)

Passing the limit as p — oo in (2.14) and utilizing (Ng), we have

H (¢<’U> - QQ(v)a T) > H/ (T(Ua v, v, U)a 7-(52 - C))
forallv € M and all 7 > 0. Now we claim that ()» is quadratic. Replacing (v1, ve, v, v4)
by (5Pvy, 5Pve, 5Pv3, 5Py ) in (2.2) respectively, we have

H ( £ D¢ (5Pvy, 5Pv, 5Pv3, 5Pv4) , ) >H (Y(5P01, 5702, 5Pv3, 5P04), 57 7)

for all v € M and all 7 > 0. Since
lim H (Y (5701, 502, 5703, 5Pvs), 52P7) = 1

p—00
Q- fulfils (1.2). Therefore, Q2 : M — N is quadratic. Next, to show the uniqueness
of @2, let Ry be another quadratic function which fulfilling (2.3). Fix v € M, clearly
Q2(5Pv) = 5%Qy(v) and Ra(5Pv) = 5P Ry(v) Vv € M, p > 0. From (2.3), we have

H(Qa(v) — Rav), 7 £Q2(5pv R2(5pv)’7)

2p 52p
, 52P)r(52 —
> H (T(v,v,v, v), ()T(C))
2P
: : (5*)r(5%=¢) _
forall v € M and all 7 > 0. Since lim,,_, 3ep = 00, we have

lim H' <T(v,v,v,v),(52p)7—(52_g)> =1.

p—ro0 2¢P

Thus H(Q2(v) — Ra(v),7) = 1forallv € M and all 7 > 0, and so Q2(v) = Ra(v). In
similar manner, we can obtain the stability results for ¢ = —1. U
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Corollary 2.2. Suppose that the function ¢ : M — N satisfies the inequality
H'(n,7),
H(D (o, v, 09, v2),7) > g: (77||”01||“;L Hvzll“:r ||’U3H“:r Hv4||“,a7) :
(a(1lenl1e + llosli® + feslie + lfuslfo+

x4 ezl 4 - [fes] 4 - [fea] ), 7),

for all vi,ve,v3,v4 € M and all T > 0, where 1, a are constants with n > 0. Then there
exists a unique quadratic mapping Qo2 : M — N such that

H'(n,] 24| 1),
H(p(v) — Qa(v),7) > H’ (47)||v|\“, | 52 — 59 | T) : a# 2,
H' (5n|vl[*,| 52 =5% [ 7);  a# 13,
forallv € M and all T > 0.

3. STABILITY RESULTS FOR (1.2):FIXED POINT METHOD

For to prove the stability result, we define the following 6; is a constant such that

5 if 1=0;
0, = ’
: {1 if =1

and x is the set such that x = {s/s: M — N, s(0) = 0}.
Theorem 3.1. Let ¢ : M — N be a mapping for which there exists a function T : M* —
N with condition

lim H (T(&Pvl,epvg,epvg,epmy921’7) =1 VYouy,vg,v3,v4€ M, 7>0, (3.1

p—00
and fulfilling the inequality
H(D¢(v1,v2,v3,v4),T) > HI(T(Ul,’I)Q,’l}g,’l)4),T) Yoy, v9,v3,v4 € M, T > 0.

(3.2)
If there exist L = L[] such that v — ~v(v) = Y (&, %, £, %) has the property
/ 1 ’
H (L027(9ﬂ)),7> =H (y(v),7) YveM, >0, (3.3)
i

then there exist unique quadratic function Qo : M — N fulfilling the functional equation
(1.2) and

11
H() - Qu(ohr) 2 1 ({007 voe s r>0,

Proof. Let d be a general metric on y such that
d(t,s) = inf {p € (0,00)[H(t(v) = 5(v),7) = H (3(v),p7),v € M7 >0}

It is easy to see that (), d) is complete. Define T : x — x by Tt(v) = —912 t(6iv) Yve M,
1
fort,s € x, we obtain

d(t,s) = p = H (t(v) — s(v),7) > H (y(v), pr)
-~ H (t(al”) ‘9(9”’),7> > H (v(6y0), po?7) (3.4)

= H(Tt(v) = Ts(v),7) > H (y(610), p¥;7)

o o
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= H(THv) = Ts(v),7) > H (y(v),pL7)
= d(Tt(v), Ts(v)) > pL
= d(Tt,Ts,7) > Ld(t,s) Vt,s€x.
So, T is strictly contractive mapping on x with Lipschitz constant L, switching (v, va, vs, v4)
by (v,v,v,v) in (3.2), we have
H (¢(5v) — 25¢(v),7) > H (Y(v,v,0,0),7) Yv e M, 7> 0. (3.5)
Using (N3) in (3.5), we reach
S5v o Y(v,v,v,v

H(gb((52 ) —(ZS(’U),T) EH <(52)77—) VUGM, 7'>O7 (36)

with the help of (3.3) when [ = 0, it follows from (3.6) that

=11 (280~ oor) 2 H (a0 7)

= d(T¢,¢) <L =L"'=L"" (3.7)
Replacing v by ¢ in (3.5), we get

H(¢(v)—25¢ (%) ,7') >H (T (%,%,%,%) ,7') Yve M, >0,

when [ = 1, it follows from (3.7), we reach
= H (6(v) =256 (5 ) .7) = H (3(0),7)
=d(¢,T¢) <1=L"= L' (3.8)
Then from (3.7) and (3.8), we can conclude
= d(¢,T¢) < L' < .
Now, from Theorem 1.1 in both cases, it follows that there exists a fixed point Q2 of 7" in

x such that
P
Qa(v) = H — 1im 2070

lix 020 Vve MandT > 0.
P o0

Replacing (v1,va,v3,,v4) by (67 01,0702, 07 v, 07v4) in (3.2), we arrive

]. !’
H (02PD¢(9§)U1,0?1}2,0?1}3,9?1}4),7’) >H (T(Gfﬂl,9?1}2,9?1}3,9?1}4),9?177')
l

for all 7 > 0 and all vy, v, vs,v4 € M. By similar procedure of Theorem 2.1, we show
that the function Q2 : M — N is quadratic and it fulfils (1.2). By Theorem 1.1, as Q3 is
unique fixed point of 7" in the set

A ={¢ € x/d($,Qz) < oo}

So that, Q7 is a unique function such that
H(¢(v) = Q2(v),7) > H (4(v),p7) Vv € M, 7> 0.
Again utilizing Theorem 1.1, we reach
1
d(¢,Q2) < ——d(9,T9)
1-L
Llfl

1-L

= d(QSv QQ) S
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Llfl
1-L

o H(6(0) — Qa(v).7) > H' (7@) ,7) Vo e M. 7> 0.

Corollary 3.2. Suppose a function ¢ : M — N fulfils the inequality
H'(3,7),
H(D¢(v1,v2,v3,v4),7) > g;(nnvlnaj|UQ||a:_||U3|a(j_'w”a’;)?
(n(Iloalte +fvsll® + lfvsl| + lleall2+

o] 4 ezl - [fes] 4 - [Jea] ), 7).

for all vi,v9,v3,v4 € M and 7 > 0, where n, a are constants with 7 > 0. Then there
exists a unique quadratic mapping Qs : M — N such that

H (n.3)
H(p(v) = Qa(v),7) = § H (4n||v]|*, 7 | 52 — 5 |); a2,
H (5nlfv|[*e, 7 |52 — 5% |);  a#2.
forallv e M and T > 0.

Proof. Setting

n,
T(Ula UQ,U37U4) < 77(2;:1 ||'UmHa)7
4 4
Ny vml|* 4 2y om|[*),
for all vy, vs,v3,v4 € M. Then

Hl(n’apr)v
1 (X0 001,02, s, 0003) 07'7) = S H (0 Syl 08777)
/ @ a 2—4a
H' (9( s ol + Ty om]]9), 652 )p7>.

— 1 as p— oo,

=q— 1 as p— oo,
— 1 as p— oo.
Thus, (2.1) is holds. But we get
v U ovU v
:T(7a737u7>
7w) 5555

has the property

/

1 /
H (Lezv(le),T> >H (y(v),7) Yve M, T>0.
i

Hence,
Wown - (05 552).0
H'(n,7),

’

= H/ (%WHUHG»T%
H (5%77||v||4“,7).
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Now,
H 9—"2,7),
(1 A
H <927(9w),7> =< H % (%) HH;UH“,T) ,
1 ,
H' (3 (%) 16wl 7)

= H (67 *y(v),7),
H (015 (0), 7).
Next, from the following cases for the conditions (i) and (ii).
Case(i):L =52 for a=0 if [=0.

-2

H($(v) = Qa(v),7) = H' (Kq(0).7) = H' (25m.7) = H' (1,247).

Case(ii)::L = (1) for a=0 if I=1

H(6) - Qu(ohr) = 1 (K900, 7) 2 H (b ) = 1 (. —247)
Case(iii):L = (5)*72 for a<2 if 1=0.

me—@ww>ﬂ(y4wm0>'(5“2“WWQ
(

1-L 1—5e—2 50
dn|ll|, 7(5% = 59)) .

’

>
Case(iv):L = (5)°=* for a>2 if =1

, 1-1 ) 9a "
HWW-Qﬁ%ﬂZH(ﬁJﬂ@J)2H<ﬁ¥%fﬂw70
H (

dnllo]|*, 7(5* = 5%))..
Case(v):L = (5)%=2 for a<21 if 1=0.

, Ll—l , 54(1—2 5,'7H,U||4a
HO0) - Qa(0).1) > # (F=pr0r) = 1 (s i)
> H' (5n||v||*e, 7(52 — 57)).
Case(vi)::L = (5)>7%* for a> 1 if I=1.

Llfl

527411 5,,’H,U||4a
1_52—4a  pda "

syllvf[**, 7(5% — 5)) .

wa—@mmﬂ>ﬂ(

H
|
h

=

=
N———

V4

S

—

4. CONCLUSION

In this work, we investigated Hyers-Ulam stability results for the quadratic functional
equation (1.2). In section 2, we examined Hyers-Ulam stability results of the quadratic
functional equation (1.2) in fuzzy normed space by utilizing direct method. In section 3,
we obtained Hyers-Ulam stability results of the quadratic functional equation (1.2) in fuzzy
normed space by utilizing fixed point method.



260 TAMILVANAN ET AL.

REFERENCES

[1] Abdulaziz M. Alanazi, G. Muhiuddin, K. Tamilvanan, Ebtehaj N. Alenze, Abdelhalim Ebaid, K. Lo-
ganathan. Fuzzy stability results of finite variable additive functional equation: direct and fixed point meth-
ods, Mathematics, 8(2020), 1050; doi:10.3390/math8071050.

[2] M. Adam. On the stability of some quadratic functional equation, J. Nonlinear Sci. Appl., 4(1)(2011), p.
50-59.

[3] C. Baak. Cauchy-Rassias stability of Cauchy-Jensen additive mappings in Banach spaces, Acta Math. Sin.
(Engl. Ser.) 22(6) (2006), p. 1789-1796.

[4] J. A. Baker. On a functional equation of Aczel and Chung, Aequationes Math. 46 (1993), p. 99-111.

[5] J. Chung. Stability of a generalized quadratic functional equation in Schwartz distributions, Acta Math.
Sin. (Engl. Ser.) 25 (2009), p. 1459-1468.

[6] G.Z. Eskandani, A. R. Zamani, and H. Vaezi. Fuzzy approximation of an additive functional equation, J.
Funct. Spaces Appl. 9(2) (2011), p. 205-215.

[7] 1. M. Gelfand, and G. E. Shilov. Generalized Functions II, Academic Press, New York (1968).

[8] M. E. Gordji, M. Kamyar, and Th. M. Rassias. General cubic- quartic functional equation, Abs. Appl.
Anal. 2011, Art. ID 463164, 18 pages.

[9] S.S.Jin, and Y. H. Lee. On the stability of the quadratic-additive type functional equation in random normed
spaces via fixed point method, Korean J. Math. 20(1) (2012), p.19-31.

[10] K. W. Jun, and H. M. Kim. On the Hyers-Ulam-Rassias stability of a general cubic functional equation,
Math. Inequal Appl. 6(2) (2003), p. 289-302.

[11] Y. H. Kim. On the Hyers-Ulam-Rassias stability of an equation of Davison, Indian J. Pure Appl. Math.
33(5) (2002), p. 713-726.

[12] C. Park, K. Tamilvanan, G. Balasubramanian, B. Noori, and A. Najati. On a functional equation that has the
quadratic-multiplicative property, Open Mathematics, 18(2020), p. 837-845.

[13] C. Park, K. Tamilvanan, B. Noori, M. B. Moghimi, and A. Najati. Fuzzy normed spaces and stability of a
generalized quadratic functional equation, AIMS Mathematics, 5(6)(2020), p. 7161-7174.

[14] J. M. Rassias. Solution of a stability problem of Ulam, Discuss. Math. 12 (1992), p. 95-103.

[15] J. M. Rassias. On the stability of the Euler-Lagrange functional equation, Chinese J. Math. 20(1992), p.
185-190.

[16] K. Tamilvanan, A. Nandhakumar, P. Muthukumar. Solution and stability of finite dimensional qua-
dratic functional equation in Banach spaces, AIP Conference Proceedings 2261, 030057 (2020);
https://doi.org/10.1063/5.0016871.

[17] K. Tamilvanan, J. R. Lee, and C. Park. Hyers-Ulam stability of a finite variable mixed type quadratic-
additive functional equation in quasi-Banach spaces, AIMS Math., 5(6)(2020), p. 5993-6005.

[18] K. Tamilvanan, G. Balasubramanian, A. Charles Sagayaraj. Finite dimensional even-quadratic func-
tional equation and its Ulam-Hyers stability, ~AIP Conference Proceedings 2261, 030002 (2020);
https://doi.org/10.1063/5.0016865.

[19] A. Wiwatwanich, and P. Nakmahachalasint. On the stability of a cubic functional equation, Thai J. Math.
(2008) p. 69-76.

K. TAMILVANAN
GOVERNMENT ARTS COLLEGE FOR MEN, KRISHNAGIRI-635 001, TAMIL NADU, INDIA.
Email address: tamiltamilk7@gmail.com

G. BALASUBRAMANIAN
GOVERNMENT ARTS COLLEGE FOR MEN, KRISHNAGIRI-635 001, TAMIL NADU, INDIA.
Email address: gbs_-geetha@yahoo.com

K. LOGANATHAN
DEPARTMENT OF MATHEMATICS, ERODE ARTS & SCIENCE COLLEGE, ERODE - 638 009, TAMIL NADU,
INDIA.

Email address: loganathankaruppusamy304@gmail.com



ANNALS OF COMMUNICATIONS IN MATHEMATICS
Volume 3, Number 4 (2020), 261-272

ISSN: 2582-0818

(© http://www.technoskypub.com

ON PYTHAGOREAN FUZZY IDEAL OF SUBTRACTION SEMIGROUP AND
NEAR SUBTRACTION SEMIGROUP

V. CHINNADURAI AND A. ARULSELVAM*

ABSTRACT. In this paper, we define the notions of Pythagorean fuzzy ideal of subtraction
semigroup and near subtraction semigroup. Also, we discuss some of its properties with
examples.

1. INTRODUCTION

In 1969, Abbott introduced the notion of subtraction algebra. He considered the sys-
tem of the form (¢, o, \) where ¢ is a set of functions closed under the composition o of
function where (¢, o) is a functional semigroup and (¢, \) is a subtraction algebra [1]. Us-
ing this concept Schein[9] introduced the concept of subtraction semigroups in 1992. He
proved that every subtraction semigroup is isomorphism to a different semigroup of invert-
ible function. Zelink[13] studied an extraordinary kind of subtraction algebra called atomic
subtraction algebra. A near subtraction semigroup satisfies all axioms of subtraction semi-
group except one of the two distributive laws. Prince williams[8] defined the fuzzy ideal in
near subtraction semigroup(NSS). Jun et al.[5] introduced the concept of ideals in subtrac-
tion algebra and gave some characterizations. Dheena et al.[3, 4] discussed and derived
some properties of NSS, a generalization of subtraction semigroup. The concept of fuzzy
set was initiated by Zadeh[12]. Mahalakshmi et al.[7] studied the notion of bi ideals of
NSS. Chinnadurai[2] defined the concept of fuzzy ideals in algebraic structures. Kim et
al.[6], studied some properties of intuitionistic fuzzy ideals of semigroups. Yager[10, 11]
introduced the Pythagorean fuzzy set(PFS).

In this paper, we introduce the notions of Pythagorean fuzzy ideal in subtraction semigroup
and near subtraction semigroup. Also we characterize the subtraction and near subtraction
semigroup through fuzzification.

2. PRELIMINARIES

Now, we recall some new concepts of Pythagorean fuzzy ideals in NSS from the litera-
ture, which are required in the sequel.
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The basic concepts of subtraction semigroup(SS), power set(PS), NSS [6] and zero sym-
metric are referred respectively.

Definition 2.1. A non-empty set X together with a binary operation ” — ” is said to be a
SA(subtraction algebra), if

() j— (k=)=

(i)j— (G —k)=k—(k—J)

i) (j—k)—1l=({-1)—k VjkleX.

Definition 2.2. A subset I of SA X is called subalgebraof X if j —k € IVj,k € X. In
SA the following holds:

1)j—0=jand0—5=0

@j-0—k) <k

(3)j < kifandonlyif j = k — m forsome m € X

@) j<kimpliesj—Il<k—landl—k<l—jVie X

G j-G—-G—Fk)=j—k

©)(j—k)—j=0

DG—k)—k=j—Fk

3. PYTHAGOREAN FUZZY IDEAL IN SUBTRACTION SEMIGROUP

In this section X denotes subtraction semigroup(SS).

Definition 3.1. A Pythagorean fuzzy set(PFS) D = (, ) of X is called PFSS(Pythagorean
fuzzy subtraction sub-semigroup) of X if

D m(j—k) = N{n(5), 7(k)}

)0 — k) <V{9(),9(k)} Vi, k € X.

Example 3.2. Let X = {0, j, k, [} be a subtraction sub-semigroup with two binary oper-
ations '—" and ' is defined as follows.

—Tol kL[ -TOl7 k]I
ojojofofolojo[of0]0
Jliloljlol[jlol[jloT0
klk|k|Oo|O|[k[0]0[k|k
I T[k[jlo|[7]0[0[k|[k

Define a Pythagorean fuzzy set D = (m, ) where 7w : X — [0, 1] by 7(0) = 0.8, 7(j) =
0.6,7(k) = 0.3,7(1) = 0.2. Then ¥ : X — [0,1] by ¥(0) = 0.3,9(j) = 0.4, 9(k) =
0.6,9(1) = 0.7 Then D is a PFSS of X. Hence D = (, ) is a subtraction sub-semigroup
of X.

Definition 3.3. A PFS D = (7, 9) of X is called PFLI(resp. PFRI) of X, if Vj, k € X.
M 7(j) =2 Mnm(j = k),m(k)}

) 9(j) < V{9 — k), 9(k)}

) (k) > Mm(j), m(k)}

@) V(jk) < v{9(4),9(k)}

(S) m(jk) = (k) (resp.w(jk) > 7(j))

(6) 9(jk) < I(k) (resp.9(jk) < I(j)).

If 7 and ¢ are both PFLI and PFRI of X . Then 7 and 1} are both PFI of X.



ON PYTHAGOREAN FUZZY IDEAL OF SUBTRACTION SEMIGROUP 263

Example 3.4. Let X = {0, j, k, [} be a SS with two binary operations'—" and '’ is defined
as follows.

— (0| k|l -]0]7|k|l
0/0j0|0O]|O|lO]|O]O]O]|O
FTilo(5(ol[5l0lj(0]0
klk|k|O|O||k|O0|0]|k|k
L1 ]k[j|O]|ll]O0]O0]k|k

Define a PFS D = (m,4) where 7 : X — [0,1] by n(0) = 0.8, 7(j) = 0.6, (k:)

0.3,m(l) =0.2. Then¥ : X — [0,1] by (0 )—03 9(7) = 0.4,9(k) = 0.6,9(1) = 0.7.
Then D is a PFL (resp.PFR) ideals of X. Hence D = (m, ) is a PFLI (PFRI) of X.

Definition 3.5. Let Dy = (np,,¥D;) and Dy = (7p,,Yp,) be any two PES of X. Then
the following FSs of X are defined as follows.

, V Mrp(x),mp(y)} ifji <=y
(7py % 7p,) () = § <m0
[0, 0] otherwise.
‘ N V{9p(x),9p(y)} ifi<ay
(19D1 *ﬂDz)(J) = qJsey
[1,1] otherwise.

(mp, N7D,)(J)
(DlmDQ)( ) {(ﬁDlLJﬁDz)(j)vjeX

(D1x D2)(j) =

V' AMrp(k), o)} ifi=k—1YjkleX
(ﬂ—D1 - WDQ)(j) = qJ=k-t
[0, 0] otherwise.
A Vi), 9p()} ifj=k—1VjkleX
(19D1 - ﬂDz)(]) = §J=k—l
[1,1] otherwise.
Theorem 3.1. Every PFLI (resp. PFRI) of X is a PFSS of X.

Proof. Let 7 and ¥ be an PFI of X. Then

(G —k) = Mr((G—k)—r),m()}Vie X
>Mm((G—k) = 1),7()} forl=j
= Mm(0),7(5)}

(D1—D5)(j) =

= ()

Thus

m(j — k) > 7(5).

0G —k) < V{I((G— k) —1),0(r)}vVieX
< VI — k) = 1),9(5)} forl=j
= V{¥(0),9(4)}
= 9(j).

Thus

V(G — k) <9()).
Again consider
(G —k) = Mr((G—k) -1} Vie X
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> Mnm((j— k) —k),m(k)} forl =k
=N{n(j —k),n(k)} since (j — k) —k=j—k
= M (j), m(k)}.

And

VG —k) V{1 —k) =D, 9(D)}VIeX
< V{I((j — k) — k), 0(k)} for I = k
=Vv{¥(j —k),9(k)}since (j —k)—k=7—k
— V{9(7), 9(k)}.

Then 7 and 14 are PFSS of X.

The converse is not true.

Theorem 3.2. If D = (m, 1) be an PFS of a SS X. Then
(a)(i) mxm <

(i) 9 %9 >0

(b)(i) w(jk) > A{r(j), 7(hk)}

(i6) D(k) < V{0(), 0(k)} ¥ j.k € X.

Proof. (a) = (b) Letz,y € X.
Consider

(mxm)(Gk) = V {Mnm(), =(k)}}

zy<jk

> M (z), m(y)}.
By@mxm <.
m(zy) = (7 * 7)(zy)
> NMm(z), m(y)}.
Hence 7(xy) > AN (z),7(y)}.
And
(W *D)(Gk) = A AV{9(),9(k)}}

zy<jk
< V{d(z),9(y)}.
By (a) ¥ x 9 > ¢.
Izy) < (9 x9)(zy)
< V{d(z),d(y)}.
Hence ¥ (zy) < V{d(x),d(y)}.
(b) & (a)Letj € X.

Consider
(rem)0) = V. Alm(o). 7))
<V {n(o)}
< E/ {w()}
= m(j).
Thus 7+ 7w < 7. If j cannot be expressed as j < xy then (7 x 7)(z) = 0 < 7 (j).
Thus (7 +7)(j5) < 7(j) Vj € X.
And
Letj € X.
Consider
@x9)(G) = N\ V{d(x),9(y)}

A,
zZ\{< y)}
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> N\ {90G)}

Jj<zy
= 9(j).
Thus ¥ x4 > ¢. If j cannot be expressed as j < ab then (¢ x 9)(x) = 0 > 9(j).
Thus (¢ *9)(j) > J(j) Vj € X.
This implies that 7 x 7 < and ¥ x 9 > . O

Theorem 3.3. Let D =< 7,9 > be an PFS of X. If D =< w,9¥ > is an Pythagorean
Sfuzzy(PF) sub-semigroup (PFLI, PFRI) of X. Then m — m = w and ¢ — 9 = 9.

Proof. Let D =< 7,19 > be an PF sub-semigroup of X.
Let p € X then.

(m—m@) =V {A{ﬂ() Ty} z,ye X

>/\{7T( ) 7(0)} since j = j — 0
= 7(j).
(0 —9)(j) = /\ (V{0 (x),9(y)}} v,y € X

i{)( 4),9(0)} since j = j — 0
On the oth; handif j = x — y, x,y € X, then
m(j) = 7(x —y)

> Mm(z), m(y)}

>V {Mr(@).7w)})

I\/\

<V{I(), 9(y)}
< A (V)90

— (- 9)().
Hence 7(j) = (7 — 7)(j) and ¥(j) = (9 —9)(j) Vj € X.
Thusm =7 —mand ¥ =9 — 9. g

Theorem 3.4. Let D1 and D5 be any two PFS of X. If D1 and D4 are PFLI (resp. PFRI)
of X. Then Dy and D> is also PFLI (resp. PFRI) of X.

Proof. Let D; and D5 be any two PFLIs of X .

Letj,k € X.

Consider

(m1 N 72) (k) = AN{m1(jk), T2
> MA{m(d), m
> /\{/\{71’1( ), o
= AN{(m Nm2)(j

(m N m2) (k) = AM{m1(jk), 2
> Mmi(k), ma(k)}
= (m1 Nma) (k).

(91 Ud2)(jk) = V{01 (jk), 792( k)}
< VAV{I1(5), 91 (k) }, v{92(7), D2 (k) } }
< VV{91(5), 9200} VA (R), D (k) } }
= V{(¥h U2)(j), (¥1 UD2)(k)}.

(91 U2)(jk) = V{01(jk), 92(jk)}

(7k)}

(k)Y M2 (), ma (k) }}
()} M (k), ma(R)
); (m o) (k)}.

(Jk)}



266 CHINNADURAI AND ARULSELVAM

< V{1 (k),D2(k)}
= (Y1 UWs)(k).

And

(m1 N2)(§) = M), m2(5) }
> MM — k), mi(k)}, AM{ma(f — k), ma(k) }}
> MAM{m1(j — k), m2(j — k), A{mi(k), ma (k) }}
=M(mn Wz)(] — k), (m Nm2)(k)}.

(P Ud2)(4) = V{d1(5),92(5) }
<SVV{DL(G = k), 01 (R) }, V{d2(d — k), P2(k) }}
<AV — k), D2(5 — k) }, V{D1(k), D2(k)}}
= V{(th Ud2)(j — k), (V1 Ud2)(K)}.

This shows that the intersection of D1 and D5 two PFLI of X. O

Theorem 3.5. If D; = (m;,9;|i € Q) is a family of PFLI (resp. PFRI) of a SS X. Then
Nica Di = (Nicami, Uica?;) is also a PFLI (resp. PFRI) of X where Q is any IS(index
set).

Proof. Let D; = (m;, ;i € Q) be a family of PFLI (resp. PFRI) of X.
Let j,k € X and 7(j) = Nieami(z) = Ami(4), 9() = Uica¥i(x) = V 9:(j)-
m(j) = \mi(j)
> AMmi(j = k), mik)}
= MAmi(j = k), Ami(k)}
= Mmi(j — k), Nmi(k)}
= Mr(j = k), m(k)}.
0() =V 9:(j)
< VWA — k), 9i(k)}
= V{V Ui = k), Vdi(k)}
= V{Udi(j — k), U0i(k)}
= V{I(j — k), 9(k)}.
m(jk) = Ami(ik)
> AMmi(G), mi(k)}
= MAm(), Ami(k)}
= MNmi(f), Nmi(k)
= Mn(5), m(k)}.
O(ik) =V Vs (J/f)

}.
m(jk) = Ami(jk) = Ami(k) = m (k)
and
I(k) =V 0:(Gk) <V 0:(k) < O(k),

Hence, ;. Di = (Nicai, UicaVs;) is also a PFLI (resp. PFRI) of X. O

Theorem 3.6. If D = (m,9) is any PFS of a SS X then D = (w,1) is a PFLI (resp. PFRI)
of X if and only if every Pythagorean level set | J(D,t,n) is a LI (resp. RI) of X when it is
non-empty.

Proof. Suppose that D =

(m,9) is a PFLI (resp. PFRI) of X. Let j,k,j — k € J(D,t,n)
Vit e [0,1] and n € [0,1].

, b
Then 7(j) > t, (5 — k) > t, n(k) > t and 9(j) § n,
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9 — k) <n,9(k) <n.

Suppose k,j — k € U(D,t,n) then 7(j) > AN{n(j — k),n(k)} > A{t,t} = t and
V() VAP — k), d(k)} < V{n,n} = n. Hence, jk € J(D,t,n).

Suppose j,k € U(D,t,n) then n(jk) > A{w(j),n(k)} > A{t,t} = ¢ and ¥(jk) V

{9(5),9(k)} < V{n,n} = n. Hence, jk € J(D,t,n).

Letje Xandk € U(D t,n) then w(jk) > w(k) > t and 9(jk) < ¥ < n.

This implies that j& € | J(D,t,n). Hence | J(D,t,n) is a LT of X.

Conversely, lett € [0,1] and n € [0,1] be 3 | J(D,t,n) # 0 and | J(D, t,n) is a LI (RI) of

X.

We assume that 7(j) # ANw(j — k), w(k)} or 9(j) £ V{9 — k),9(k)}. If 7(j) #

/\{7r(j — k), m(k)} thenEIt e0,1]an(y) <t< /\{7r(j — k), m(k)} hence j — k., k €

U(D,t,v{9(j — k),9(k)}) but j ¢ U(D,t, v{I(j — k),9(k)}) which is contradiction.

If19 ) £ V{9(j — k),9(k)} then In € [0,1] > ¥(j) > n > V{d(j — k), ¥(k)} hence

Jj— k ke UD,Mr(j—k),n(k)},n)butj & J(D,N{r(j — k), n(k)}) which is con-

tradiction. Hence, w(j) > A{n(j — k), m(k)} and ¥(j) < V{I(j — k), ¥(k)}.

Let us assume that w(jk) % A{m(j),7(k)} or 9(jk) & V{9(j),9(k)}. If w(jk) #

Nm(j),m(k)} then 3¢ € [0,1] > w(jk) <t < AN{n(j),7(k)}

hence j,k € U(D,t, v{9(j),9(k)}) but j& ¢ J(D,t,v{I(j),9(k)}) which is contra-

diction.

If 9(jk) £ V{9(4),9(k)} then 3 n € [0,1] > I(jk

gk € UD,AN{n(j),n(k)},n) but jk ¢ J(D,A{r(j),n(k)}) which is contradiction.

Hence ) > A{(). ()} and D) < V(0().901)

Assume that w(jk) # w(k) or 9(jk) £ (k). If w(jk) # w(k) then 3 ¢t € [0,1]

> 7(jk) <t < w(k) hence k € (D, t,9(k)) but]k ¢ |J(D,t,9(k)) which is contra-

diction. If ¥(jk) £ ¥(k) then I n € [0, 1] > ¥(jk) > n > ¥(k) hence k € | J(D, w(k),n)

but jk ¢ |J(D, n(k), n) which is contradiction.

Hence, 7(jk) > n(k) and 9(jk) < 9(k).

Therefore, D = (7, 9) is a PFLI (resp. PFRI) of X. O

Jjk) > n > v{d(j),9(k)} hence

Theorem 3.7. Let N be any non-empty subset of a SS X. Then N is a LI (resp. RI) of X
if and only if the characteristic PFS xn = (Tyy, Oyy) of N is X is a PFLI (resp. PFRI)
of X.

Proof. Assume that N is a LI of X. Let j,k € X. Suppose that 7, (j) < A{my,(j —
k), myn (k)}and ¥y () > V{0 (j—F), Uy (k) }. Ttfollows that 7y () = 0, A{my (j—
k), mn(k)} = 1 and 9y, (j) = 1,V{9yy (G — k),9yy(k)} = 0. This implies that
j—k,k e Nbutj¢ N, acontradicts to N being a SS of X.

Suppose that m,  (jk) < A{myy (J), Ty (k)} and O, (k) > V{Oy, (4), Oyn (k) }. Tt
follows that 7TXN (jk) = 0, M{myn (4), Ty n (k)} = 1and 9, (jk) = 1,

V {yy (4), 0y (k)} = 0. This implies that j, k € N but jk ¢ N, a contradicts to V.
Suppose that wXN(jk) < Ty (k) and 9y (jk) > Oy, (k). It follows that m,  (jk) =
0,7y (k) = Land ¥, (jk) = 1,9y, (k) = 0. This implies that & € N but jk ¢ N, a
contradicts to N. This shows that x y = (my,, Uy, ) is a PFLI (resp. PFRI) of X.
Conversely, xny = (myy, ¥y ) is a PFLI(resp. PFRI) of X for any subset N of X.

Letj —k,k € N forany j,k € X then 7, (j — k) = 7y (k) = land Jy, (j — k) =
Uy (k) = 0. Since x is a PFLI (resp. PFRI) of X.

Toon (7)) 2 Miyn (G=F), myn (B)} 2 A{1,1} = Tand dy () < {0y (1—F), Oyn (R)} <
N{0,0} = 0. This implies that j € N.

Let j,k € N for any j, k € X then m,, (j) = my (k) = 1 and 9, (j) = Yy, (k) = 0.
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Since x is a PFLI (resp. PFRI) of X.

T (7K) 2 Mgy (3), Ty (B)} = A{1,1} = Tand 9y, (k) < V{Oyy (4), Uxn (R)} <
N{0,0} = 0. This implies that jk € N.

Letk € N and j € X then my, (k) = 1 and 9, (k) = 0. my (jk) > myy (k) > 1 and
Uy (Jk) < Uy (k) > 0. This gives that jk € N.

Hence, N is a LI (RI) of X. U

4. PYTHAGOREAN FUZZY IDEAL OF NEAR-SUBTRACTION SEMIGROUP

Definition 4.1. Let X be a near-subtraction semigroup(NSS), (X, D) be a PFL. A PFS
D = (,9) is called a PFI of X, if

(D m(j — k) > Mm(j), w(k)} and 9(j — k) < V{9(j), ¥(k)}

@) w(xj — xly — ) > (j) and (xj — 2(y — j)) < V()

B) w(jk) > w(j) and V(jk) < 9¥(j) Vi, k, l,z,y € X.

If D = (m,9) is a PFLI of X if it satisfies (1),(2) and if D = (m,9) is a PFRI of X if it
satisfies (1) and (3).

Theorem 4.1. If D; = (m;,9;|i € Q) is a family of PFI of a NSS X then [
(Nieqmi, UicqV;) is also a PFI of X where §) is any IS(index set).

Proof. If {D; };cq is a family of PFI of X.
Let i (x) = (Am)(5) = Am(s) and Udi) = (V 6)(3) = V() Vi € X, we
ave
(Nicami)(j — k) = N{mi(j — k)|i € 2}
> AMmi(4), m(k)|i € Q}
= MA{m ()i € QF, A{mi(k)|i € Q}}
= MNicami(j), Nicami (k) }.
(Uieai)(j — k) = V{9 (j — k)|i € Q}
<V VA{Y;(4), 9(k)|i € Q}
= V{V{9:(h)|i € @}, V{vi(k)|i € Q}}
- \/{Uzeﬁﬂ ( ) UzeQﬁ (k)}
For all j,x,y € X, we have
(Micam)(zj — 2(y — 7)) = N{mi(zj — z(y — j))|i € 2}
> N{mi(j)li € 2}
- mzeﬂﬂ'z(j)
(VieaVi) (@) — z(y — 7)) = V{Vi(zj — 2(y — j))|i € 2}
< V{di(4)li € @}
= Uiea?i(j).
For all j, k € X, we have
(Nicami)(ik) = N{m:(jk)|i € @}
> NMmi(4)li € @}
= Nieqm;(j)-
(Uiea?:) (k) = V{9:(jk)|i € Q}
< V{¥:(5)li € }
= Uica¥i(j)-
Hence, (;cq, Di = (Nicami, UicaV;) is also a PRI of X. O

Definition 4.2. AnPFS D = (7, 9) of X is said to be an PFBI of X if Vj, k € X
@) 7(j = k) = Mr(j), m(k)}

(i) 9(j — k) < V{9(4),9(k)}
(i)(roXom)N(moX)*mCw

ieaDi =



ON PYTHAGOREAN FUZZY IDEAL OF SUBTRACTION SEMIGROUP 269

V) (YoXod)U(WoX)xd DY

Example 4.3. Let X = {0, 7, k,1} be a NSS with two binary operations '—’ and ’- is
defined as follows.

1ol TRTI-T0l k1
0/0/0({0Of0O}]j0O|0O|0O]O]O
EEELUR R FARERE RN
klk|k|O|k|[E|O|0]|O0|k
L1110}l |0l0]0]]1
Define a PFS D = (w,d) where 7 : X — [0,1] by n(0) = 0.8,#(j) = 0.6, (k) =
0.3,7(1) =0.2. (ro X om)(0) =0.8,(mro X om)(j) =0.7,(mro X om)(k) = 0.5, (7 o
Xoﬂ')(l)20.2,(7T0X)*7T(0)=0.7(ﬂ'OX)*TF()—06(7TOX)*7T(]€) 0.3,(mo
X)x7(l) = 0.1 Then 9 : X — [0, 1] by 9(0) = 0.3,9(j) = 0.4, (k) = 0.6,9(1) = 0.7

(mroXom)(0)=04,(mroXom)(j) =0.5,(roXom)(k) =0.6,(mo X om)(l)
(moX)*m(0) =0.3, (mo X)xm(j) = 0.6, (mo X)xm(k) = 0.7and(mo X)xm(l) = 0.8.

Proposition 4.2. Let D = (w,9¥) be a PFS of X. If D = (m,9) is a PFLI of X then
D = (m,¥) is a PFBl of X.

Proof. Letj € X be such that j = zyz = jl —j(k—1), where z,y, z,j,k,l € X. Then
(7 Xm) N (71X *m)(5) = AM((xXT) (), (7 X % 7)) ()}
=AUV M@ FE VY ANEEGE0)
= MV {r(2), 7(2)}, VI X) (), 7(D)}}.
(Since 7X C X and 7 is a PFLI, then 7 (jl — j(k — 1)) > w(1))
< MX(2), X(2), X(j), 7(jl — j(k = 1))}
= /\{1’ 17 177(jl - j(k - l))}
w(il — j(k = 1)

, =7(j ). ,
If j is not expressible as j = zyz = jl—j(k—1) then (rX7TN7X*7)(j ) =0 < n(5).
Then n X7 N7X 7 C 7. Hence D is a PFBI of X.

And ) ) )
(VX)) U (@OX x9))(5 ) = V{(WXD)(5 ), (X *9))(5 )}
=v{ A Vo), 9().9()}}, A V{(9X)(5),9(D)}

j'=ayz j’ =jl—j(k—1)

)

)

= V{IA{9(z),9(2) }, A{(0X)(5), (D) }}.
(Since WX D X and 9 is a PFLI, then (5l — j(k — 1)) < 9(1))

> V{X(2), X(2), X (4), 01 — 5(k = 1))}
= 91 — j(k— 1)
! - %9(] )- ’ ’
If j is notexpressible as j = zyz = jl—j(k—1) then (VXIUIX*9)(j ) =0>9(j ).
Then 9 X9 U YX %9 D 9. Hence D is a PFBI of X. O

Proposition 4.3. Let D = (w,9) be a PFS of X. If D = (m,9) is a PFRI of X then
D = (w,¥) isa PFBI of X.
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Proof. Letj € Xbe> j =ay=jl— j(k—1), & = x12,, where z, 21, 2, y, j, k and
[ are in X . Consider, ) , )
(rXm) N (m X xm)(j ) = M@ Xm)(G ), (7 X *7)(5 )}

=MV M@#X) (@), n(y)}, (7 X )l — j(k = 1)}

-1
J =zy

=N y /\{x:yx' Nm(z1), X (22) }, 7(y) ), (mXom) (j1—j (k—

D)}
=M y /\{x=>:/x {r(a)}, m(b)}, (nX > m)(jl = j(k = 1))}
= (1), mly), (X xm) (L= (k= D)},

(since D = (w,9)is a PFRI, we have 7(zy) = 7r(a:1x’2y) = 7(z1(x2y)) > w(x1))

/ < Mm(zy), 1,1} = 7(zy) = 77 ). ,

If j isnotexpressible as j = xyz = jl—j(k—1) then (rXmNaX*7)(j ) =0 < 7(j

Then 7 X7 N7wX 7 C 7. Hence D is a PFBI of X.

And

(0X0) U (90X x9))(5") = V{(@X ) (), (90X x9)(j )}

=LA AOX)@), 90}, (0X )= 3k = 1))
“VEA VLA VA, X ()} 0(y) Y, (0X60) (j1—j (ke

j/=xy T=x1T2

’

).

0)}
=V{ A V{ A {9)}0)), (X« 0)(Gl -5k = 1))}

j/:wy T=x1T2
= V{0(21),9(y), (VX x 9)(jl = j(k = 1))},
(since D = (w,9)is a PFRI, we have 9(zy) = ¥(z122y) = F(x1(22y)) < ¥(21))
/ > V{d(zy), 1,1} = d(zy) = 9(5 ). / /
If j isnotexpressible as j = xyz = jl—j(k—1) then (W XIUIX x9)(j ) =0 < 9(j ).
Then 9 X9 UIX x99 C 9. Hence D is a PFBI of X. O

Theorem 4.4. Let D = (7,v) be a PFSA(Pythagorean fuzzy subalgebra) of X. If DX D C
D, then D is a PFBI of X.

Proof. Assume that 7 is a PFSA of X and 7 X7 C 7. Let j € X. Then

(r X7 N7 X5 7)(j) = M(TX7)(j), (X x7)(j)} < (7 X7) () < 7(j).

Thus (n X7 N7wX 7)) C 7 and 7 is a PFBI of X and

assume that ¢ is a PFSA of X and 9X9 O 9. Let j € X. Then

(9X9 UIX %9)(j) = {OXD) (), (9X * 9)(j)} > (9X9)(j) > 9().

Thus (9 X9 UPX x4) 2 o and 9 is a PFBI of X. O

Theorem 4.5. If X is a ZSNSS(zero symmetric near-subtraction semigroup) and D is a
PFBI of X then n Xw C wand 9 X9 O 0.

Proof. Let w be a PFBI of X. Then 7 X7 N7wX » 7w C 7. Clearly 7(0) > n(j). Thus
(rX)(0) > (7 X)(j) Vj € X. Since X isaZSNSS, 7 X7 C 7 X xm. Sor XmNrX*71 =
X7 Cm,

and let ) be a PFBI of X. Then 9 X JUYX x D ¢. Clearly ¥(0) < ¥(j). Thus (9X)(0) <
(0X)(j) V5 € X. Since X is a ZSNSS, 9 X9 D 90X x9. So v XIUIX 9 = 9X9 D 9.
Which is the required result. O

Theorem 4.6. Let D = (w,0) be a PFBI of a ZSNSS X. Then w(jkl) > N (j),7(1)}
and (jkl) < Vv{r(j),7(D)}.
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Proof. Assume that 7 is a PFBI of ZSNSS X. BY Theorem 3.19 7 X7 C 7. Let j, k,l €
X. Then
w(jkl) > (X 7)

—

Jgkl)

=jkl\/zy/\{( X)(z),m(y)}
> M(mX)(jk),m(1)}
> M(#@X)(4), X(k), 7(1)}
=MN#@X)(),1,7(1)}
=M@X) (), (1)}

Thus 7(pgr) > AMn(4),7(1)}

And

= A VX)), 0()}

Thus 9(jkl1) < V{9(5),9(1)}. O

Theorem 4.7. Let Dy = (m1,91) and Dy = (72, 92) be any two PFBI of X. Then D1N D5
is also a PFBI of X.

Proof. Let m; and 75 be any two PFBI of X. Let j, k € X. Then
(mNm2)(j — k) = Mmi(j — k), m2(j — k)}
> M), ma (k) M2 (G), ma(k) T}
= MMm1(), m2 ()} Mma (), m2 (k) }}
= M (m N2) (), (m N2) (k)
Let j' € X. Choose z,y, j, k, | € X such that j' = zyz = jl — j(k — ). Since 71 and 75
are PFBI of X, we have

=MV AMm@)m(z)} Vo mp<m())

i =zyz 3’ =jl—j(k—1)
—A{ Vo Mma(z),m(2)}, V m} <m()).
i =zyz 3’ =jl—j(k—1)

Now
= M((m Nm2) X (w1 N2))(§), (1 N ) X % (m ) (57)}

—/\{ Vo M(mnm)(2), (mNm2)(2)} Vo (mnm)0)}

),
_/\{ Vo AAm(@), ma(@)}, Al (2), 2(2)}}7 / V( )/\{Wl(l)’ﬂz(l)}}
i =wyz 5 =jl—j (k1
—/\{A{ V AMm@),m@)}) Vo mOhA Vo AMma(z),m(2)}

i =zyz 3 =jl—j(k—1) i =zyz
V m2(1)}}
3’ =jl—j(k—1)
< /\{Wl( i), m2(5)}
= (m N72) (7).
Thus 71 N 75 is a PFBI of X. and
(U1 UI2)(F — k) = V{I1(j — k),92(j — k)}
< V{\/{ﬁl(j)ﬁl(k)}aV{ﬂ2(j)7792(k)}}
= V{V{91(5),92(5)}, V{01 (k), 92 (k) } }
= V{(h U2)(4), (V1 Ud2)(k)}.
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Letj € X. Choose z,y,j,k,l € X,> j = xyz = jl — j(k — ). Since 91 and 9, are
PFBI of X, we have
=Vv{ A V{th(), (=)}, A th} =)

i =zyz i’ =jl—j(k—1)
=V{ A V{ta(2).92(2)}, A P2} = 020)).
i =wyz i’ =jl—j(k—1)
Now / )
= V{((91 U)X (91 U2))(5 ), (V1 U)X * (91 U2))(j )}
=VLA A UIE U@L A 0]
j =xyz 7 =jgl—j5(k-1
=V{ A VIVUi(2), O2(2)}, Vida(2), D2(2)} ), /\( )v{ﬁl(l)»ﬁz(l)}}
Jj =zyz g =jl—j(k—1
=VIVE A V() 01(2)), /\( )ﬁl(l)},v{ N V{da(2), d2(2)}
j =zyz 7 =jgl—j5(k-1 j =xyz
A Da(D)}}
i’ =jl—j(k—1)
> V{91(4), V2(4)}
= (V1 Ud2) ().
Thus 97 U Y5 is a PFBI of X. O
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r-FUZZY Rs-COMPACTNESS AND r-FUZZY Rs-CONNECTEDNESS IN THE
SENSE OF SOSTAK’S

E. ELAVARASAN

ABSTRACT. The purpose of this paper is to introduce the concepts of fuzzy regular semi
compactness, fuzzy regular semi connectedness, fuzzy regular semi strongly connected-
ness and fuzzy regular semi-C5-connectedness. Some interesting properties of these no-
tions are studied. In this connection, interrelations are discussed. Examples are provided
wherever necessary.

1. INTRODUCTION

Sostak [11], introduced the concept of fuzzy topological spaces as an extension of
Chang’s fuzzy topological spaces [2]. It has been developed in many direction [4, 7, 9].
Mashhour et. al., [8], A. M. Zahran [13] and E. E. Kerre et. al., [6] introduced the notion of
fuzzy regular semi open and regular semi closed sets and investigate the relationship among
fuzzy regular semi continuity and fuzzy regular semi irresolute mappings. Recently, Vadi-
vel and Elavarasan [12] introduce and study the concept of fuzzy regular semi open sets
and fuzzy regular semi continuous functions in fuzzy topological spaces in the sense of
Sostak’s. In this paper, we introduce the concepts of r-fuzzy regular semi compactness,
r-fuzzy regular semi connectedness, r-fuzzy regular semi strongly connectedness and 7-
fuzzy regular semi-C5-connectedness in the sense of Sostak’s. Some interesting properties
of these notions are studied. In this connection, interrelations are discussed. Examples are
provided wherever necessary.

2. PRELIMINARIES

Throughout this paper, let X be a non-empty set, I = [0,1], Iy = (0,1]. A fuzzy
set A of X is a mapping A : X — I, and IX be the family of all fuzzy sets on X. The
complement of a fuzzy set \ is denoted by T— \. For A € IX, \(z) = A forall z € X. For

t ify==x

. Let Pt(X)
0 ify+#x.

each z € X and t € Iy, a fuzzy point z; is defined by x:(y) =
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be the family of all fuzzy points in X. All other notations and definitions are standard in
the fuzzy set theory.

Definition 2.1. [11] A function 7 : IX — T is called a fuzzy topology on X if it satisfies
the following conditions:

(1) 7(0) =r(1) =1,

) 7(Vyeg i) = Niey 7(pi), forany {p; 1 i € J} < I¥.

(3) T(p1 A pa) > 7(u1) A 7(pz), forall py, pg € IX.

The pair (X, 7) is called a fuzzy topological space (for short, fts). A fuzzy set A is

called an r-fuzzy open (for short, r-fo) if 7(\) > r and a fuzzy set X is called an r-fuzzy
closed (for short, r-fc) if 7(1 — ) > r.
Theorem 2.1. [3] Let (X, 7) be a fts. Then for each A € IX and r € Iy, we define an
operator Cy : IX x Iy — I as follows: C.(\, 7) = N{p € I* : X< p, 7(T—p) > r}.
For \, u € I and r, s € Iy, the operator C, satisfies the following statements:

(C1) C; (6’ T) = 6,

(C2) X< Cr(A, 1)

(C3) Cr(\, 1)V Colpt, 7) = Cr(AV i, 7),
(C4) C-(\, r) <C-(A, s)ifr <s,

(C5) Cr(Cr(A, 1), 1) = C=(A, 7).

Theorem 2.2. [3] Let (X, 7) be a fts. Then for each X\ € IX and r € Iy, we define an
operator I, : IX x Iy — IX as follows: I;(\, ) = \/{u € I : u <\, (1) > r}. For
A\, p € IX andr,s € I, the operator I, satisfies the following statements:

(1) I (1,r) =1,

(12) I;(A, r) < A

(I3) L:(A\, M) AN L (n, ) =L (A A, 1),
() L-(A\, r) < I.(\ s)ifs<r,

(I5) I, (I.r()\ r) ) L\ 7).

Definition 2.2. [10] Let (X, 7) be a fts, \ € X and r € I. Then a fuzzy set ) is called
(1) r-fuzzy regular open (for short, r-fro) if A = I.(C- (A, 7), 7).
(2) r-fuzzy regular closed (for short, r-frc) if A\ = C. (I (A, 7), 7).

Definition 2.3. [12] Let (X, 7) beaftsand A\ € IX, r € I,. Then

(1) A is called r-fuzzy regular semi open (for short, r-frso) if there exists r-fro set
pelIXand pu <)< Cr(p,r).

(2) A is called r-fuzzy regular semi closed (for short, r-frsc) if there exists r-frc set
pe IXand I (p,7) <X < p.

(3) The r-fuzzy regular semi interior of A, denoted by RSI.(A,r), is defined by
RSL(\,7) =\/{pn €I | u <\, pisrfrso }.

(4) The r- fuzzy regular semi closure of )\, denoted by RSC.(\,r) is defined by
RSC,(\,r) = N{p € I* | p> X\, pisr-frsc }.

We denote the set of all r-frso sets and r-frsc sets by FRSO(X) and FRSC(X).

Theorem 2.3. [12] Let (X, 7) be a smooth topological space. For A\ € I, r € I, the
following statements are equivalent:

(1) Xisr-frso.

(2) 1— \is r-frso.
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(3) L:(\,7r) = L (Cr (A7), 7).
4) C—,—()\7’l°) - CT(IT(Aa T’),T).

Definition 2.4. [12] Let (X, 7) and (Y, n) be fts’s. Let f : (X, 7) = (Y, n) be a
mapping. Then f is said to be:

(1) fuzzy regular semi irresolute (resp. fuzzy regular semi continuous) iff f=1(u) is
r-frso for each r-frso set u € IV (resp. p € IV, n(p) > r).

(2) fuzzy regular semi irresolute open (resp. fuzzy regular semi open) iff f(\) is
r-frso in Y for each r-frso set A € I (resp. A € IX, 7(\) > 7).

(3) fuzzy regular semi irresolute closed (resp. fuzzy regular semi closed) iff f()\) is

r-frsc in Y for each r-frsc set A € IX (resp. A € IX, 7(1 — \) > 7).

Definition 2.5. [1] Let (X, 7) and (Y, o) be a fts’s. Let f : (X, 7) — (Y, o) bea
function. Then f is called

(1) weakly continuous if for each p € IV, where o(u) > r, r € Io, f~ () <

L(f 1 (Co(p, 7)), 7).
(2) weakly open if foreach p € IX, where 7(u) >, r € Iy, f(1) < I, (f(Cr (11, 7)), 7).

Definition 2.6. [5] A fts (X, 7) is called an r-fuzzy compact ( r-fuzzy nearly compact and
r-fuzzy almost compact) if and only if for every family {\;|i € J}in {\: A E X, 7(\) >
r} such that \/, . ; A; = 1, there exists a finite subset .Jy of .J such that \/ =1 (resp.

leJo ~(Cr(Ni,7),r) =1and \/ZEJ0 (Mg, ) = 1.
Theorem 2.4. Let (X, 7) and (Y,0) be two fts and [ : (X, 1) — (Y, 0) is fuzzy weakly

open and fuzzy weakly continuous, then f~1()\) is an r-fro (resp. r-frc) set for every r-fro
xel¥Y,rel.

1€Jo

Proof Let \ be an r-fro set in Y, we have () > r.
7(f7H(A) = r. Hence f~'(\) = I, (f~ () r) < I

weakly open, f(I,(C,(f~1(\),r), 1)) < I (f(C.

weakly continuous, Ia(f(CT(f_l()\),r),r) < L(ff Y Cs N\ 7). 1) < I, (Cy(\,7),7)) =
A. Hence I (C-(f~t(N\),7),r) < f71(N). Thus fY(N) is r-fro. “An r-frc case will be sim-
ilar. U

Since f is fuzzy weakly continuous,
(C ( L(X\),r),7). Since f is fuzzy
(f~1(\),r),r)). Since f is fuzzy
I

3. r-Fuzzy Rs-COMPACTNESS

The most important of all covering properties is compactness. In this section, we intro-
duce the concept of fuzzy Rs-compactness and study some of its basic properties.

Definition 3.1. A fts (X, 7) is called

(1) r-fuzzy Rs compact if for every r-fuzzy regular semiopen cover {)\; : ¢ € J} of
X, there exists a finite subset Jy of J such that \/i eJo A =1.

(2) r-fuzzy weakly Rs compact if for every r-fuzzy regular semiopen cover {); : i €
J} of X, there exists a finite subset Jy of J such that \/; ; I (A7) = 1.

(3) r-fuzzy almost Rs compact if for every r-fuzzy regular semlopen cover {)\; : i €

J} of X, there exists a finite subset Jp of J such that \/, ; C-(X\i,r) = 1.
Remark. (1) Every r-fuzzy weakly Rs compact is r-fuzzy Rs compact.
(2) Every r-fuzzy Rs compact is r-fuzzy almost Rs compact.

From Theorem 2.3, we have the following theorem:
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Theorem 3.1. A fts (X, 7) is r-fuzzy Rs-compact if and only if for each family {\;|i € J}
of r-frso sets of X such that \;. ; \i = 0, there exists a finite subset Jy of J such that
Nicg, i = 0.

Theorem 3.2. A fis (X, 7) is r-fuzzy weakly Rs-compact if and only if for each family
{\ili € J} of r-frso sets of X such that \,_ ; \; = 0, there exists a finite subset Jo of J

i€J
such that \; ; Cr(\i,7) = 0.

Proof. Suppose that (X, 7) is r-fuzzy weakly Rs-compact. Let {\;|i € J} be a family of

r-frso sets of X such that A\;_ ; A\; = 0. Then by Theorem 2.3, {1 — \;|i € J} is a family

of r-frso sets of X such that \/;,.;1—X; =1~ A,.; A\ = 1. Since (X7 7) is r-fuzzy

weakly fs compact, there exists a finite subset Jo of J such that \/; ; I (T — A;,r) = 1.

Hence /\ng (i) =1— (\/ZEJ0 L.(1—=X\;,r)=0. O
Converse follows by reversing the previous arguments.

Theorem 3.3. Let (X, 7) be a fts. Then the following are equivalent:
(1) (X,7) is r-fuzzy weakly Rs-compact.
(2) For each family {\;|i € J} of r-frso sets of X such that |\,
a finite subset Jo of J such that N\, ; C-(X\i,7) = 0.

(3) For each r-fuzzy regular closed cover {\;|i € J} of X, there exists a finite subset
Jo of J such that \/ L(,r)=1.

Proof. (1)=-(2): Trivial.

(2)=(1): Let {\;]i € J} be a family of r-frso sets of X such that A\, ; A; = 0. Since
A; is an r-frso set for each i € J, C-(\;,r) = Cr(I(N\;,7),r) for each i € J. Since
{I;(X\i,7)]i € J} is a family of r-fro sets of X such that A\, ; I-()\;, ) = 0, by (2) there
exists a finite subset Jy of J such that A, ; Cr(Ni,r) = N;c; Cr(Ir(Nisr),r) = 0.
Thus (X, 7) is r-fuzzy weakly Rs-compact.

(2)<(3): Itis obvious. [l

Theorem 3.4. Let (X, 7) and (Y, 0) be two fts’s and let f : (X, 7) — (Y, 0) be surjective,
fuzzy weakly open and fuzzy weakly continuous function. If (X, 1) is r-fuzzy weakly Rs-
compact, then so is (Y, o).

icg i = 0, there exists

i€Jo

Proof. Let {n;|¢ € J} be an r-fuzzy regular closed cover over Y. By Theorem 2.4,
{f*(n:)|i € J} is an r-fuzzy regular closed cover of X. Since X is - fuzzy weakly Rs-
compact, by Theorem 3.2, there exists a finite subset .Jy of J such that \/; , I-(f~"(n:),7)
1. From the surjectivity and fuzzy weakly openness of f, we have

1= (Ve (L (f(0i,7))))
= Vies, fI(F 71 (mi,7))
< Vies, Lo (F(Co (I (1 (m),7),7)).7)
= Vies, Lo (F(fHm)),7)
= VzeJO I, (7717 )

Hence \/,_ ; I,(n;,r) =1, and thus (Y, o) is r-fuzzy weakly s compact. O

i€Jo
Theorem 3.5. A fis (X, 7T) is r-fuzzy almost Rs compact if and only if for each family
{Xili € J} of r-frso sets of X such that \,c; \; = 0, there exists a finite subset Jo of J
such that \; ; I-(Ai,r) = 0.

Proof. Let (X, 7) be r-fuzzy almost Rs-compact and let {\;|i € J} be a family of r-
frso sets of X such that A, ; A\; = 0. Then {T — \;li € J} is a family of r-frso sets
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of X such that \/,. ;T — X =1 — (A\;c;\i) = 1. Since (X, 7) is r-fuzzy almost Rs-
compact, there exists a finite subset Jy of .J such that \/; ; C-(I — A;,r) = 1. Hence

Nicg, Ir(Niyr) = 1- Vies Cr(1T—X,r)=0.
The converse can be proved similarly. (]

Theorem 3.6. Let (X, 7) be a fts. Then the following statements are equivalent:

(1) (X,7) is r-fuzzy almost Rs-compact.

(2) For each family {\;|i € J} of r-fro sets of X such that )\, ; \; = 0, there exists
a finite subset Jo of J such that )\, ; \i = 0.

(3) For each r-fuzzy regular closed cover {\;|i € J} of X, there exists a finite subset

Jo of J such that \/ieJo A= 1.

Proof. Straightforward. (]

Definition 3.2. A fts (X, 7) is called an r-fuzzy S-closed if and only if for every an -
fuzzy semiopen cover {\;[i € J} of X, there exists a finite subset Jo of J such that

Vies, C-(Niyr) = 1.

Theorem 3.7. A fts (X, 1) is r-fuzzy almost Rs-compact if and only if (X, T) is r-fuzzy
S-closed.

Proof. Let (X, 7) be r-fuzzy S-closed. Since every r-frso set is r-fuzzy semiopen, (X, 7)
is r-fuzzy almost Rs-compact.

Conversely, suppose that (X, 7) is r-fuzzy almost Rs-compact and let {\;|i € J} be
an 7-fuzzy semiopen cover of X. Then there exists p; € I with 7(y;) > 7, such that
wi < N < Cr(ug,7), for each ¢ € J. We can easily show that C(u;,r) is an r-frc
foreach i € J. Since pu; < \; < C-(\;, 1), foreachi € J, Cr(ui,r) < Cr(Ai,r) <
C-(Cr(pi,r),r) for each i € J. Thus C,(\;,r) = Cr(ui,r) for each ¢ € J. Thus
{C; (N, r)|i € J} is an r-fuzzy regular closed cover of X. Since (X, 7) is r-fuzzy almost
Jts-compact, there exists a finite subset Jo of .J such that \/;_ o Cr(\i,7) = 1. Hence
(X, 7) is r-fuzzy S-closed. O

Theorem 3.8. A fis (X, 1) is an r-fuzzy weakly Rs-compact if and only if for every an
r-fuzzy semiopen cover {\;|i € J} of X, there exists a finite subset Jy of J such that

Vies, Ir(Cr(Aiyr), 1) = 1.
Proof. Similar to Theorem 3.7. O

Theorem 3.9. Let (X, 7) and (Y, 0) be two fis’s and let f : (X, 7) — (Y, 0) be a surjec-
tive, fuzzy weakly open and fuzzy weakly continuous function. If (X, T) is r-fuzzy almost
Rs-compact, then so is (Y, o).

Proof. Let{n;|i € J} be an r-fuzzy regular closed cover of Y. By Theorem 2.4, { f =1 (n;)|i €
J} is an r-fuzzy regular closed cover of X. Since (X, 7) is r-fuzzy almost Rs-compact,
by Theorem 2.4, there exists a finite subset Jo of J such that \/; ; f ~1(n;) = 1. From
the surjectivity of f we have

1= f(\/iEJo f_l(ni)) = \/iEJo f(f_l(n’b)) = \/iEJo M-

Hence \/;; mi = 1. Thus (Y, o) is r-fuzzy almost Rs-compact. O

Definition 3.3. A fts (X, 7) is called r-fuzzy extremally disconnected if 7(C- (A, 7)) > r
for every A € I*X with 7(\) > 7.
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Theorem 3.10. Let (X, 7) and (Y, 0) be two fts, and let f : (X,7) — (Y, 0) be a sur-
Jective, fuzzy weakly open and fuzzy weakly continuous function. If (X, T) is r-fuzzy ex-
tremally disconnected, then so is (Y, o).

Proof. Let A € IY with o(\) > r. Then A\ = I,(\,7). Hence C.(\,r) is r-frc set. By
Theorem 2.4, f~1(Cy (A, 7)) is r-frc, ie., f~HCo (N, 1) = Cr (L-(f~HCh (N, 7)), 7),7).
Since (X, 7) is r-fuzzy extremally disconnected and 7(I.(f~1(Cy(A,7)),7)) > 7 and
7(Co(L-(f~H(Cy(N,7)),7),7)) > r. From the surjectivity and fuzzy weakly openness of

Co ()\,T‘) _f(f 1(00()‘7 ) )

= f(Cr (I (fH(Co (N, 1)), 1), 7))
< L (f(Cr(I (f~HCo (N, 7)), 1), 7)), 7)
=1, (f( (f 1(00( ) )),T)),T’)
=1, (f(f I(CU( y )))a )
=I,(Co(A1),7).
Hence C, (A7) = I,(Cy(\,r),r) and so 0(Cy(A, 7)) > r. Thus (Y, o) is r-fuzzy
extremally disconnected. U

Theorem 3.11. Let a fts (X, T) be r-fuzzy extremally disconnected. If X € IX is r-frso,
then I.(A\,r) = A = Cr(\, 7).

Proof. Let X be an r-frso set. Then there exists an r-fro p such that 4 < A
Since X is r-fuzzy extremally disconnected, p = C,(u,r). And we get u

since p is an r-fro set. Thus we have the following, 1 = I (p,7) < L:(A,7r) < A <
Cr(\ 1) < Cr(u,r) = p. Hence I (A, 1) = A = C-(\,r). O

From the above theorem, we get the following:

Theorem 3.12. Let a fis (X, 7) be r-fuzzy extremally disconnected. Then the following
are equivalent:
(1) (X,7) is r-fuzzy weakly Rs-compact.
(2) (X,7) is r-fuzzy Rs-compact.
(3) (X, 7) is r-fuzzy almost Rs-compact.
Theorem 3.13. For an r-fuzzy extremally disconnected fts (X, ), the following are true:
(1) r-fuzzy compactness implies r-fuzzy weakly $s-compactness.
(2) r-fuzzy nearly compactness implies r-fuzzy Rs-compactness.
(3) r-fuzzy almost compactness implies r-fuzzy almost Rs-compactness.

Proof. (2) Let (X, 7) be an r-fuzzy extremally disconnected and r-fuzzy nearly compact
space, let {\;|¢ € J} be an r-fuzzy regular semiopen cover of X. Then there exists an r-fro
set u; such that u; < \; < C(u;,r) foreach ¢ € J. Since (X, 7) is r-fuzzy extremally
disconnected and p; = I (Cr(p;, 7)) foreach ¢ € J, A; = I.(\;,r) for each i € J. Thus
we get \; = I (Cr(\;,7),r) for each i € J from Theorem 2.3. Hence (X, 7) is r-fuzzy
Rs-compact since X is r-fuzzy nearly compact.

(1) and (3) are similar to (2). ([l

Corollary 3.14. If a fis (X, T) is r-fuzzy extremally disconnected, then the following are
equivalent:

(1) r-fuzzy nearly compactness.
(2) r-fuzzy almost compactness.
(3) r-fuzzy S-closeness.

Proof. We get the results from Theorems 3.7, 3.12 and 3.13. O
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4. r-FuzzY Rs-CONNECTEDNESS

Definition 4.1. Let (X, 7) beaftsand \, p € IX, r € Iy. A r-fuzzy Rs-separation on T
is a pair of non null proper r-frso sets A and p such that A\A p=0and AV p = 1.

Definition 4.2. A fts (X, 7) is said to be r-fuzzy Rs-connected if and only if there is no
r-fuzzy Rs-separation of 1. Otherwise, (X, 7) is said to be r-fuzzy Rs-disconnected space.
Example 4.3. Let X = {a,b,c}, \, 1,8 € I, r € I are defined as A(a) = 0.2, \(b) =
0.3, A(¢) = 0.4; u(a) = 0.6, u(b) = 0.3, u(c) = 0.4; §(a) = 0.7,0(b) = 0.4,6(c) = 0.5.
We define fuzzy topology 7 : IX — I as follows:

if A € {0,1},

% it A=A\,

0 otherwise.

For r = %, pand § are r-frso sets in (X, 7), p # 0,8 # 0, uV 3 # Tand p A # 0.
Hence (X, 7) is r-fuzzy Rs-connected.

—_

T(A) =

Proposition 4.1. A fis (X, 7) is a r-fuzzy Rs-connected if and only if there exists no non-
null r-frso sets X\, p € IX,r € Iy such that \ =1 — pu.

Proof. Necessity: Let A and p be two r-frso sets in (X, 7) such that A # 0, T — u # 0 and
A =1 — p. Therefore T — p is a 7-frsc set. Since A # 0, p # 1. This implies that 4 is a
proper fuzzy set which is both r-frso and r-frsc in (X, 7). Hence (X, 7) is not a r-fuzzy
Rs-connected space. But this is a contradiction to our hypothesis. Thus there exists no
non-null 7-frso sets A and u in (X, 7) such that A = 1 — p.

Sufficiency: Let A be both 7-frso and r-frsc in (X, 7) such that A # 0, A # 1. Let
1 — A= . Then pis ar-frso set and 1 — p # 1. This implies that y = 1 — A # 0, which
is a contradiction to our hypothesis. Hence (X, 7) is a r-fuzzy $s-connected space. (]

Proposition 4.2. A fis (X, 7) is a r-fuzzy Rs-connected space if and only if there exists no
non-null r-frso sets \, u € IX withr € Iy such that A\ =1 — pu, p = 1 — RSC,(\) and
A=1—RSC. ().

Proof. Necessity: Assume that there exists a fuzzy sets A and . such that A # 0, T—p # 0,
A=1—p,u=1-RSC,(\)and A\ = 1-RSC,(p). Since I-RSC,()\) and 1-RSC (1)
are r-frso sets in (X, 7), A and p are r-frso sets in (X, 7). This implies (X, 7) is not a -
fuzzy Rs-connected space, which is a contradiction. Thus there exists no non-null r-frso
sets Aand pin (X, 7) suchthat \ =1 — p, u=1— RSC,(\) and A =1 — RSC,(p).
Sufficiency: Let A be both 7-frso and r-frsc in (X, 7) such that A # 0, A # 1. Now by
taking 1 — A\ = 1, we obtain a contradiction to our hypothesis. Hence (X, 7) is a r-fuzzy
Rs-connected space. |

Definition 4.4. A fts (X, 7) is said to be r-fuzzy C5s-disconnected if there exists fuzzy set
A € IX,r € Iy, which is both 7-fo and r-fc set such that A # 0 and A # 1. If (X, 7) is not
r-fuzzy Cs-disconnected then it is said to be r-fuzzy Cs-connected.

Proposition 4.3. Let (X, 7) and (Y,0) be two fts’s. Let f : (X,7) — (Y, 0) is a fuzzy
regular semi continuous and surjective function. If (X, ) is r-fuzzy Rs-connected, then
(Y, 0) is a r-fuzzy Cs-connected.

Proof. Let (X, 1) is r-fuzzy Rs-connected. Suppose (Y, o) is not a r-fuzzy Cs-connected
space, then there exists a proper fuzzy set A € I, r € I, which is both 7-fo and r-fc set.
Since f is a fuzzy regular semi continuous function, f~!()\) is both r-frso and r-frsc in
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(X, 7). But this is a contradiction to hypothesis. Hence (Y, o) is a r-fuzzy C5-connected
space. (]

Definition 4.5. A fuzzy setin a fts (X, 7) is said to be r-frsco set, which is both r-frso and
r-frsc set.

Definition 4.6. A fts (X, 7) is said to be r-fuzzy $s-Cs-disconnected if there exists 7-
frsco set A € IX, r € Iy such that A # 0 and A # 1. If (X, 7) is not r-fuzzy Rs-Cj-
disconnected then it is said to be r-fuzzy Rs-Cs-connected.

Proposition 4.4. A fts (X, ) is r-fuzzy Rs-Cs connected, then it is r-fuzzy Rs-connected.

Proof. Suppose that there exists non-null r-frso sets X and y such that A V 1 = T and A A
p = 0 (r-fuzzy Rs-disconnected), then A = AVy and A = AAp. In other words, A = 1—p.
Hence X is a r-frsco set which implies that (X, 7) is r-fuzzy Rs-Cs-disconnected. (]

Remark. The converse of the above Proposition need not be true as shown by the following
example.

Example 4.7. Let X = {a,b,c}, A\, A2, A3, A1, A5, 11,0 € I~ are defined as A (a)
0.4, )\1([)) = 0.5,)\1(0) = 0.6; )\2((1) = 047>\2(b) = 0.57>\2(C) = 0.4; )\3(@)
0.5, )\3(()) = 0.5,)\3(0) = 0.5; )\4(&) = 05,)\4(b) = 0.57)\4(0) = 0.6; )\5(@)
0.4, A5(b) = 0.5, A5(c) = 0.5; p(a) = 0.5, u(b) = 0.5, u(c) = 0.4; §(a) = 0.6,6(b) =
0.5,0(c) = 0.6. We define fuzzy topology 7 : IX — I as follows:

1 if A e {0,1},

$oifA =y,

% if A= Mg,
7(\) = % if A= Ag,

% if A= Ay,

3 ifA= s,

0 otherwise.

Forr = %, The fuzzy sets p and § are 7-frso sets over 1 (since there exist 7-fro set A1 such
that \; < p < C; (A1) = 1— )4 and there exist r-fro set Ay such that Ay < 6§ < Cr(\y) =
T—Xg). Also, u A6 =p #0,uV3d=35#1, hence (X, 7) is r-fuzzy Rs-connected. But
(X, 1) is r-fuzzy Rs-Cs-disconnected, since A3 is both r-frso set and r-frsc set.

Proposition 4.5. Ler (X, 7) and (Y,0) be fts’s. Let f : (X, 1) — (Y, o) be a fuzzy regular
semi irresolute and surjective function. If (X, ) is r-fuzzy Rs-connected, then (Y, o) is
r-fuzzy Rs-connected.

Proof. Assume that (Y, o) is not r-fuzzy Rs-connected. Thus there exists non-null r-frso
sets A\, € IV, r € Iy suchthat \\V u = Tand A A = 0. Since f is fuzzy regular semi
irresolute function, v = f~1()\), n = f~1(u) are r-frso sets in (X, 7). From A # 0, we
getv = f7Y(\) # 0. If f71(\) # 0, then A = f(f~1(\)) = f(0) = 0, which is a
contradiction.) Similarly we obtain p = 0. Now, AV =1 f~*(A\) v f~1(n) = f~1(1),
vV =T, AApu=0f"N)AfY(u) = f~1(0) v An =0. This implies that v V7 = 1
and v A = 0. Thus (X, 7) is r-fuzzy Rs-connected, which is a contradiction to our
hypothesis. Hence (Y, o) is r-fuzzy Rs-connected. O

Proposition 4.6. A fts (X, 1) is r-fuzzy Rs-Cs-connected if and only if there exists no
non-null r-frso sets A,y € I | r € Iy such that A\ =1 — pu.



r-FUZZY Rs-COMPACTNESS AND 7-FUZZY Rs-CONNECTEDNESS IN THE SENSE OF SOSTAK’S 281

Proof. Suppose that A and y are r-frso sets in X such that A # 0, p # 0, A = 1 — p.
Since A = 1 — p, 1 — pis ar-frso set and p is a r-frsc set. And A # 0 implies p # 1. But
this is a contradiction to the fact that (X, 7) is r-fuzzy Rs-Cs-connected.

Conversely, let A be both r-frso and r-frsc in X such that A # 0, A # 1. Now take
i = 1 — X In this case p is a r-frso set and A\ # 1. Which implies that y = 1 — X\ = 0,
which is a contradiction. U

Proposition 4.7. A fis (X, 1) is r-fuzzy Rs-Cs-connected if and only if there exists no
non-null fuzzy sets A\, u € IX, r € Iy such that T — X\ = p, p = 1 — RSC,(N),
A=1—RSC.(p).

Proof. Assume that there exists a fuzzy sets A and g suchthat A # 0, u # 0,1 — X = p,
pw=1—RSC,(\)and A\ =1 — RSC;(u). Since 1 — RSC;()\) and 1 — RSC(u) are
r-frso sets over X, A and p are r-frso sets in X, which is a contradiction.

Conversely, let A be both 7-frso and r-frsc in X such that A # 0, A # 1. Taking
1t =1 — A\, we obtain a contradiction. [

Definition 4.8. A fts (X, 7) is said to be r-fuzzy Rs-strongly connected if there exists no
non-null 7-frsc sets X\, u € IX, r € Iy such that A 4+ p < 1.

In otherwords, a fts (X, 7) is said to be r-fuzzy Rs-strongly connected if there exists no
non-null r-frsc sets A, p € IX, r € Iy such that A\ A pu = 1.

Proposition 4.8. A fts (X, 7) is r-fuzzy Rs-strongly connected if and only if there exists
no non-null r-frso sets \, i € Ix withr € Iy suchthat A\ # 1, p # 1and X + p > 1.

Proof. Necessity: Let A and p are r-frso sets in (X, 7) such that A\ # 1, u # 1 and
A+ pu>1 Ifwetakev =1 — Xandnp = 1 — p, then v and 1 become r-frsc sets in
X and v # 0, n # 0 and v + 1 < 1. Which is a contradiction. Hence (X, 7) is r-fuzzy
Rs-strongly connected.

Sufficiency: Let A and ;1 be non-null r-frsc sets in (X, 7) such that A + p < 1. If
v=1—Xandn =1-— y, then v and ) become r-frso sets in (X, 7) and v # 1, # 1 and
v +n > 1. Which is a contradiction. Thus there exists no non-null r-frso sets A and y in
(X,7)suchthat \ # 1, u # Tand A + p > 1. O

Proposition 4.9. Ler (X,7) and (Y,0) be fts’s. Let f : (X,7) — (Y,0) be a fuzzy
regular semi irresolute and surjective function. If (X, T) is r-fuzzy Rs-strongly connected,
then (Y, o) is r-fuzzy Rs-strongly connected.

Proof. Suppose that (Y, o) is not r-fuzzy Rs-strongly connected. Then there exists non-
null 7-frsc sets v; and vy in (Y, o) such that v; # 0, vy # 0, v1 + v2 < 0. Since f
is fuzzy regular semi irresolute function, f~1(v1), f~(v2) are r-frsc sets in (X, 7) and
FTHo)Af T (2) =0, f 71 (1) #£0, f 1 (v2) #0. AF f~1 (1) = 0, then f(f (1)) =
v1 which implies f(0) = v1. So 0 = vy a contradiction.) Hence (X, 7) is r-fuzzy %s-
strongly connected, a contradiction to our hypothesis. Thus (Y, o) is r-fuzzy Rs-strongly
connected. U

Remark. r-fuzzy Rs-strongly connected does not imply r-fuzzy Rs-Cs-connected.

Example 4.9. In Example 4.7, (X, 7) is r-fuzzy Rs-strongly connected, since there is no
r-frsc sets A\, A2, A1 + Ao < 1. But (X, 7) is r-fuzzy Rs-C5-disconnected.

Remark. r-fuzzy Rs-Cs-connected does not imply r-fuzzy Rs-strongly connected.
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Example 4.10. In Example 4.3, (X, 7) is r-fuzzy $s-Cs-strongly connected, since there
is no fuzzy set A is both r-frso and r-frsc set. But (X, 7) is not r-fuzzy Rs-strongly
connected, since there is the r-frsc sets A and p, A + p < 1.

Definition 4.11. Let (X, 7) be fts, A\, u € IX, r € Iy. The non-null fuzzy sets A and y
are said to be

(1) r-fuzzy Rs-weakly separated if RSC,(A\) <1 — pand RSC, () <1 — A

(2) r-fuzzy Rs-g-separated if RSC-(A) Apu=0=AARSC,(u).

Definition 4.12. A fts (X, 7) is said to be r-fuzzy Rs-Cyy-disconnected if there exists
r-fuzzy Rs-weakly separated non-null fuzzy sets A and p in X such that AV p = 1.

Example 4.13. Let X = {a,b,c}, A\, u € IX, r € I are defined as A\(a) = 0, \(b) =

1,A(c) = 0; p(a) = 1,u(b) = 0,u(c) = 1. We define fuzzy topology 7 : IX — I as
follows:

1 ifx e {0,1},

L oifa=2\
=93 0T

5 ifA=p,

0 otherwise.

Forr = %, the fuzzy sets A and p are r-frso sets in (X, 7), RSC-(\) < 1—p, RSC (1) <
1 — A. Hence A and p are r-fuzzy Rs-weakly separated and A V p = 1. Hence (X, 7) is
r-fuzzy Rs-Cyy-disconnected.

Definition 4.14. A fts (X, 7) is said to be r-fuzzy Rs-Cg-disconnected if there exists
r-fuzzy Rs-q-separated non-null fuzzy sets A and p in X such that A V p = 1.

Example 4.15. In Example 4.13, the fuzzy sets A and p are r-frso sets, RSC,(A) =

T—puAp=0and RSC, () =1—AAX=0. Hence X and y are r-fuzzy Rs-g-separated

and AV p = 1. Thus (X, 7) is r-fuzzy Rs-C(-disconnected.

Remark. A fis (X, 1) is said to be r-fuzzy Rs-Cy -connected if and only if (X, 1) is r-

Sfuzzy Rs-Cg-connected.

Definition 4.16. Let (X,7)beaftsand Y < X. Let AY is defined as follows \Y (z) =
1 ifzeY
0 ifzgy

fuzzy subspace topology and (Y, 7y) is called fuzzy subspace of (X, 7).

.Letty = {\Y Ap: 7(u) > 7}, then the fuzzy topology 7y on Y is called

Definition 4.17. A fuzzy subspace (Y, 7y) of fts (X, 7) is said to be r-fuzzy Rs-open
(resp. 7- fuzzy Rs-closed, 7-fuzzy Rs-connected) subspace if \Y € FRSO(X) (resp.
\Y € FRSC(X), \Y is r-fuzzy Rs-connected).

Theorem 4.10. Let (Y, 7y ) be a r-fuzzy Rs-connected subspace of fts (X, ) such that
YY A € FRSO(X). If 1 has a r-fuzzy Rs-separations \ and ji, then either v¥ < X or
Y <

Proof. Let \, u be r-fuzzy Rs-separation on 1. By hypothesis, A A v¥ € FRSO(X),
puAyY € FRSO(X) and [AA~Y]V [uA~yY] =~Y. Since 7Y is r-fuzzy Rs-connected.
Then either A\ A yY =0 or u A Y = 0. Therefore, either ¥ < X ory¥ < p. O

Theorem 4.11. If (X, 12) is a r-fuzzy Rs-connected space and T is fuzzy coarser than 7o,
then (X, T1) is also a r-fuzzy Rs-connected.
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Proof. Let \, u € IX, r € I, be r-fuzzy Rs-separation on (X, 7;). Then A, i are r-frso
sets. Since 71 < 75. Then A, p in (X, 72) such that A, p is r-fuzzy Rs-separation on
(X, T2), which is a contradiction with the r-fuzzy Rs-connectedness of (X, 72). Hence,
(X, 1) is r-fuzzy Rs-connected. O

Remark. The converse of Theorem 4.11 is not true in general, as shown in the following
example.

Example 4.18. Let X = {a seodye, f1 A1, Aoy, A3, Ay € IX 1 € I are defined

as Ai(a) = L,A1(b) = 1, \(c LAi(d) = 0,Ai(e) = 0,A(f) = 0; Aa(a) =
0'2a )‘Q(b) = 03 )‘2( ) = 043)‘2(d) = 07)\2(6) = 0,)‘2(f) =0 )\3(&) = 07>‘3(b) =
O,)\d( ) = 0 )\ (d) = 1,/\3( ) 1,)\3(f) = 1; )\4(@) = 027>\4(b) = 0.3,)\4(0) =
0.4,\4(d) = 1, \(e) = 1, \(f) = 1. We define fuzzy topology 71,72 : I — I as
follows: _
1 ifx e {0,1},
% if A= Aq,
1 ifxe{0,1 Lot =\,
() = O1h oy =y M=
0 otherwise. 5 ifA=As,
% if A= Ay,
0 otherwise.

Let 71 be the indiscrete fuzzy Rs-topology, then 7 is r-fuzzy Rs-connected, on the other
hand, Clearly, 7> defines a fuzzy topology on X such that ; < 79. For r = %, A1 and A3
are 7-frso sets in which form a r-fuzzy Rs-separation of (X, 75) where A; A A3 = 0 and
A1 V A3 = 1. Hence (X, 79) is r-fuzzy Rs-disconnected.

Theorem 4.12. A fuzzy subspace (Y, Ty) of a r-fuzzy Rs-disconnected space (X, ) is
r-fuzzy Rs-disconnected if v¥ A u € FRSO(X), Vu € FRSO(X).

Proof. Let (Y, 1y ) be r-fuzzy Rs-connected. Since (X, 7) is r-fuzzy Rs-disconnected.
Then there exists r-fuzzy Rs-separation A\, p on (X,7). By hypothesis, A A v¥ €
FRSO(X), pAvY € FRSO(X) and (A A7Y] V [u A ~Y] = ~Y, which is a con-
tradiction with the r-fuzzy Rs-connectedness of (Y, 7y ). Therefore (Y, 7y) is r-fuzzy
Rs-disconnected. O

Remark. A r-fuzzy Rs-disconnectedness property is not hereditary property in general,
as in the following example.

Example 4.19. In Example 4.18, let Y = {a,b} < X. We consider the fuzzy set \Y of
Y defined as follows, AY (a) = 1,\Y (b) = 1. Then we define fuzzy subspace topology
7v : IY — T as follows:

1 if e {0,1},
A=A AN,
Lot a=2Y A\

Ty(/\) = 3 . ’
% if A =AY A\,
L OAfA=AY AN,
0 otherwise.

Thus, the collection 7y = {\Y A : 7(u) > r} is a fuzzy subspace topology on Y in which
there is no r-fuzzy Rs-separation on (Y, 7y ). Therefore, (Y, 7y) is r-fuzzy Rs-connected
at the time that (X, 7) is r-fuzzy fs-disconnected as shown in Example 4.18.
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5. CONCLUSION

Sostak’s fuzzy topology has been recently of major interest among fuzzy topologies. In
this paper, we have introduced r-fuzzy regular semi compactness and gave basic definition
and theorems of the concept. Also, we introduce r-fuzzy regular semi connectedness, 7-
fuzzy regular semi strongly connectedness and r-fuzzy regular semi-Cs-connectedness.
Some interesting properties of these notions are studied.
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STABILITY OF FINITE VARIABLE QUARTIC FUNCTIONAL EQUATION IN
CLASSICAL METHODS

K. TAMILVANAN, K. LOGANATHAN* AND G. BALASUBRAMANIAN

ABSTRACT. In this work, we investigate the Hyers-Ulam stability by using direct and
fixed point methods for the quartic functional equation

P P p
doel-mt D wal= 4 Y batwtue)+(—dp+14) Y d(vatwy)
b=1 a=1;a#b 1<a<b<e<Lp a=1;a#b

P P P
20 (e -+ (o8 (z) + ot
=1

a=1;a#b a=1

p
+(2p? — 14p +14) D p(va)
a=1

for positive integer p > 3.

1. INTRODUCTION

The stability problem of a functional equation became first posed by way of Ulam [13]
regarding the stability of group homomorphism which become responded by means of
Hyers [6] for Banach spaces. Hyers theorem became generalized through Aoki [2] for
additive mapping and through Rassias [11] for linear mappings by using considering an
unbounded Cauchy difference. Rassias [11] has provided plenty of have an impact on in the
improvement of what we name generalized Hyers-Ulam stability of functional equations.

A generalization of the Th. M. Rassias theorem became acquired with the aid of P.
Gavruta citedthrough replacing the unbounded Cauchy difference by using a wellknown
control function within the spirit of Rassias technique. Won-Gil Park and Jae-Hyeong Bae
citel1, delivered the subsequent functional equation

flx+2y) + f(z —2y) =4f(x +y) +4f(z —y) + 24f(y) — 6f(x) (1.1)

and that they mounted the general solution of the functional equation (1.1). It is straightfor-
ward to look that the function f(x) = z* is a solution of the functional equation (refl.1).
Therefore, it is natural that (1.1) is referred to as a quartic functional equation and each

2010 Mathematics Subject Classification. 39B52, 39B72, 39B82.
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solution of the quartic functional equation is stated to be quartic mapping. Numerous au-
thors are inspect the stableness for the functional equations in banach and numerous spaces
which offers an concept to develop this paper ( see [1, 3,4, 6,7, 9, 10, 12] ).

The aim of this paper is to obtain the Hyers-Ulam stability by using direct and fixed
point methods for the quartic functional equation

P P P
ZQS —vp + Z v | = 4 Z & (Vg +vp +ve) + (—4p + 14) Z & (Vg + vp)
b=1 a=1;a#b 1<a<b<ce<lp a=1;a%#b
P P P
+2 > p(va—w)+ (p—8)¢ (Z va> +Y ¢ (2u)
a=1;a7#b a=1 b=1
P
+(2p? — 14p+14) Y é(va) (1.2)
a=1

for positive integer p > 3 in Banach space.
Theorem ( Alternative of fixed point): Suppose that for a complete generalized metric
space (A,d) and a strictly contractive mapping I' : A — A with Lipschitz constant L.
Then, for each given element u € A either
B1) d(Tu, T u) = +00 Vi >0, or
(B2) There exists natural number 7 such that
i) d(Tu, T y) < 0o Vi > ig;

ii) the sequence (I"“u) is convergent to a fixed point v* of T;

iii) v* is the unique fixed point of I" in the set B = {v € A;d(I"u,v) < co};

iv) d(v*,v) < 22d(v,Tv) Vv € B.

Consider E be a normed space and F' be a Banach space. For notational handiness, we
define a function ¢ : E — F by

p P
Do (vi,v,-+,v) =Y |l —m+ Y, va| =4 D b(vatuptue)

b=1 a=1;a#b 1<a<b<celp

(—4p + 14) Z ¢ (Vg +vp) — 2 Z ¢ (Vg — vp)

a=1;a#b a=1;a#b

¢ (Z va> > o) — (20" — 14p+14) > (va)

b=1 a=1
for all vy, vy, -+ ,v, € E.

2. STABILITY RESULT FOR (1.2) IN BANACH SPACE USING DIRECT METHOD

Theorem 2.1. Leti € {—1,1}. Let ( : EP — [0, 00) be a function such that

ZOO C(Q ’U12 ’U2, -,2T7'Up)
r=0 24ri

converges in R and

lim C(2MU17 2’”027" o 72’”;1}[))
r—00 2471

If p : E — F be a function fulfils
||D¢(Ulav23”'7vp)||§C(v1;v2a"'avp) Vvlvv23"'7vp€E; (22)

=0 Vov,vg,--,v, €E. 2.1
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then there exist a unique quartic function Q4 : E — F which fulfils (1.2) and

o0

o) - @)l < = > ) @3)

r=-3

where v(v) = ((v,0,---,0) Vv € E. The function Q4 is given by
Qs(v) = lim $(2")

r—oo  4ri

Yo € E. (2.4)

Proof. Assume that ¢ = 1. Replacing (v1, va,- -+ ,vp) by (v,0,---,0) in (2.2), we get

116¢(v) — ¢(20)]| < ((v,0,---,0) VveE. (2.5)
It follows from (2.5) that
2

122 o)) < (0.0, .0) Vo e B, 26)

Switching v through 2v and dividing by 24 in (2.6), we arrive
$(2*v)  ¢(2v)

125 s

Adding (2.6) and (2.7), we have

2
19822 = ol < 55 (¢w0,ee 0+ SE2520) e

1
I < ﬁC(Q’U,O, -+-,0) YveE. (2.7)

2
In general for any integer s > 0, one can easy to verify that
6(2°0) "v)
1= — oW < 5 Z Vv eE. (2.8)

In order to show the convergence of the sequence { ¢(2245“) }, replacing v by 2'v and dividing

24 in (2.8), for 5, > 0, we get

¢ 25+t ¢ 1 - 2r+t

oA(s1t) 24U A —>0 as t — 00 (2.9)

for all v € E. Therefore, {4’224 f)} is a Cauchy sequence. As F' is complete, there exists a

mapping (4 : E — F such that

Qa(v) = lim ¢(224:)) Vv e E.

Passing s — oo in (2.8) we see that (2.3) holds for v € E. To show that Q4 fulfils (1.2),
switching (v1,v2, -+, vp) by (20, 2t -+, 2%) and dividing 2*! in (2.2), we arrive

24t HQ4( ’072tva e a )H —= 24t (Ztv 2t ’ztv) v’Ul,’UQ, T, Up €L

Letting ¢ — oo in above inequality and using the definition of Q4(v) , we see that
Q4(v1,v2,--- ,vp) = 0. Hence Q4 satisfies (1.2) for all v € E. To show that Q4 is
unique. Let R4 be the another quartic mapping fulfilling (1.2) and (2.3), then

1Qa(v) — Ra(v)|| < %{IIQAL(TU) — &2 + [|¢(2"v) — Ra(2'))II}

1 v 2T+t
3—4 Vi —>Oast—>oo
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for all v € E. Hence @4 is unique. Similarly, we can derive the stability results for
1= —1. O

Corollary 2.2. Let a and b be a non-negative real numbers. Let ¢ : E — F be a function
Sfulfilling

a,
||D¢<’U1,U2,U3,-~- ’UP)H < qal §')=1ijl|b)a
a([T7— losl1” + 225y Hlvs1[7*),
forall vi,va,--- v, € E. Then there exists a unique quartic function Q4 : E — F such
that
a
M
16() = Qa(o)ll < { tpyi b # 4,
P
Igzll‘zlglpb‘ 5 b 7é %7
forallv € E.

3. STABILITY RESULT FOR (1.2) IN BANACH SPACE USING FIXED POINT METHOD

Theorem 3.1. Let ¢ : E — F be a mapping for which there exists a function ( : EP —
[0, 00) with the condition

(7501, 7502, -+, T50p)

=0 3.1)

limy oo

where

such that the functional inequality
[[Dp(v1, v, vp)|| < ((v1,v9, 0 ,vp)  Vor,va,- -+ v, € E. (3.2)
If there exist L = L(0) such that the function

UHT(’U):C(E o,m,o)

2 bl
has the property,
1
%T(Tgv) =LY(v) YveE. (3.3)
Then there exists a unique quartic function Q4 : E — F fulfilling (1.2) and
L1—6
I6(0) - Q| < T T () (3.4)

holds for allv € E.

Proof. Suppose d = {s/s: E — F,s(0) = )} and define the generalized metric on ®.
d(s,t) = inf {r € (0,00) : ||s(v) — t(v)|| < rY(v),v € E}. It is easy to see that (P, d)
is complete. Define ¥ : & — & by

1
Us(v) = s s(tsv) Vv € ®.
75
Now s,t € P,

d(s,t) <r=||s(v) —t(v)|]| <rT(v) YveE.
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= [ Z5s(rs0) — Zpt(rso)ll < rT(rsv) Vo€ F.
75 Ts 75
= [|[Ts(v) — Ut(v)|| < rY(v) Yo € E.
= d(Us, Ut) <rL.
This implies d(Us, ¥t) < Ld(s,t) Vs,t € ®. (i,e.,) ¥ is strictly contractive mapping on

with Lipschtiz constant L. Switching (v1, ve, - -+ ,vp) by (v,0,---,0) in (3.2), we obtain

[lp(20) — 160 (v)|| < ((v,0,---,0) Vv € E. (3.5)
It is follows from (3.5) that

¢(2U) C(’U,O,"' 70)
— < . .

o) - 222 < SR v e g (6

Utilizing (3.3) for § = 0, we have
o(2v
o)~ 22 < vy wen

i, d(p, Vo) <1=d(p,¥¢)<1=L=L"<oc.
Again interchanging v = £ in (3.5) and (3.6), we get

l6(e) =160 (5) | < ¢ (5.0.--.0)

and
l|lé(v) — 16¢ (%)Hgg(g,o,--- ,0) Yo € E. 3.7)
Utilizing (3.3) for § = 0, we have
2
o) - 2 < rr) wer, 38)

(.e.,) d(¢,¥p) < 1= d(p,¥¢p) < 1= LY < cc. In above case, we arrive
(¢, We) < L'°.

Therefore, (Ba(i))holds. By (Ba(ii)), it follows that there exists a fixed point Q4 of ¥ in
FE, such that

Qu(v) = limy—o0 d)(ifrv) Vo€ E. (3.9)
Ts
In order to prove Q4 : E — F'is quartic. Interchanging (v1, va, - - - , vp,) through (75 vy, 7§ vo, - - -

in (3.2) and dividing by Té‘ﬂ it follows from (3.1) and (3.9), we see that Q4 fulfils (1.2) for
all v1,ve,--- ,v, € E. Hence Q4 fulfils (1.2). By (B2(ii)), Q4 is the unique fixed point
of Uinthe set, F = {¢ € ®;d(V¢,Q4) < oo}. Utilizing the fixed point alternative result,
Q4 is the unique function such that,

llo(v) — Qs(v)|] < 7rY(v) Yve E,r>0.
Finally, by (Bz(iv)), we reach

1
(6, Q1) < 7= d(6,V9)

1-5
(ie.) d(6,Q0) < T—-
Hence, we conclude that
L175
I6() = Q)| < {—7T(0) Vwe E.

r
» T Up

)
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Corollary 3.2. Let ¢ : E — F be a mapping and there exists a real numbers a and b such
that
a?
IDd(vr, vz, vp)l] <  a(32f_y [lvi[°),
a([T5 =y s ll° + 3252 Hvs11P),

or all v,vs,- -+ ,v, € E. Then there exist a unique quartic function Q4 : E — F such
p
that
a
5]
_ < ) allvll” . b4
l[p(v) — Qa(v)]| < |24,2bLa )
P
el b L
forallv € E.

Proof. Setting
a7
(o1, 02, ,vp) < Qa0 [|vs]]%),
a(TT5 [lojl* + 3252, v 1P*),
for all vy, v2, -+ ,v, € E. Now

Ts
TTy I esll?® + X0y v 1P}

as r — 00,
as r — 00,

i
7_57‘)
TIUL, Tiv, - -+ , TV
oo e, ’5“<{%é2§1gw%,
0
0
0

as r — 00,
i.e., (3.5) is holds. But we have T'(v) = ¢ (%, 0,--- ,O). Hence

a,

v allv|[®
T(/U):C(7707"'a0): %7
a||r'uupb’

=N
=
—

[
&

3 Sk sl sl
e
NS
o
<

—~
<
=

Ts
= T§74T('U),

(),
for all v € E. Hence the inequality (1.2) holds for
L=2"%if0=0 and L= 5 if6=1.
L=2"% for b<4if6=0 and L=z~ for b>4ifd=1.
L=2/""% for b<2if6=0 and L= g5= for b>2ifd=1.
Now, from (3.5) we prove the following cases:
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Casel:L = 2%if§ = 0.

1-68 —4) a
||¢( )_ ( )|<L LT(U):1(32—4GZE~
Case2:L = == if 6 = 1.

16(v) = Qa(v)]] < ELT(v) = ra = 72
CaseS:L:24forb<4 f6: )

16(v) — Qa(v)]] < E 0 (v) = 12y 2Ll — alloll
Cased:L = 5 forb > 4if § = 1.

(v) = —1 aIIva _ al|®
R 2024

l[¢(v) — Qa(v)
Case5:[ = 2P0~ 4forb< S ifo=0.

pb—4 pb pb
g (v) — <>||f1L (v) = s A2 = 2l

Case6:L = W for b > ; if 6 = 1.

-5 b b
[6(0) = Qu(v)l| < F=7 T(v) = == = = g,
2Pb—
Hence the proof. (]
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STRUCTURE AND APPLICATION OF HCA IN IMAGE ANALYSIS

M. RAJASEKAR AND R. ANBU*

ABSTRACT. In this paper, we study the neighborhood structure of hexagonal cellular au-
tomata with null boundary conditions over the field Z2. Rule matrix with null boundary
condition and application of HC.A in the field of image analysis are studied.

1. INTRODUCTION

The concept of Cellular Automata(C.A) was initiated in the early 1950’s by John Von
Neumann and Stan Ulam [8, 10]. Afterwards, Stephen Wolfram developed the C.A theory
[11].

The Hexagonal Cellular Automata (%C.A) are 2D C.A whose cells are of the form of
a hexagonal. Morita et al.[6] introduced this type of cellular automaton and they called it
HC.A. Image processing are excess more important compared with serial algorithms [9].
CA are widely used by researchers in the domain of image processing. So, C.A can be used
as a parallel method for any image processing task [3].

The paper is organized as follows.. In this second section, the concept used in the paper
are formally defined. In this third section, the neighbor structure of 2D HC.A is explained.
In this forth section,rule matrix of HC.A is studied. In this fifth section, we dispute about a
few application in the field of image analysis using HCA.

2. PRELIMINARIES

Definition 2.1. [S]A Null Boundary C.A is the one in which the extreme cells are connected
to logic zero state.

Definition 2.2. [7] Uniform C.A: The same rule applied to all the cells.
Definition 2.3. [1] Hybrid C.A: The different rules have to implement the different cells.

Definition 2.4. [2] Cellular Automata:(C.A): CA is defined as a quadruplets M =
{d7 Q7 N7 f}

* d € Z, is the dimension of the CA.

*Q ={1,2,...,p} is a countable set of states.

2010 Mathematics Subject Classification. 37B15, 14G50, 68U10.
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* N = (ny,n3, ..., 7,y ) is the neighbor vector
*f . Q™ — Q is the local rule. f given the new states of a cell from the old neighbors
states of the cells.
A mapping C : Z¢ — Q. C? is denote the time t, the cell move to next state at time
t+1.
CH () = f(C* (1), C!(na), ..., C' (nyn)
now we consider f is a local rule of linear function _
(CtJrl(TL) = )q(Ct(nl) + )\Q(Ct(ng) + ...+ )\m(Ct(nm))
A; is the co-efficient for neighborhood.

In [4] the state of the cell (K, £) at time t is denoted by SEQ £y The state of the cell

(K, L) at time (t+1) is denoted by SEZF?) = Réz,ﬁ).
The rule matrix Tk that changes set of states of C.A from (t) to (t+1) such that

[S] Ixmn- (TR)mn Xmn — [R] mnx1s
where

1 1 1 1 1
([Rlmnx1) = ( %J)r )7(§)(1t2+ )7"~(t,)Sgtn+ ),‘(;)‘ ,Sff;f )(,t-)'- ,nglt ))
=R, RY, - RO, ... RO ... RO.

9 1in> » v mlo

3. THE NEIGHBORHOOD STRUCTURE OF 2D HCA

In this section, we show the neighborhood structure HC.A over the field Zs under the
null boundary.

a. L is even positive integer b. L is odd positive integer

FIGURE 1. Two configuration of the HC A.

In Figure 1, we show the HC.A which comprises 6 cells surrounding the center cell
S(k,c) time t . The state of S(x ) at time (¢ + 1) is a function f : 78 — 7 defined as
follows.

If £ is an even integer figure 1.a, then we have,

Stk—-1,2) +Stk=1,c41) + Skc,c41) + Sk+1,2) + Sk,c-1) + Sk-1,£-1) (1)

If £ is an odd integer figure 1.b, then we have,
Stk—1,c) +S(x,c+1) + S(k1,241) T S(kc41,2) + Stie41,c-1) + S 1) -+(2)
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4. RULE MATRIX OF THE HC.A WITH NULL BOUNDARY

In this section, we discuss with the rule matrix of 2D HC.4 with null boundary over the
field Z.
Case (i). We take n is even positive integer and the following theorem.

FIGURE 2. HCA of order m x n
and n is even

Theorem 4.1. Let CA = (d, S, N, f) be the HCA. Let m > 3 and n be an even positive
integer. We prove that there exist a rule matrix Tg Sfrom Z5*" — Z5" corresponding to the
2D HC.A which takes from configuration the state Ct of order m x n to the (t + 1)*" state

AE BE 0 0 0O ... 0 0 O
cCEAF BE 0 0 ... 0 0 O
0 CE AF BE o ... 0 0 O
(C(t+1) isgivenby,T}g: 0 0 cP .AE BE 0 0 0
O 0 0 0 0 ... cCE AF BE
0 0 0 0 0 ... 0 CE AE (mmxcrmm)
Where each sub matrix,
01 000 0 0 0
10100 0 0O
01010 0 0 0
AE_ |0 0 1 0 1 0 00
00 0 00 1 0 1
00 0 00 1

(nxn)
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1 1.0 0 0 0 0 O
01 0 0 O 0 0 O
01 110 0 00
BE_|[0 0 0 1 O 0 00
00 0 0O 1 11
00 0 0O 0 01
(nxmn)
100 00 0 0 0
1 11 00 0 0 0
001 00O 0 0 0
cE-|0 0 1 11 0 0 O and
0 0 0 00O 01 0
0 0 0 00O 01 1 (nxn)

0 is the zero matrix

Proof. Let (Sic,))Tr = Ric,z)- R,y = SE?—B is a equal to the linear combination

of the neighbors in the following equation (1) and (2). The co-efficient of Sz = 0 if
K < 0or £ <0. By using the local rule of the C.A we have obtain the following,

R =Sa2) +8e2) + 8¢

R(l,/:) = S(17£+1) + S(gyg) + S(l’ﬁ,l), if LCisevenand2 > L > (n—1)

R(1,c) = Sa,c41) +S@,c41) +S2,2) + Si2,2-1) + S1,c-1), if Lisoddand 3 > L >
(n—1

Ran) =S@mn +San-1)

R,y = Sc—1,1) +Sk,2) +Stk+1,2) +S(k41,1),1f2 > K > (n—1)

Rik,c) = Sik-1.2) + Stx-1,c+1) + Sic.c+1) + Sc+1,0) + Sic,c-1) + Sk—1,£-1), if
Lisevenand 2 > £ > (n — 1)

Rik,c) = Sik-1,c) + S, c+1) + Stct1,c41) + Sk+1,2) + Sk41,c-1) + Sic,c—1), if
Lisoddand3 > L > (n—1)

Rik,n) = Stk+1,n) + Sik,n—1) + Stk—1,n—1) + Sk—1,n)

Rim,1) = S@m-1,1) + S(m,2)

Rim,c) = Stm-1,2) + Stm—1,£41) + Stm,c+1) + Stm,c—1) + Sim-1,£-1), if Lis even
and2>L>(n—1)

Rm,c) = S(m}gfl) + S(mfl’g) + S(m’L+1), ifLisoddand2 > £ > (n—1)

R(mm) = S(m,n—l) + S(m—l,n—l) =+ S(m—l,n)

finally, we get the rule matrix of even case. O
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Case (ii). We take n is odd positive integer and the following theorem.

FIGURE 3. HCA of order m x n and n is odd

Theorem 4.2. Let CA = (d,S, N, f) be the HCA. Let m > 3 and n be an odd positive
integer. We prove that there exist a rule matrix Tg Sfrom Z5*" — Z5'" corresponding to the
2D HCA which takes from configuration the state Ct of order m x n to the (t + 1)*" state

A° B° 0 0 0 0 0 0
co A° B9 0 0 0 0 0
0 C° A4A° B9 o 0 0 0
(C(t+1) isgivenby, Tg= 0 0 co .AO B 0 0 0
O 0 0O 0 0 ...(C° A9 B©
o 0 0 0 0 ... 0 (9 A° (mrxmn)
Where each sub matrix,
01 000 000
10100 000
01010 000
40-10 0 1 0 1 000
000 00 1 0 1
000 00 1

(nxn)
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1 1
0 1
0 1
BO = 0 0
0 0
0 0
1 0
1 1
0 0
CO_ 0 0
0 0
0 0

o= OO

O o0 -

0
0

0 is the zero matrix

=0 o

HO OO oo -

RAJASEKAR AND ANBU

0 000
0 000

0 000

0 000

0 010

0 01 1) 0
0 000

0 000

0 000

1 000 and
0 111

0 0 0

(nxmn)

Proof. The proof of theorem 4.2 can receive the following alike the same steps as in the

proof of theorem 4.1.

O

5. APPLICATION OF HC.A IMAGE ANALYSIS

Two dimensional HC.A algorithm are widely used in image processing as its shape is
like to an image. In this section, we discuss the basic image processing of transition,

zooming, boundary, and thinning.

5.1. Transition. Transition is very important to the part of image processing. The image
moving from all the direction is using the transition. In this paper, we have applied seven
basic of 2D HC A rules. The directions for the rules is indicated in the table below.

Table 1. Translation of images using basic 2D HC.A rules.

Rules Direction of translation of images

1 center

2 top

4 right-top

8 right-bottom
16 bottom
32 left-bottom
64 left-top

This rules using the hexagonal grid.
Translation of an image using 2D CA rules represented the following figure.
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O O

o
g

FIGURE 4. Translation of an image using 2D rules (a)Center Images (b)
Top (c)right-top (d) right-bottom (e) bottom (f)left-bottom (g) left-top

5.2. Zooming. In zooming there are two operations, zooming in and zooming out. The
following example of zooming demonstrates that row or column using different uniform
and hybrid rules.

This example of zooming in

Example 5.1. Let us consider a 4 x 5 2D H with the starting configuration as shown in
figure

After running the HC.A rules mentions in table foe every cells the resulting configuration
is shown in below
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This example of zooming out.

Example 5.2. Let us consider a 5 x 5 2D HC.A with the initial configuration as shown in
figure

Every cell in the 15 row, use the rule 1, rule 2, rule 4, rule 8, rule 16, rule 32 and rule 64.
Every cell in the 2¢ row, use the rule 1 and rule 16.

Every cell in the 37% row, use the rule 1 and rule 16.

Every cell in the 4" row, use the rule 1 and rule 2 except the 37 cell that only use the rule
1 and 4.

In 5" row 15t cell we use rule 2 and rule 4. 2% cell we use rule 2, rule 4, rule 8 and rule
64. 374 cell we use rule 1, rule 2, rule 4 and rule 64. 4t cell we use rule 2, rule 4, rule 32
and rule 64. 5" cell using rule 2 and rule 64.

After applying this hybrid rules, the resulting configuration is shown in figure.
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5.3. Thinning. Thinning is an important procedure in image analysis. The following ex-
ample of thinning demonstrates that row or column can be thinned using different uniform
and hybrid rules.

Example 5.3. Let us consider a 4 x 4 2D ‘HC.A containing all 1’s with the starting config-
uration as shown in figure

Every cell in the 15t column, use the rule 4, rule 8 and rule 16 if jisodd
Every cell in the 2¢ column, use the rule 1 and rule 8 if j is even

Every cell in the 3¢ column, use the rule 1 and rule 4 if j is odd

Every cell in the 4*" column, use the rule 1 and rule 32 if j is even

6. CONCLUSIONS

In this paper we have defined 7C.A local rule over the field Zo. The rule matrix asso-
ciated to the 2D #C.A has been obtained. We apply some important image process tasks
such transition, zooming and thinning using 2D HCA.
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SOMEWHAT PAIRWISE FUZZY e-IRRESOLUTE MAPPINGS

A. SWAMINATHAN* AND M. SANKARI

ABSTRACT. The concepts of somewhat pairwise fuzzy e-irresolute mapping and some-
what pairwise fuzzy irresolute e-open mapping is introduced. Also some properties and
comparisions of those mappings are given.

1. INTRODUCTION

The concepts of fuzzy sets introduced by Zadeh[7]. Chang [2] studied the notion of
fuzzy topology in 1968. Seenivasan and Kamala [3] introduced the concept of fuzzy
e-continous functions in fuzzy topological spaces. The concepts of somewhat fuzzy e-
continuous functions and somewhat fuzzy e-open functions are introduced and studied by
Swaminathan in [6]. The purpose of this paper is to introduce and study the concepts of
somewhat pairwise fuzzy e-irresolute mappings and somewhat pairwise fuzzy irresolute
e-open mappings on a fuzzy bitopological spaces and also we discuss some of their prop-
erties.

A fuzzy subset A of a space X is called fuzzy regular open [1] (resp. fuzzy regular
closed) if A =Int(CI(A)) (resp.A =Cl(Int(A))). Now CI(A) and Int(A) are defined as
follows:Cl1(A) = A{U : U > A, U is fuzzy closed in X } and
Int(A) = \/ {U < A, U is fuzzy open in X }. The fuzzy d-interior of a fuzzy subset A of
X is the union of all fuzzy regular open sets contained in A. A fuzzy subset A is called
fuzzy 6-open [4] if A = Ints(A). The complement of fuzzy J-open set is called fuzzy
d-closed (i.e, A = Cls(A)).

A fuzzy subset A of a space X is called fuzzy e-open[3] if A <cl(int;A)Vint(clsA)
and fuzzy e-closed set if A >cl(ints A)Aint(cls A). Throughout this paper X and Y stand
for (X, T1, T2) and (Y, F1, F2) respectively.

Definition 1.1. A mapping f : X — Y is called fuzzy e-continuous [3] if f=*(V) is a
fuzzy e-open set on X for any fuzzy open set V on'Y .

Definition 1.2. A mapping f : X — Y is called somewhat fuzzy e-continuous[6] if there
exists a fuzzy e-open set U # 0x on X such that U < f=Y(V) # Ox for any fuzzy open
setVonY.

2010 Mathematics Subject Classification. 54A40, 03E72.
Key words and phrases. Somewhat pairwise fuzzy e-irresolute mapping, somewhat pairwise fuzzy irresolute
e-open mapping.
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Definition 1.3. A mapping f : X — Y is called somewhat fuzzy e-open[6] if there exists
a fuzzy e-open set V. # Oy on'Y such that V- < f(U) # Oy for any fuzzy open set U on
X.

Definition 1.4. A fuzzy set U on a fuzzy topological space X is called fuzzy e-dense[6] if
there exists no fuzzy e-closed set V in X such thatU <V < 1.

2. SOMEWHAT PAIRWISE FUZZY e-IRRESOLUTE MAPPINGS

In this section we introduce a somewhat pairwise fuzzy e-irresolute mapping and com-
pared few results.

Definition 2.1. A mapping f : (X, T1,T2) — (Y, F1,F2) is called pairwise fuzzy e-
continuous if f~*(V) is a Ti-fuzzy e-open or Ta-fuzzy e-open set on (X, Ti,T2) for any
F1-fuzzy open or Fo-fuzzy open set V on (Y, F1, Fa).

Definition 2.2. A mapping f : (X, T1,T2) — (Y, F1,F2) is called pairwise fuzzy e-
irresolute if f~1(V') is a Ti-fuzzy e-open or Ta-fuzzy e-open set on (X,T1,Tz) for any
F1-fuzzy e-open or Fao-fuzzy e-open set V on (Y, F1, F2).

Definition 2.3. A mapping [ : (X, T1,T2) — (Y, F1, Fz) is called somewhat pairwise
fuzzy e-continuous if there exists a T1-fuzzy e-open or Ta-fuzzy e-open set U # 0x on
(X, T1,T2) such that U < f~Y(V) # Ox for any Fi-fuzzy open or Fa-fuzzy open set
14 75 Oy on (Kfl,fz) .

Definition 2.4. A mapping [ : (X, T1,T2) — (Y, F1, Fz) is called somewhat pairwise
fuzzy e-irresolute if there exists a T1-fuzzy e-open or To-fuzzy e-open set U # 0x on
(X, T1,T2) such that U < f=Y(V) # Ox for any Fi-fuzzy e-open or Fa-fuzzy e-open set
14 75 Oy on (Kfl,fz) .

Remark. From the above definitions, it is observed that the following reverse implications
are false:

(i)Every pairwise fuzzy e-continuous mapping is a somewhat pairwise fuzzy e-continuous
mapping.

(ii)Every somewhat pairwise fuzzy e-irresolute mapping is a somewhat pairwise fuzzy e-
continuous mapping.

(iii)Every pairwise fuzzy e-irresolute mapping is a somewhat pairwise fuzzy e-irresolute
mapping.

Example 2.5. Let M;,M,M5,My and M; be fuzzy setson X =Y = {x,y,z}. Then
My = D208 08 b, 08105108 1y = 67408484, af, = 82484 44 ong
My = (%6—1—%4—0% are defined as follows:Consider 7; = {0x, My, My, My, M5, 1x},T5 =
{0x, My, Mo, My, 1x },JF1 = {Ox, M1, Mf, My, M3, My, M5, 1x} and

Fo = {0x, My, Ms5,1x}. Then (X, T1,72) and (Y, Fy, F2) are fuzzy bitopologies and
f:(X,Ti,T2) — (Y, Fi, F2) be an identity mapping. Then we have M; < f~1(M;) =
My, My < f7YM§) = M{M, < f~H(Ms) = Ma,My < f~1(Ms) = M3, M, <
f~Y(My) = Myand My < f~Y(Ms) = M5 . Since My, Mo and M, are T;-fuzzy e-open
seton (X, 71, T2), f is somewhat pairwise fuzzy e-continuous. But f~*(M3) = M3 is not
a T-fuzzy e-open or Ta-fuzzy e-open set on (X, 71, 73). Hence f is not a pairwise fuzzy
e-continuous mapping.

Example 2.6. Let p1(x), po(x) and us(x) be fuzzy sets on I = [0, 1] defined as follows:

x) = -
pa () {QIL %S
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1, 0<z<i
po(x) = q —4x+2, 3 <w<}
0, <<l
0, 0<z<i

xTr) =
() {é@x—n,i<x<1

Let Ti = {0, i1, o, pi1 V piz, 1} and To = {0, 1 V po, 1}, T3 = {0, py, 1} and
Ts = {O,M;,l} be a fuzzy topologies on I. Let f : (I,T1,T2) — (I,F1,F2) be a
function defined by f(x) = § for each x € I. We can see that for fuzzy e-open sets ull and
pg on (I, Fi, Fa), f1(1y) = 1xopun < f (1y) = . Since py is a fuzzy e-open set
on (I,7T1,72). Therefore f is somewhat pairwise fuzzy e-continuous mapping. Consider a
fuzzy open set pi3 which is fuzzy e-open set on (1,71, Tz), f~ (us) = psf(%) = afa) =

0, 0<z<3

2z —-1), $<z<1
smaller than f~*(u3(x)) = a(z) on (I,T1,Tz). Hence f is not somewhat pairwise fuzzy
e-irresolute mapping.

for each ©x € I. But there is no non-zero fuzzy e-open set

Example 2.7. In Example 2.5, for an F-fuzzy e-open sets on (Y, F1, Fo), My < f=1(My)
My, My < f7YM§) = M{My < f71(My) = My, My < f7Y(M3) = M3, My <
f~Y(My) = My and My < f~Y(Ms) = Ms . Since My is a T-fuzzy e-open set on
(X, T1,T2), [ is somewhat pairwise fuzzy e-continuous But f~1(Msz) = Ms is not a Ty -
fuzzy or Ta-fuzzy e-open set on (X, Ty, T2). Hence f is not a pairwise fuzzy e-irresolute
mapping.

Definition 2.8. A fuzzy set U on a fuzzy bitopological space (X, Ti,T2) is called pair-
wise e-dense fuzzy set if there exists no Ti-fuzzy e-closed or Ta-fuzzy e-closed set V in
(X, T1,T2) suchthat U <V < 1.

Theorem 2.1. Let f : (X, 71, 72) — (Y, F1, F2) be a mapping. Then the following are
equivalent:

(1) f is somewhat pairwise fuzzy e-irresolute .

(2) If V is an JF;-fuzzy e-closed or Fo-fuzzy e-closed set of (Y, F1, F2) such that f =1 (V) #
1x, then there exists a 71-fuzzy e-closed or Ta-fuzzy e-closed set U # 1x of (X, 71, T2)
such that f~1(V) < U.

(3) If U is a pairwise e-dense fuzzy set on (X, 71, 73), then f(U) is a pairwise e-dense
fuzzy set on (Y, F1, F2).

Proof. (1)= (2): Let V be an J;-fuzzy e-closed or Fa-fuzzy e-closed set on (Y, F1, F2)
such that f=*(V) # 1x. Then V¢ is an F-fuzzy e-open or Fo-fuzzy e-open set on
(Y, F1,F2) and f=H(V¢) = (f~1(V))¢ # Ox. Since f is somewhat pairwise e-irresolute
, there exists a T;-fuzzy e-open or To-fuzzy e-open set U¢ # 0x on (X, 71, T2) such that
Uc < f~1(V¢). Hence there exists T;-fuzzy e-closed or T3-fuzzy e-closed set U # Ox on
(X,T1,T2) suchthat f~1(V)=1—f~H(Ve)<1-U°=U.

(2) = (3): Let U be a pairwise e-dense fuzzy set on (X, 77, 72) and suppose f(U) is
not pairwise e-dense fuzzy set on (Y, F1, F2). Then there exists an F;-fuzzy e-closed or
Fo-fuzzy e-closed set V on (Y, Fy, F2) such that f(U) < V < 1. Since V < 1 and
F~YH(V) # 1y, there exists a T;-fuzzy e-closed or T-fuzzy e-closed set D # 1x such
that U < f=1(f(U)) < f~%V) < D. This contradicts to the assumption that U is a
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pairwise e-dense fuzzy set on (X, 71, 72). Hence f(U) is a pairwise e-dense fuzzy set on
(Y, F1, Fa).

(3) = (1): Let V # 0y be an F;-fuzzy e-open or Fa-fuzzy e-open set on (Y, Fy, F2)
and let f~1(V) # Ox. Suppose that there exists no 71-fuzzy e-open or Ta-fuzzy e-open
set U # 0x on (X, 77, 7Tz) such that U < f=1(V). Then (f~1(V))¢ is a T;-fuzzy set or
To-fuzzy set on (X, T1, T2) such that there is no 71 -fuzzy e-closed or T3-fuzzy e-closed set
D on (X, T1,72) with (f~1(V))¢ < D < 1. In fact, if there exists a 7;-fuzzy e-open or
T2-fuzzy e-open set D¢ such that D¢ < f~1(V), then it is a contradiction. So (f~1(V))¢
is a pairwise e-dense fuzzy set on (X, 71, 72). Then f((f~1(V))¢) is a pairwise e-dense
fuzzy set on (Y, F1,Fa) . But f((f~1(V))¢) = f(f~1(V¢)) # V¢ < 1. Thisis a
contradiction to the fact that f((f~1(V))¢) is pairwise e-dense fuzzy set on (Y, Fy, F2) .
Hence there exists a 71-fuzzy e-open or T2-fuzzy e-open set U # Ox on (X, T, 72) such
that U < f~1(V). Consequently, f is somewhat pairwise fuzzy e-irresolute . g

Theorem 2.2. Let (Xl, 71, 75), (XQ, gl, gg), (Yl, .Fl,FQ), (YQ, ICl, ICQ) be fllZZy bitOpO-
logical spaces. Let (X1, 71, 72) be product related to (X2, G1,G2) and let (Y1, F1, F2) be
product related to (Ya, KC1, KCo). If f1 : (X1, T1,T2) — (Y1, F1,F2) and fo : (X2,G1,Ga) —
(Ys, K1, K2) is a somewhat pairwise fuzzy e-irresolute mappings, then the product f; X fs :
(X1,T1,T2) x (X2,G1,G2) — (Y1,F1,F2) x (Y2,K1,K2) is also somewhat pairwise
fuzzy e-irresolute.

Proof. LetC = V(Ui x V) be F;-fuzzy e-open or K;-fuzzy e-open set on (Y7, F1, F2) X

(Ya, K1, K2) wheﬁe U; # Oy, is Fi-fuzzy e-open set and V; # Oy, is K;-fuzzy e-open
seton (Y7, F1, Fo) and (Ya, K1, K2) respectively. Then (f1 x f2)~H(C) = \/(fl_l(Ui) X
i,j
fa 1(V])) Since f; is somewhat pairwise fuzzy e-irresolute , there exists a 7;-fuzzy e-
open or Ta-fuzzy e-open set D; # Ox, such that D; < ffl(Ui) # 0x,. And, since f; is
somewhat pairwise fuzzy e-irresolute , there exists a G;-fuzzy e-open or Go-fuzzy e-open
set A; # Ox, such that A; < f5'(V}) # Ox,. Now D; x A; < frH(U) x f3 ' (V;) =
(fix fa) 1 (U; x V;) and D; x A;j # 0x, x x, is a D;-fuzzy e-open or V;-fuzzy e-open set
on (X1,71,7T2) x (X2,G1,G2). Hence D; x A; is a T;-fuzzy e-open or G,-fuzzy e-open
set on (X1, 71, 72) X (X2,G1,G2) such that \/(D; x A;) < V(ffl(Ui) x f3 1 (V) =
4,j

4,3

(f1 x f2)THV (Ui x Vj)) = (fi x f2)71(C) # 0x,xx,- Therefore, f1 x f is somewhat
i,j
pairwise fuzzy e-irresolute . (]

Theorem 2.3. Let [ : (X,71,72) — (Y,F1,F2) be a mapping. If the graph ¢ :
(X, T1,T2) = (X, T, T2) x (Y, F1,Fz) of fis a somewhat pairwise fuzzy e-irresolute
mapping, then f is also somewhat pairwise fuzzy e-irresolute .

Proof. LetV be an F;-fuzzy e-open or Fo-fuzzy e-open set on (Y, Fy, F2). Then f~1(V) =
LA f~YV) =g (1 x V). Since g is somewhat pairwise fuzzy e-irresolute and 1 x V is
a 7;-fuzzy e-open or F;-fuzzy e-open set on (X, T, T2) x (Y, F1, Fa), there exists a 7;-
fuzzy e-open or Ta-fuzzy e-open set U # Ox on (X, 71, 72) suchthat U < g7 }(1 x V) =
f~1(V) # 0x. Therefore, f is somewhat pairwise fuzzy e-irresolute . O

3. SOMEWHAT PAIRWISE FUZZY IRRESOLUTE e-OPEN MAPPINGS

In this section, we introduce a somewhat pairwise fuzzy irresolute e-open mapping and
we characterize a somewhat pairwise fuzzy irresolute e-open mapping.
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Definition 3.1. A mapping f : (X, T1,T2) — (Y, F1, Fa) is called pairwise fuzzy e-open
if f(U) is an F1-fuzzy e-open or Fa-fuzzy e-open set on (Y, F1, F2) for any T1-fuzzy open
or Ta-fuzzy open set U on (X, T1,7T2).

Definition 3.2. A mapping f : (X, T1,T2) — (Y, F1, F2) is called pairwise fuzzy irres-
olute e-open if f(U) is an F-fuzzy e-open or Fa-fuzzy e-open set on (Y, F1, Fo) for any
Ti-fuzzy e-open or Ta-fuzzy e-open set U on (X, T1,T2).

Definition 3.3. A mapping [ : (X,T1,7T2) — (Y, F1,Fz) is called somewhat pair-
wise fuzzy e-open if there exists an JF1-fuzzy e-open or Fo-fuzzy e-open set V. # Oy on
(Y, F1,F2) such that V. < f(U) # Oy for any T1-fuzzy open or Ta-fuzzy open set U on
(X, T1, T2).

Definition 3.4. A mapping [ : (X,T1,7T2) — (Y, F1,Fz) is called somewhat pairwise
Sfuzzy irresolute e-open if there exists an JF1-fuzzy e-open or Fo-fuzzy e-open set V- # Oy
on (Y, F1, Fo) such that V- < f(U) # Oy for any Ti-fuzzy e-open or Ta-fuzzy e-open set
U+#0xon(X,T1,T2).

Theorem 3.1. Let f : (X, 71,72) — (Y, F1,F2) be a bijection. Then the following are
equivalent:

(1) f is somewhat pairwise fuzzy irresolute e-open.

(2)If U is a Ty -fuzzy e-closed or Tz-fuzzy e-closed set on (X, 71, 73) such that f(U) # 1y
, then there exists an F;-fuzzy e-closed or Fa-fuzzy e-closed set V' # 1y on (Y, Fi, Fa)
such that f(U) < V.

Proof. (1) = (2): Let U be a T;-fuzzy e-closed or Ta-fuzzy e-closed set on (X, 71, 72)
such that f(U) # 1ly. Since f is bijective and U*€ is a T1-fuzzy e-open or T5-fuzzy e-
open set on (X, 71,72), f(U®) = (f(U))° # Oy. And, since f is somewhat pairwise
fuzzy irresolute e-open mapping, there exists an F;-fuzzy e-open or F»-fuzzy e-open set
D # 0y on (Y, Fi, F2) such that D < f(U°) = (f(U))°. Consequently, f(U) < D¢ =
V # 1y and V is an F;-fuzzy e-closed or Fa-fuzzy e-closed set on (Y, Fi, F2).

(2) = (1): Let U be a T;-fuzzy e-open or Ta-fuzzy e-open set on (X, 71, T2) such that
f(U) # 0y. Then U€ is a T;-fuzzy e-closed or Ta-fuzzy e-closed set on (X, 71, 72) and
f(U®) # 1y. Hence there exists an F;-fuzzy e-closed or Fa-fuzzy e-closed set V' # 1y
on (Y, Fy, F2) such that f(U€) < V. Since f is bijective, f(U¢) = (f(U))¢ < V. Hence
Ve < f(U) and V¢ # Oy is an JF;-fuzzy e-open or Fo-fuzzy e-open set on (Y, F1, Fa).
Therefore, f is somewhat pairwise fuzzy irresolute e-open.

O

Theorem 3.2. Let f : (X,71,72) — (Y, F1, F2) be a surjection. Then the following are
equivalent:

(1) f is somewhat pairwise fuzzy irresolute e-open.

(2) If V is a pairwise e-dense fuzzy set on (Y, Fy, F2), then f~1(V) is a pairwise e-dense
fuzzy set on (X, 71, T2).

Proof. (1) = (2): Let V be a pairwise e-dense fuzzy set on (Y, Fy, F2). Suppose f~1(V)
is not pairwise e-dense fuzzy set on (X, 71, T2). Then there exists a 7;-fuzzy e-closed or
Tz-fuzzy e-closed set U on (X, 71, 7z) such that f~*(V) < U < 1. Since f is some-
what pairwise fuzzy irreolute e-open and U® is a T;-fuzzy e-open or To-fuzzy e-open
set on (X, Ty, 7z), there exists an Fj-fuzzy e-open or Fo-fuzzy e-open set D # Oy on
(Y, F1,Fz) such that D < f(IntU®¢) < f(U®). Since f is surjective, D < f(U°) <
F(f~1(Ve)) = Ve. Thus there exists an F;-fuzzy e-closed or Fo-fuzzy e-closed set D¢
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on (Y, Fy, F2) such that V' < D¢ < 1. This is a contradiction. Hence f~1(V) is pairwise
e-dense fuzzy set on (X, 71, 72).

(2) = (1): Let U be a T;-fuzzy open or Ta-fuzzy open set on (X, 71,72) and f(U) #
Oy . Suppose there exists no F1-fuzzy e-open or Fo-fuzzy e-open set V' # 0y on (Y, F1, F2)
such that V' < f(U). Then (f(U))° is an F;-fuzzy set or Fo-fuzzy set D on (Y, F, F2)
such that there exists no Fi-fuzzy e-closed or Fa-fuzzy e-closed set D on (Y, Fy, Fa)
with (f(U))® < D < 1. This means that (f(U))° is pairwise e-dense fuzzy set on
(Y, F1,F2) . Thus f=1((f(U))) is pairwise e-dense fuzzy set on (X,7;,72). But
FH(fU)°) = (fF7Yf(U)))¢ < U° < 1. This is a contradiction to the fact that
F7L(f(V))¢ is pairwise e-dense fuzzy set on (X, 77, T2). Hence there exists an F;-fuzzy
e-open or JFi-fuzzy e-open set V' # Oy on (Y, Fy, Fa) such that V' < f(U). Therefore, f
is somewhat pairwise fuzzy irresolute e-open. (|

4. CONCLUSIONS AND/OR DISCUSSIONS

Even though the concept of somewhat fuzzy continuous functions are not at all fuzzy
continuous functions , it has some interseting stuff to develope further. In this aspect
the somewhat fuzzy J-irresolute continuous and somewhat fuzzy e-irresolute continuous
mappings were investigated in [5] and [6] respectively. From these papers, we have de-
veloped and studied this research article in fuzzy bitopology as somewhat pairwise fuzzy
e-irresolute mappings;this paper only concerned with somewhat pairwise fuzzy e-irresolute
functions with some interesting properties.
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DIRECT PRODUCT OF ANTI N-H-IDEALS IN BC K-ALGEBRAS

ANAS AL-MASARWAH

ABSTRACT. In this paper, we introduce the notion of anti A'-H-ideals of a BC K -algebra.
Then, the notion of the direct product of two anti \/-H-ideals by using minimum opera-
tion is introduced, and some related properties are studied. Ordinary H-ideals are linked
with anti A/-H-ideals by means of an anti \-s-level set of the direct product of two N/
structures.

1. INTRODUCTION

The study of BC K -algebras was introduced by Imai and Iséki [12] in 1966. BCK-
algebras have been applied to many branches of mathematics, such as functional analysis,
group theory, topology, probability theory. Since Imai and Iséki [12] introduced the con-
cepts of ideals in BC' K -algebras, many types of ideals in BC K -algebras have occurred,
for instance, H-ideals, closed ideals, implicative ideals, positive implicative ideals, and so
on.

A crisp set C in a universe X is a function A\¢ : X — {0,1} yielding the value
0 for elements excluded from the set C' and the value 1 for elements belonging to the
set C. As a generalization of crisp sets, Zadeh [20] introduced the degree of positive
membership in 1965 and defined the concept of fuzzy set theory. This concept was applied
to a BC'K-algebra by Xi [19]. Jun et al. [14] presented a new function which is called
negative-valued function, and developed A/ -structure as one of the hybrid models of fuzzy
set. They applied the idea of N -structure in BC K -algebras and proposed N -subalgebras
and N -ideals [14]. In [13], Jun established the definition of doubt fuzzy subalgebras and
ideals in BC K -algebras. Al-Masarwah et al. [10] introduced the notions of doubt N -
subalgebras and ideals in BC K -algebras, and discussed several properties. After that,
many Hybrid models of fuzzy sets were applied in BC K -algebras and other algebraic
structures [5, 6, 8,7,9,4,17, 18,2, 1, 3, 16, 15].

In this paper, we discuss an N -structure with an application to BC K -algebras. We
introduce the notion of anti A/-H-ideals in a BC K -algebra. Also, we considered the struc-
ture of a BC K -algebra and defined the direct product of two anti A/-H-ideals. We present
some interesting results about direct product of two anti N-H-ideals of a BC K -algebra.

2010 Mathematics Subject Classification. 06F35, 03G25, 03B52, 03B0S.
Key words and phrases. BC K -algebra; H-ideal; N -structure; Anti N -ideal; Anti AV/-H-ideal.
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Finally, we proved that the direct product of two anti A/ -structures becomes an anti A-H-
ideal if and only if for any s € [—1,0], an anti N-s-level set is an H-ideal of a BCK-
algebra X x Y.

2. PRELIMINARIES

In this section, we include some basic definitions and preliminary facts about a BC'K -
algebra which are essential for our results. By a BCK-algebra, we mean an algebra
(X;%,0) of type (2, 0) satisfying the following axioms for all z,y,z € X :

D ((xxy)*x(x*x2))*(zxy) =0,

(ID) (z* (x*xy))xy =0,

) z x x = 0,

IV)0xx =0,

V)zxy=0andy*z = 0imply z = y.

Any BCK-algebra X satisfies the following axioms for all z,y, z € X:
I x*x0==x,

(I2) (zxy)*x2z= (z*2)*y,

My <a,

(I4) (xxy)*z < (z*x2)*(y*2),
)rx<y=>arx2<y*xz, 2%y < z*x.

A partial ordering < on a BC'K-algebra X can be defined by z < y if and only if
x *y = 0. A non-empty subset K of a BCK/BCTI-algebra X is called:

(1) A subalgebra of a BC'K-algebra X [12]ifx xy € K,Vz,y € X,

(2) Anideal of a BC K-algebra X [12] if Va,y € X,
e 0 €K,
e rzxy € K and y € K imply x € K.

(3) An H-ideal of a BC K-algebra X [11]ifVx,y,z € X,
e e K,
o (xxy)*x2z)e K and y € Kimply z x z € K.

Definition 2.1. [21] A fuzzy set A = {(z,pua(x)) | © € X} in a BCK-algebra X is
called an anti (a doubt) fuzzy H-ideal of X if

(1) pa(0) < pa(z),

(2) pa(x*xz) <max{pa(x* (y*2)),paly)}, forall z,y,z € X.

Denote by F (X, [—1,0]) the collection of functions from a set X to the interval [—1, 0].
We say that, an element of F (X, [—1,0]) is a negative-valued function from X to [-1, 0]
(briefly, A/-function on X). By an N -structure we mean an ordered pair (X, ¢), where ¢ is
an N -function on X. In what follows, ¢ is an A/-function on X unless otherwise specified.

In [14], Jun et al. introduced the concepts of A -subalgebras and A/-ideals in a BC K-
algebra as follows:

Definition 2.2. An N -structure (X, ) is called an \-subalgebra of X if forall z,y € X :

(e xy) < max{p(z), ¢(y)}
Definition 2.3. An N -structure (X, ¢) is called an A/-ideal of X if forall z,y € X :

(1) ¢(0) < ¢(x),
(2) ¢(z) < max{p(z *y),p(y)}
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3. DIRECT PRODUCT OF ANTI N -H-IDEALS

In this section, we introduce the concept of an anti A/-H-ideal. Then, we give the
definition of the direct product of two N -H-ideals of two BC K -algebras X and Y, and we
provide some of its properties.

In what follows, X and Y are BC K-algebras, so we use (X x Y;*,(0,0)) to denote
a BC'K-algebra unless otherwise specified. For the sake of brevity, we call X x Y a
BCK-algebra.

Definition 3.1. An N -structure (X, ¢) is called an anti A/-H-ideal of X if it satisfies the
following conditions for all z,y, z € X :

(1) »(0) = o(),

@) ez *2) = min{p(z * (y * 2)), ¢(y)}-
Example 3.2. Let X = {0,a, b, ¢} be a BC K-algebra with the following Cayley table:

x| 0 a b c
00 0 0 O
ala 0 0 a
b|b a 0 b
clc ¢ ¢ 0

Let (X, ) be an A -structure in which ¢ is given by:
(2) = —-0.1, ifx=0
i) = -0.2, ifx=a,b,c.
Then by routine calculation, we know that (X, ¢) is an anti A/-H-ideal of X.
Definition 3.3. Let (X, xx,0x) and (Y, *y, 0y ) be two BC K-algebras. The direct prod-
uctof X and Y is definedtobetheset X XY ={(z,y) |z € X,y €Y} In X XY we
define the product *x «y as follows:
(z,y) *xxy (u,v) = (x *x u,y *y v) forall (z,y), (u,v) € X x Y.

One can easily verify that the direct product of two BC K -algebras is again a BC K-
algebra. Now, we write the following definition.

Definition 3.4. Let X be a BC'K-algebra and let (X, ¢) and (X, ¢) be two anti N'-H-
ideals of X. The direct product of (X, ) and (X, ¢) is defined by (X x X, ¢ X ¢), where
ex¢: X xX —[-1,0]is given by

(¢ x ¢)(z,y) = min{p(z), p(y)}
forall (z,y) € X x X.

In the following, we extend the above definition to the direct product of anti A/-H-ideals
of any BC K -algebras X and Y.

Definition 3.5. Let X and Y be two BC K -algebras and let (X, ¢) and (Y, ¢) be two anti
N-H-ideals of X and Y, respectively. Then, the direct product of (X, ) and (Y, @) is
defined by (X X Y, x @), where ¢ X ¢ : X x Y — [—1,0] is given by

(¢ x @)(,y) = min{p(z), ¢(y)}
forall (z,y) € X x Y.

Definition 3.6. An N -structure (X XY, ¢ x ¢) of a BC'K-algebra X x Y is called an anti
N-H-ideal of X x Y if it satisfies the following conditions for all (x,y), (u,v), (w,z) €
X xY:
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() (¢ x 9)(0,0) = (¢ x d)(x, ),
@ (px0)((z,y)*(w, 2)) = min{(p x §)((z,y) * ((u, v) * (w, 2))), (¢ X ¢)(u, v)}.

Example 3.7. Consider a BCK-algebra X = {0,a,b,c} and an anti A'-H-ideal (X, ¢)
of X which are given in Example 3.2. Define an anti A'-H-ideal (X, ¢) in X as follows:

0.3, ifx=0
¢z) = { —-0.4, ifx=ab,.c.
Consider (X x X, ¢ x ¢), where (¢ x ¢)(z,y) = min{p(x), p(y)} is defined as:

| =03, if (xy)=(0,0), (a,0), (b,0), (c,0)
(px 9)(w,y) = { —0.4, otherwise.

By routine calculations, we know that (X x X, ¢ x ¢) is an anti N'-H-ideal of X x X.

Theorem 3.1. Ler (X, @) and (Y, ¢) be two anti N'-H-ideals of BCK -algebras X and Y,
respectively. Then, (X x Y, x @) is an anti N-H-ideal of X x Y.

Proof. For any (x,y) € X x Y, we have

(6 x 6)(0,0) = min{(0), 6(0)} > min{e(x), (1)} = (¢ X B)(x,y).
Now, for any (z,y), (u,v), (w, z) € X x Y, we have
(o x @)((,y) * (w, 2)) = (¢ X @) (2w, y * 2)
min{o(z * w), Py * 2)}
min{min{e(z * (v w)), p(u)}, min{p(y * (v * 2)), p(v)}}
min{min{p(z * (u* w)), d(y * (v * 2))}, min{e(u), ¢(v)}}
min{ (¢ x ¢)((z * (uxw)), (y * (v* 2))), (¢ x ¢)(u,v)}

= min{(¢ x ¢)((z,y) * ((u,v) * (w, 2))), (¥ x ¢)(u,v)}.

Hence, (X X Y, ¢ x ¢) is an anti N'-H-ideal of X x Y. O

v 1

Proposition 3.2. Let (X X Y, ¢ X @) be an anti N-H-ideal of X x Y. If (z,y) < (u,v),
then (p X ¢)(x,y) > (p X ¢)(u,v) forall (x,y), (u,v) € X x Y.

Proof. Let (z,y), (u,v) € X x Y such that (x,y) < (u,v). Then, (z,y) * (u,v) = (0,0).
Now,

(P x @)(z,y) = (¢ x d)((2,y) * (0,0))
> min{(p x ¢)((z,y) * ((u,v) % (0,0))), (¢ x ¢)(u,v)}
= min{(p x ¢)((,y) * (u,v)), (¢ x ¢)(u,v)}
= min{(p x ¢)(0,0), (¢ x ¢)(w,v)} = (¢ X §)(u,v).
Therefore, (¢ X ¢)(z,y) > (p x ¢)(u,v) for all (z,y), (u,v) € X x Y. O

Proposition 3.3. Let (X x Y, ¢ x ¢) be an anti N'-H-ideal of X X Y such that

(# x O)((2,y) * (u,0)) = (¢ X §)(u,v)
forall (z,y), (u,v) € X x Y. Then, (X XY, x @) is an N -constant.

Proof. Note thatina BCOK-algebra X XY, (z,y) x (0,0) = (z,y) forall (z,y) € X XY,
and by using the assumption, we have

(o x @)(z,y) = (¢ x 9)((z,y) * (0,0)) = (¢ x ¢)(0,0).
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It follows from Definition 3.6, (¢ x ¢)(x,y) = (¢ x ¢)(0,0) for all (x,y), (u,v) € X xY.
Therefore, (X X Y, ¢ x ¢) is an N-constant. O

Proposition 3.4. Let (X, p) and (Y, ¢) be two anti N'-H-ideals of X and Y, respectively.
If (X XY, p X @) is an anti N-H-ideal of X x Y, then ©(0) > ¢(y) and ¢(0) > o(z) for
alze X,yeY.

Proof. Assume that ¢(0) < ¢(y) and ¢(0) < ¢(x) for some z € X,y € Y. Then,

(p x @)(,y) = min{p(x), ¢(y)}
> min{p(0), ¢(0)}
= (¢ x 9)(0,0),
which is a contradiction. Thus, ©(0) > ¢(y) and ¢(0) > ¢(x) forallz € X,y €Y. O

Theorem 3.5. Let (X, ) and (Y, ¢) be two N -structures of X and Y, respectively, such
that (X XY, pX @) is an anti N'-H-ideal of X X Y. Then, either (X, ) is an anti N'-H-ideal
of X or (Y, ¢) is an anti N'-H-ideal of Y.

Proof. Since (X XY, px @) is an anti N'-H-ideal of X xY’, then for all (z, ), (u, v), (w, 2) €
X x Y, we have
(o x ) ((z,y) * (w,z)) > min{(p x ¢)((z,y) * ((u,v) * (w, 2))), (¢ x ¢)(u,v)}.
By putting y = z = v = 0, we have
(o x 9)((,0) * (w,0)) = min{(p x ¢)((x,0) * ((u,0) * (w,0))), (¢ x ¢)(u,0)}. 3.1)
Also, we have
(e x @)((#,0) * (w,0)) = (¢ x)((z*w),(0x0))
min{p(x x w), p(0x0)}

= p(r*w) (3.2)
and
(p x @)((,0) * ((u,0) * (w,0))) = (¢ xP)((2,0) * ((uxw),(0x0)))
= (¢ x @) ((z* (uxw)),(0x(0,0)))
= min{p(z * (u*xw)),d(0* (0,0))}
= plr* (urw)). (3.3)
Again, by using Proposition 3.4, we have
(¢ x ¢)(u,0) = min{p(u), $(0)} = ¢ (u). (3.4)
So, from (3.1), (3.2), (3.3) and (3.4) we get, p(z*w) > min{p(z* (u, w)), p(u)}. Hence,
(X, ¢) is an anti N-H-ideal of X. O

Proposition 3.6. Let (X X Y, p x ¢) be an anti N-H-ideal of a BCK -algebra X X Y.
Then,

( x 0)((0,0) * ((0,0) * (z,9))) = (¢ x ¢)(x,y)
Sforall (z,y) € X xY.
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Proof. Note that

(¢ x 8)((0,0) * ((0,0) = (2,)))
> min{(¢ x ¢)((0,0)  ((z,y) * ((0,0) * (x,9)))), (¢ x ¢)(z,y)}
=min{(¢ x ¢)((0,0) * ((z,y) = (0,0))), (¢ x ¢)(z,y)}
= min{(¢ x )((0,0)  (z,y)), (¢ x ¢)(z,y)}
= min{(¢ x ¢)(0,0), (¢ x ¢)(z,y)}
= (¢ X ¢)(x,y) forall (x,y) € X xY.

(
Therefore, (¢ x ¢)((0,0) * ((0,0) * (x,y))) > (¢ x ¢)(z,y) forall (z,y) € X xY. O

Corollary 3.7. Let (X x Y, ¢ X ¢) be an anti N -H-ideal of X x Y. Then, the set

Dipxgy = L@, 4) € X X Y | (¢ x $)(x,) = (¢ x 6)(0,0)}
is an H-ideal of X X Y.

Proof. Let (X x Y, ¢ x ¢) be an anti \/-H-ideal of X x Y. Obviously, (0,0) € D, x¢)-
Let (2,y), (u,v), (w, 2) € D(,x¢) be such that (x,y) * ((u,v) * (w, 2)), (u,v) € Dyxe)-
Then,

(o x ) ((z,y) * ((u,v) * (w, 2))) = (¢ x ¢)(0,0) = (¢ x )(u,v).

Now,

(o x @) ((x,y) * (w,2)) = min{(p x ¢)((z,y) * ((u,v) * (v, 2))), (¢ x §)(u,v)}
= (¥x9)(0,0).
Again, since (X X Y, ¢ X ¢) is an anti A/-H-ideal of X x Y, so (¢ x ¢)(0,0) > (¢ x

) ((z,y) * (w, z)). Therefore, (¢ x ¢)(0,0) = (¢ x ¢)((x,y) * (w, 2)). It follows that
(z,y) * (w, 2) € Dyxg) forall (z,y), (u,v), (w,z) € X x Y. Therefore, D, ) is an
H-ideal of X. (]

Definition 3.8. Let (X X Y, X ¢) be an anti A/-H-ideal of X x Y and s € [—1,0]. Then,
an anti NV-s-level set of (X x Y, @ x ¢) is as follows:

(pxd)s ={(z,y) € X XY | (¢ x ¢)(z,y) > s}.

Theorem 3.8. Let (X X Y, x ¢) be an N-structure of X X Y. Then, (X XY, X @) is
an anti N'-H-ideal of X x Y if and only if (p X ¢)s # 0 is an H-ideal of X X Y for all
€ [-1,0].

Proof. Assume that (X x Y, ¢ x ¢) is an anti N/-H-ideal of X X Y and s € [—1, 0] such
that (¢ x @)s # 0. Let (¢,d) € (p X @)s. Then, we have (¢ X ¢)(c,d) > s. So we
deduce that (¢ x ¢)(0,0) > (¢ X ¢)(c,d) > s. This shows that (0,0) € (¢ X ¢)s. Let
(@', y), (W, v), (w',2") € X x Y such that (2/,y") * ((v/,v") x (v, 2")) € (¢ X ¢)s and
(w',0') € (9% ), Then, (px @) (@', y')+((u', ' )(w', 2))) = 5 and (9 D) (', ') = .
Since (X X Y, p X ¢) is an anti A'-H-ideal of X x Y it follows that
(o x o) ((@',y)x(w,2))
> min{(p x ¢)((«',y") * (', ")  (w',2))), (¢ x ¢)(u/, ")}

> min{s, s} = s,

so (2/,y') * (w',2) € (¢ X ¢)s. Therefore, (¢ X @), is an H-ideal of X x Y.
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Conversely, assume that (¢ X ¢)s # 0 is an H-ideal of X x Y for all s € [—1,0]. Let
(z,y) € X x Y be such that (¢ x ¢)(0,0) < (¢ x ¢)(x,y). By taking

)
0= 519 x 8)(0,0) + (¢ x ), 9)],

we get (¢ X ¢)(0,0) < s, < (¢ X @)(z,y). Therefore, (0,0) & (v X @)s,. This is a
contradiction. Hence, (¢ X ¢)(0,0) > (¢ x ¢)(x,y) for all (x y) € X x Y. Again, we
assume that (z,y), (u,v), (w, z) € X x Y be such that

(¢ x D) ((2,) * (w, 2)) < min{(p x P)((x,y) * ((u, v) * (w, 2))), (¢ x B)(u,v)}.

By taking

51 = %[(sﬁ x ¢)((z,y)* (w, 2)) +min{(p x ¢)((z,y) * ((u, v) * (w, 2))), (¢ x ¢)(u, v)}],
we have

(0 x O)((z,y) * (w, 2)) < s1 <min{(p x §)((x,y) * ((u,v) * (w, 2))), (¢ X §)(u,v)}.

This shows that, (x,y) * ((u,v) * (w, 2)) € (¢ X @)s,, (U, V) € (¢ X @)s,, but (x,y) *
(w,2) ¢ (p X ¢)s,, this is a contradiction. Therefore,

(¢ x 0)((z,y) * (w, 2)) > min{(p x )((x,y) * (v, v) * (w, 2))), (¢ X $)(u,v)}
for all (z,y), (u,v), (w,z) € X x Y. Hence, (X X Y, X ¢) is an anti /-H-ideal of
X xY. O

4. CONCLUSIONS

In this work, we introduced the notion of anti A/-H-ideals in a BC K -algebra. Also,
we considered the structure of a BC' K -algebra and defined the direct product of two anti
N -H-ideals. We presented some interesting results about the direct product of two anti
N-H-ideals of a BC' K -algebra. Finally, we proved that the direct product of two anti A/~
structures becomes an anti N-H-ideal if and only if for any s € [—1, 0], an anti A/-s-level
cut set is an H-ideal of a BC' K -algebra X x Y.
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17-RICCI SOLITONS

ABDUL HASEEB*, LOVEJOY S. DAS AND MOBIN AHMAD

ABSTRACT. The object of the present paper is to characterize ¢ — L P—Sasakian man-
ifolds with a quarter-symmetric metric connection admitting n—Ricci solitons. Finally,
the existence of n—Ricci soliton in an € — L P—Sasakian manifold has been proved by a
concrete example.

1. INTRODUCTION

The study of manifolds with indefinite metrics is of high interest in physics and relativity
theory. In 1993, the concept of e-Sasakian manifolds was introduced by Bejancu and
Duggal [2]. Later, it was shown by Xufeng and Xiaoli [18] that these manifolds are real
hypersurfaces of indefinite Kahlerian manifolds. In 2012, Prasad and Srivastava [14] have
studied e-Lorentzian para-Sasakian manifolds and shown its existence by an example. On
the other hand, the concept of e-Kenmotsu manifold was introduced by U. C. De and
A. Sarkar [6] who showed that the existence of new structure on an indefinite metrics
influences the curvatures. Recently, the manifolds with indefinite metrics have been studied
by various authors in several ways to a different extent such as ([10], [12], [17]) and many
others.

As a generalization of Ricci solitons, the notion of 7n-Ricci solitons was introduced by
Cho and Kimura [3]. They have studied Ricci solitons of real hypersurfaces in a non-flat
complex space form and defined 7-Ricci solitons, which satisfies the equation

£vg+25+2 g+ 2un @1 =0, (1.1)

where S is the Ricci tensor associated to g, 77 is a 1-form and A, p are real numbers. In
particular, if 4+ = 0, then the notion of n-Ricci soliton (g, V, A, 1) reduces to the notion
of Ricci soliton (g, V, \). Recenty, n—Ricci solitons have been studied by various authors
such as ([4], [9], [11], [13], [15], [19]) and many others.
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2. PRELIMINARIES

A differentiable manifold M of dimension n is called an e-Lorentzian para-Sasakian
(briefly, e — L P—Sasakian), if it admits a (1, 1)-tensor field ¢, a contravariant vector field
&, a 1-form 1 and a Lorentzian like metric g which satisfy

P*X = X +n(X)E, n(E) = -1, (2.1)

9(&,€) = —€, n(X) = eg(X,§), ¢§ =0, n(¢X) =0, (2.2)
9(X,8Y) = g(X,Y) + en(X)n(Y), (2.3)
(Vx9)Y = g(X,Y)§ + en(Y)X + 2en(X)n(Y)E, 24)
Vxé =epX (2.5)

forall X, Y € x(M), where x (M) is the Lie algebra of vector fields on the manifold M,
€ is -1 or 1 according to the vector field £ being spacelike or timelike and V denotes the
Levi-Civita connection with respect to g.
If we put

D(X,)Y)=g(¢pX,Y) (2.6)
for all vector fields X and Y on M, then ®(X,Y’) is a symmetric (0, 2) tensor field. Also
since the 1-form 7 is closed in an e — L P—Sasakian manifold, so we have [14]

forall X, Y € x(M).

Moreover, the curvature tensor R, the Ricci tensor S and the Ricci operator @) in an € —
L P—Sasakian manifold with the Levi-Civita connection satisfy the following equations
[14]:

R(X,Y)§=n(Y)X —n(X)Y, (2.8)

R(§, X)Y = eg(X, V) —n(Y)X, (2.9)

R(§, X)§ = —R(X, 8¢ = X +n(X)¢, (2.10)
N(R(X,Y)Z) = €[g(Y, Z)n(X) — g(X, Z)n(Y)], (2.11)
S(X,8) = (n—n(X), Q¢ = e(n — 1)¢, (2.12)

where X, Y, Z € x(M) and g(QX,Y) = S(X,Y).
We note that if ¢ = 1 and the structure vector field £ is timelike, then an ¢ — L P—Sasakian
manifold is usual L P—Sasakian manifold.

Definition 2.1. An ¢ — L P—Sasakian manifold is said to be an 7-Einstein manifold if its
non-vanishing Ricci tensor S of type (0, 2) satisfies [20]

S(Y,2) = ag(Y, 2) + pn(Y)n(Z) (2.13)

where o and 3 are the smooth functions on M. If 3 = 0, then M is said to be an Einstein
manifold.

3. CURVATURE TENSOR IN AN € — LP—SASAKIAN MANIFOLD WITH A
QUARTER-SYMMETRIC METRIC CONNECTION

A linear connection V in a Riemannian manifold M is said to be a quarter-symmetric
connection [7] if the torsion tensor 7" of the connection V is of the form

T(X,Y) = VxY = Vy X — [X, Y] = n(Y)$X — n(X)eY. 3.1)
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where 7 is a 1-form and ¢ is a (1,1) tensor field. If moreover, a quarter-symmetric con-
nection V satisfies the condition

(Vxg)(¥,Z2) =0 (3.2)

for all X,Y,Z € x(M), then the connection V is said to be a quarter-symmetric metric,
otherwise it is said to be a quarter-symmetric non-metric.
A quarter-symmetric metric connection V in an € — L P—Sasakian manifold is given by

VxY = VxY +0(Y)oX — eg(¢X,Y)E. (3.3)

A quarter symmetric metric connection have been studied by various authors such as
Ahmad et al. [1], De and Mondal [5], Singh and Pandey [16] and many others.

If R and S, respectively, are the curvature tensor and the Ricci tensor of a quarter-
symmetric metric connection V in an ¢ — L P—Sasakian manifold M, then we have [9]

R(X,Y)Z = R(X,Y)Z+ (2 — 6)[9(¢X, Z)Y — g(¢Y, Z)$X] (3.4)
Fen(Z)In(Y)X —n(X)Y]+ [ (X)g(Y,Z) = n(Y)g(X, Z)]E,
RX,Y)E=(1-en(¥)X —n(X)Y], (3.5)
R(¢, X)Y =—(1-¢)[g(X, Y)€+n( )X], (3.6)

R(&X)E = (1 - X +n(X)E], 3.7)
S(Y.2)=S(Y,Z)+ (1= e)g(Y. Z) + (ne = 1)n(Y)n(Z) — (2 — €)g(¢Y, Z), (3.8)
S(X.6)=1-en—-1nX), Q¢=~(1~-e)(n—1)¢ (3.9)

for all X,Y, Z € x(M).

Lemma 3.1. Let M be an n-dimensional ¢ — LP—Sasakian manifold with a quarter-
symmetric metric connection. Then we have

(Vx¢)Y = (1 —€)(g(X,Y)E = n(Y)X — 2n(X)n(Y)¢), (3.10)
Vxé=—(1-¢€)9X, (3.11)

(Vxn)Y = (1 —€)g(¢X,Y), (3.12)

(£eg)(X,Y) = 2e9(¢X,Y) (3.13)

forall XY € x(M).

Proof. By the covariant differentiation of ¢Y with respect to X, we have
Vx¢Y = (Vx¢)Y +¢(VxY)

which in view of (3.3) takes the form

(Vx9)Y = (Vx9)Y —eg(6X, 9V )€ — n(Y)p?X. (3.14)
By making use of (2.1), (2.3) and (2.4) in the last equation, (3.10) follows.
Next, we replace Y = ¢ in (3.3) and using (2.2) we find

Vx& = Vx&+n(€)oX. (3.15)
By using (2.1) and (2.5) in (3.15), we get (3.11).
In order to prove (3.12), we differentiate 7(Y") covariantly with respect to X and using
(3.2), we find

(Vxn)(Y) = eg(Y, Vx¢) (3.16)
which in view of (3.11) gives (3.12).
In view of (3.1), the expression (£¢g)(X,Y) = £eg(X,Y) — g(£eX,Y) — g(X, ££Y)
takes the form

(£eg)(X,Y) = Veg(X,Y) — g[VeX — Vx&— ¢X, Y]+ g[X,VeY — Vy& — ¢Y]
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in which using (3.11), we obtain (3.13). ([

In [9], A. Haseeb and R. Prasad have studied n—Ricci solitons in an € — L P—Sasakian
manifold with a quarter-symmetric metric connection and proved the following:

Lemma 3.2. If (g,&, \, p) is an n—Ricci soliton in an ¢ — LP—Sasakian manifold with a
quarter-symmetric metric connection, then
S(Y,Z) = —eq(¢Y, Z) — Xg(Y, Z) — (Y )n(Z), (3.17)
A—eu=(1—-¢)(n—-1) (3.18)
forallY,Z € x(M).
4. n—RICCI SOLITONS IN € — LP—SASAKIAN MANIFOLDS WITH A
QUARTER-SYMMETRIC METRIC CONNECTION ADMITTING CODAZZI TYPE OF
RICCI TENSOR

In this section we consider n—Ricci solitons in ¢ — L P—Sasakian manifolds with a
quarter-symmetric metric connection admitting Codazzi type of Ricci tensor. A. Gray [8]
introduced the notion of cyclic parallel Ricci tensor and Codazzi type of Ricci tensor.

Definition 4.1. An e—L P—Sasakian manifold with a quarter-symmetric metric connection
is said to have Codazzi type of Ricci tensor if its Ricci tensor S of type (0, 2) is non-zero
and satisfies the following condition

(VxS)(Y.Z) = (VyS)(Z, X) (4.1)
forall X|Y, Z € x(M).
Taking covariant derivative of (3.17) and making use of (2.2), (3.10) and (3.12), we find
(VxS)(Y,Z) = (1 = e)[eg(X,Y)n(Z) = n(Y)g(X, Z) = 2en(X)n(Y)n(Z)]  (4.2)
(= ulg(e X, Y)n(Z) + g(¢X, Z)n(Y)].
If the Ricci tensor S is of Codazzi type, then
(VxS)(Y,2) = (VyS)(Z,X). (4.3)
Using (4.2) in (4.3), we have
9(X,Y)m(Z) — g(Y, Z)n(X) + plg( X, Y)n(Z) — g(¢Y, Z)n(X)] =0, (1 —¢€) #0,
which by taking Z = £ and using (2.2) reduces to

9(X,Y) +en(X)n(Y) + ng(6X,Y) = 0. (4.4)
By putting Y = ¢Y in (4.4), we find
9(X, 9Y) + pg(oX, ¢Y) = 0. (4.5)
Replacing X by ¢X in (4.5), we have
9(¢X, dY) + pg(X, ¢Y) = 0. (4.6)
Now adding (4.5) and (4.6), we obtain
(1+p)[g(X,0Y) + 9(¢X,9Y)] =0 4.7

from which it follows that y = —1. From the relation (3.18), we get A = n(1 —¢) — 1.
Thus we have the following:

Theorem 4.1. Let (g, &, A, 1) be an n—Ricci soliton in an n-dimensional e— L P—Sasakian
manifold with a quarter-symmetric metric connection and if the manifold has Ricci tensor
of Codazzi type, then p = —1 and A =n(l —e) — 1.
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5. n—RICCI SOLITONS IN € — L P—SASAKIAN MANIFOLDS WITH A
QUARTER-SYMMETRIC METRIC CONNECTION ADMITTING CYCLIC PARALLEL
RICCI TENSOR

Definition 5.1. An e— L P—Sasakian manifold with a quarter-symmetric metric connection
is said to have cyclic parallel Ricci tensor if its Ricci tensor .S of type (0, 2) is non-zero
and satisfies the following condition [8]

(VxS)(Y,Z) + (VyS)(Z, X) + (V29)(X,Y) =0 (5.1)

forall X,Y,Z € x(M).
Let (g,&, A, 1) be an n—Ricci soliton in an € — L P—Sasakian manifold with a quarter-
symmetric metric connection and the manifold M has cyclic parallel Ricci tensor, then

(5.1) holds. Taking covariant derivative of (3.17) and making use of (2.2), (3.10) and
(3.12), we find

(VxS)(Y,Z) = (1 = leg(X,Y)n(Z) —n(Y)g(X, Z) = 2en(X)n(Y)n(Z)]  (5.2)
—(1 = ulg(¢X,Y)n(Z) + g(6X, Z)n(Y)].
Similarly, we have
(VyS)(Z,X) = (1 = ¢)leg(Y, Z)n(X) = n(Z)g(Y, X) = 2en(X)n(Y)n(Z)]  (5.3)

—(1 = e)ulg(eY, Z)n(X) + g(8Y, X)n(Z)],
and

(V28)(X,Y) = (1 - e)leg(Z, X)n(Y) = n(X)g(Z,Y) = 2en(X)n(Y)n(Z)]  (5.4)
—(L=eulg(dZ, X)n(Y) + g(¢Z,Y )n(X)].
By using (5.2)-(5.4) in (5.1), we obtain
=2[g(X,Y)n(Z) + g(Y, Z)n(X) + g(Z, X)n(Y)] + 6n(X)n(Y)n(Z)

—2plg(d X, Y)n(Z) + 9(¢Y, Z)n(X) + 9(6Z, X)n(Y)] =0, (1 —¢€)#0
which by taking Z = & reduces to

9(¢X,9Y) + pg(¢X,Y) = 0. (5.5)
Replacing Y by ¢Y in (5.5), we have
9(¢X,Y) + pug(¢X, ¢Y) = 0. (5.6)
By adding (5.5) and (5.6), we obtain
(1+w)g(eX,Y) +9(¢X,9Y)] =0 (5.7)

from which it follows that y = —1. From the relation (3.18), we get A = n(1 —¢) — 1.
Thus we have the following:

Theorem 5.1. Let (g, &, A, 1) be an n—Ricci soliton in an n-dimensional e— L P—Sasakian
manifold with a quarter-symmetric metric connection and if the manifold has cyclic paral-
lel Ricci tensor, then p= —1 and A =n(1 —e) — 1.

Definition 5.2. An e— L P—Sasakian manifold with a quarter-symmetric metric connection
is said to have cyclic n—recurrent Ricci tensor, if

(Vx8)(Y,Z) + (VyS)(Z,X) + (VzS)(X,Y) (5.8)
=n(X)S(Y,Z)+n(Y)5(Z,X) +n(Z)S(X,Y)
forall X|Y, Z € x(M).
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Suppose that the manifold M with a quarter-symmetric metric connection has cyclic
n—recurrent Ricci tensor, then (5.8) holds. By using (3.17) and (5.2)-(5.4) in (5.8), we get

(A=2(1=6))(9(X, Y)n(Z2)+9(Y, Z)n(X)+9(Z, X)n(Y))+(6(1=€)+3)n(X)n(Y)n(Z)
+e = 2(1 = )u)(g(e X, Y)n(Z) + g(8Y, Z)n(X) + g(¢Z, X)n(Y)) =0
which by putting Y = Z = ¢ gives i = e\. Thus we have the following:

Theorem 5.2. Let (g, &, A, 1) be an n—Ricci soliton in an n-dimensional e— L P—Sasakian
with a quarter-symmetric metric connection and if the manifold has cyclic n—recurrent,
then | = e

6. ¢-RICCI SYMMETRIC 77—RICCI SOLITONS IN € — LP—SASAKIAN MANIFOLDS
WITH A QUARTER-SYMMETRIC METRIC CONNECTION

Definition 6.1. An e—L P—Sasakian manifold with a quarter-symmetric metric connection
is said to be ¢-Ricci symmetric if the Ricci operator () satisfies

¢*(VxQ)(Y)) =0 (6.1)
forany X,Y € x(M).
Let (g,&, A, 1) be an n—Ricci soliton in an n-dimensional ¢ — L P—Sasakian manifold

with a quarter-symmetric metric connection and the manifold M is ¢-Ricci symmetric.
Then (6.1) holds, which in view of (2.1) yields

(VxQ)Y +n((VxQ)Y)§ =0. (6.2)
Taking the inner product of (6.2) with Z and using (2.2), we find
9(VxQ)Y.Z) + en((VxQ)Y)n(Z) = 0

which can be written as

9(VxQY,Z) - S(VxY,Z) + en((VxQ)Y)n(Z) = 0. (6.3)
Now putting Y = £ in (6.3) and using (3.9) and (3.11), we get

(1—=e)*(n—1)g(¢X, Z) + (1 = €)S(¢X, Z) + en((VxQ)&)n(Z) = 0.

Replacing Z by ¢Z in the last equation and using (2.2), we get

(1—e)(n—1)g(oX,0Z) + S(¢X,0Z) =0, (1—¢) #0. (6.4)
By virtue of (3.17), (6.4) takes the form
A=A =e)(n—1D)]g(¢X,d2) + e(X,90Z) = 0. (6.5)
Replacing X by ¢ X in (6.5), we have
A=A —e)(n—-1)]g(X,02) + (¢X,0Z) = 0. (6.6)
By adding (6.5) and (6.6), we get
A= (1 =e)(n—1)+€(g(X,92) + e(6X, $2)) = 0 (6.7)

from which it follows that A = (1—¢)(n—1) —e. From the relation (3.18), we get x = —1.
Thus we have the following theorem:

Theorem 6.1. Let (g, &, A, 1) be an n—Ricci soliton in an n-dimensional e— L P—Sasakian
manifold with a quarter-symmetric metric connection and if the manifold is ¢-Ricci sym-
metric, then \ = (1 —€)(n — 1) —eand p = —1.
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Now from the relations (2.3), (3.18) and (6.5), we obtain

Thus we have

Corollary 6.2. An n-dimensional ¢-Ricci symmetric € — LP—Sasakian manifold with a
quarter-symmetric metric connection admitting an 1)-Ricci soliton (g, &, \, u) is an Einstein

manifold of the form (6.8).

7. THE n—PARALLEL ¢—TENSOR IN € — L P—SASAKIAN MANIFOLDS WITH A
QUARTER-SYMMETRIC METRIC CONNECTION

In this section we study the n—parallel ¢—tensor in € — L P—Sasakian manifolds with
a quarter-symmetric metric connection. If the (1, 1)—tensor ¢ is n—parallel, then we have

9(Vx¢)Y,Z) =0 (7.1)
forany X,Y, Z € x(M).
By using (3.10) in (7.1), we have
(1= 6)g(g(X,Y)§ = n(Y)X = 2p(X)n(Y)E, Z) = 0.
By using (2.2) in the last equation, we find

(1 =) (eg(X,Y)n(Z) = n(Y)g(X, Z) = 2en(X)n(Y)n(Z)) = 0. (7.2)
Putting Z = £ in (7.2), we get
(1=egX,Y) =n(X)n(Y)) =0 (7.3)

from which it follows that either
(i) € = 1(i.e., the vector field £ is timelike), or (i) g(X,Y") = n(X)n(Y).
Putting X = QX in (i4), we obtain

S(X,Y)=—=(1-¢)(n—1nX)nY). (7.4)
In view of (3.17), (7.4) takes the form
eg(oY, Z) + Mg(Y, Z) + [ — (1 = e)(n — 1)]n(Y)n(Z) = 0. (7.5)
Taking Y = Z = £ in (7.5) and using (2.1) and (2.2), we obtain
A—ep=(1—-¢€)(n—-1). (7.6)

Thus we have the following theorem:

Theorem 7.1. Ifin an n-dimensional e— L P—Sasakian manifold with a quarter-symmetric
metric connection the tensor ¢ is n—parallel, then either the vector field £ is timelike or
the manifold is a special type of an n—Einstein manifold of the form (7.4) and the scalars
Aand p are related by A — ey = (1 — €)(n — 1).

If =0, then (7.6) reduces to A = (1 — €)(n — 1). In this case we have

Corollary 7.2. If (g,&, ) is a Ricci soliton in an n-dimensional e — L P—Sasakian mani-
fold with a quarter-symmetric metric connection with n—parallel ¢p—tensor, then the Ricci
soliton on M is expanding according to the vector field & being spacelike.

Example. We consider the 3-dimensional manifold M = {(m, y,2) € R? } where (z,y, 2)
are the standard coordinates in R3. Let e;, e5 and e3 be the vector fields on M given by

e = cosh:vg,i + S’L'Tlh,l'gi, ey = sinh:vg,i + coshglc;gi ez = i =¢.

8.131 8332 8$1 8332 ’ 8$3
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Let g be the Lorentzian like (semi-Riemannian) metric defined by
gler,e1) = glez,e2) =1, gles, e3) = —¢, gler, e2) = gle1, e3) = g(ez, e3) = 0.
Let 7 be the 1-form on M defined by n(X) = eg(X, e3) = eg(X, ) for all X € x(M).
Let ¢ be the (1,1) tensor field on M defined by
pe; = —eesy, pes = —ceq, pes = 0.
Using Koszul’s formula for the metric g, we can easily calculate
Ve,e1 =0, Ve,e1 = —€ez, Veser =0, Ve e = —€ez, Ve,e0 =0, 7.7
Vegsea =0, Ve €3 = —ea, Ve,e3 = —e1, Vezez = 0.
Also, one can easily verify that
Vx{=epX and (Vx9)Y =g(X,Y){+en(Y)X + 2en(X)n(Y)E.
Thus the manifold M is an € — L P—Sasakian manifold. From (3.3) and (7.7), we obtain
Vee1 =0, Veser = (1 —€)es, Veger =0, Veyea = (1 — €)es (7.8)

ve262 = O, ve362 = 0, Veleg = O, V32€3 = 0, Veseg =0.
It is known that
R(X,Y)Z =VxVyZ ~VyVxZ —VixyZ. (7.9)

By using the above results, we can easily obtain the components of the curvature tensors
as follows:

R(e1,ez)er = eea, R(er,ez)es = —eeq, R(er,ez)es =0, (7.10)
R(ez,e3)er =0, R(ea, e3)es = —ee3, R(ea,e3)es = —ea,
R(el,eg)el = —€e€g3, R(€1,63)€2 = 0, R(el,eg)eg = —eq,
and - - -
R(ey,ex)er = eea, R(er,ez)ea = 2(1 —€)ey, R(e1,ez)es =0, (7.11)

R(eg,e3)er =0, R(ea,e3)es = (1 —€)es, R(ea,e3)es = —(1 — €)ea,
R(e1,ez)er = (1 —¢€)es, R(er,e3)ea =0, R(er,es)es = —(1—¢€)ey.
From these curvature tensors, we can easily calculate
5(61,61) = S(eg,eg) = O, 5(63763) = 72. (712)

S(er,e1) = S(ea,ea) = (1 —¢), S(es, e3) = —2(1 —¢). (7.13)
Now from (3.17) and (7.13), we obtain A = —(1 —¢) and 4 = 3(1 — €). Therefore the data
(9,6, A\, 1) for A = —(1 — €) and p = 3(1 — €) defines an n—Ricci soliton on M.

REFERENCES

[1] Ahmad, M., Jun, J. B. and Haseeb, A., Hypersurfaces of almost r-paracontact Riemannian manifold with a
quarter-symmetric metric connection, Bull. Korean Math. Soc., 46(2009), no. 3, 477-487.

[2] Bejancu, A. and Duggal, K. L., Real hypersurfaces of indefinite Kaehler manifolds, Int. J. Math. Math. Sci.,
16(1993), 545-556.

[3] Cho,J. T. and Kimura, M., Ricci solitons and real hypersurfaces in a complex space form, Tohoku Math. J.,
61(2009), no. 2, 205-212.

[4] De, K. and De, U. C., n-Ricci solitons on Kenmotsu 3-manifolds, An. Univ. Vest Timi. Ser. Mat.-Inform.,
56 (2018), 51-63.

[5] De, U. C. and Mondal, A. K., Quarter-symmetric metric connection on 3-dimensional quasi-Sasakian man-
ifolds, SUT J. Math., 46(2010), 35-52.

[6] De, U. C. and Sarkar, A., On e—Kenmotsu manifold, Hardonic J. 32(2009), no.2, 231-242.

[7]1 Golab, S., On semi-symmetric and quarter-symmetric linear connections, Tensor (N.S.), 29(1975), 249-254.



e — LP—SASAKIAN MANIFOLDS ADMITTING 7-RICCI SOLITONS 325

[8] Gray, A., Einstein-like manifolds which are not Einstein, Geom. Dedicata, 7(1978), 259-280.
[9] Haseeb, A. and Prasad, R., n-Ricci solitons on € — L P—Sasakian manifolds with a quarter-symmetric

metric connection, Honam Math. J., 41 (2019), 539-558.

[10] Haseeb, A. and Prasad, R., *—Conformal n—Ricci solitons in e — L P—Sasakian manifolds, Publ. De L’Inst.
Math., Nouvelle serie, tome 108(122) (2020), 89-100.

[11] Haseeb, A. and De, U. C., n-Ricci solitons in e—Kenmotsu manifolds, J. Geom., 110 (2019), 12 pages.

[12] Kumar, R., Rani, R. and Nagaich, R. K., On sectional curvature of e—Sasakian manifolds, IIMMS, (2007),
Article ID: 93562, 10 pages.

[13] Prakasha, D. G. and Hadimani, B. S., n-Ricci solitons on para-Sasakian manifolds, J. Geom., 108 (2017),
383-392.

[14] Prasad, R. and Srivastava, V., On e-Lorentzian para-Sasakian manifolds, Commun. Korean Math. Soc.,
27(2012), 297-306.

[15] Singh, A. and Kishor, S., Some types of n-Ricci solitons on Lorentzian para-Sasakian manifolds, Facta
Universitatis (NIS), 33(2018), no. 2, 217-230.

[16] Singh, R. N. and Pandey, S. K., On quarter-symmetric metric connection in an L P-Sasakian manifold, Thai
J. Math., 12(2014), 357-371.

[17] Venkatesha, S . V. Vishnuvardhana, e—Kenmotsu manifolds admitting a semi-symmetric metric connection,
Ital. J. Pure Appl. Math., 38 (2017), 615-623.

[18] Xufeng, X. and Xiaoli, C., Two theorems on e-Sasakian manifolds, Int. J. Math. Math. Sci., 21(1998),
249-54.

[19] Yadav, S. K., Chaubey, S. K. and Suthar, D. L., Some results on 7-Ricci solitons on (LC'S),- manifolds,
Surveys in Mathematics and its applications., 13 (2018), 237-250.

[20] Yano, K. and Kon, M., Structures on Manifolds, Series in Pure Math., Vol. 3, World Sci., 1984.

ABDUL HASEEB
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, JAZAN UNIVERSITY, JAZAN, KINGDOM OF SAUDI
ARABIA.

Email address: malikhaseeb80@gmail.com, haseeb@jazanu.edu.sa

LOVEJOY S. DAS
DEPARTMENT OF MATHEMATICS, KENT STATE UNIVERSITY, KENT, USA.
Email address:  1das@kent.edu

MOBIN AHMAD
DEPARTMENT OF MATHEMATICS, INTEGRAL UNIVERSITY, LUCKNOW, INDIA.
Email address: mobinahmad@rediffmail.com



ANNALS OF COMMUNICATIONS IN MATHEMATICS
Volume 3, Number 4 (2020), 326-332

ISSN: 2582-0818

(© http://www.technoskypub.com

ROUGH APPROXIMATIONS OF INTERVAL ROUGH FUZZY IDEALS IN
GAMMA-SEMIGROUPS

V. S. SUBHA* AND P. DHANALAKSHMI

ABSTRACT. In this paper, we introduce the notions of interval rough fuzzy I'-ideals, bi-I'-
ideal, prime-I"- ideal and prime-bi-I'-ideal in I"-semigroup and establish some interesting
properties of these structures.

1. INTRODUCTION

In 1965, the concept of fuzzy sets was introduced by Zadeh[10] and paved the way to
study uncertainty problems. Applications of fuzzy set theory have been found in various
fields. Sen [7] definded the I'-semigroup in 1986. The notion of rough set was introduced
by Pawlak[4] as a new tool for reasoning about data. Rough set theory is a powerful tool to
deal with imperfect data. The rough set theory is an extension of set theory. The main idea
of rough set corresponds to the concepts of lower and upper approximations of a set. The
lower approximation of a given set is the union of all equivalence classes which are subsets
of the set, and the upper approximation is the union of all equivalence classes which have
a nonempty intersection with the set. Zadeh[9] introduced the notion of interval-valued
fuzzy sets as a generalization of fuzzy sets in 1975, ie., a fuzzy subset with an interval-
valued membership function. Later by combining rough sets and fuzzy sets, the notion of
rough fuzzy sets were introduced by Dubois and Prade [2]in 1990. The notion of interval
valued rough fuzzy sets in semigroups was introduced by Subha et al.[5].

Throughout this paper let us denote S as ['-semigroup, 0 as complete congruence rela-
tion and € as interval valued fuzzy set.

2. PRELIMINARIES
In this section we list some concepts that are required in the development of our work.

Definition 2.1. Let S be a I" semigroup and 0 congruence relation on .S. The pair (S, 9)
is called an approximation space. Let € be any nonempty subset of .S. The sets

oH(Q) = {x € §/[r]op C Q} and 0*(Q) = {x € S/[x]o N Q # ¢}
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are called the lower and upper approximations of . Then 9(Q2) = (9'(2),9%(Q)) is
called rough set in (.5, 9).

Definition 2.2. Let (2 be a fuzzy subset of S. The fuzzy subsets of S defined by

()= V Qa)andd'(Q)(x) = A Q)
a€lz]s a€lz]o

are called respectively, the upper and lower approximations of the fuzzy set 2.
() = (04(£2),0%(£2)) is called a rough fuzzy set of  with respect to J if
0L () # 94(Q).
Definition 2.3. Let  be an IF subset of S and [\, \2] € D0, 1], we call (2, [\, \2]) =
{z e X :Q (x) > \,Q"(z) > X2} and
(Q,(A1,A2)) ={z € X : Q (z) > A\, QT (x) > \o} the [A1, Xo]— level set of © and
(A1, A2)— level set of A, respectively.

Let S be the finite and nonempty set called the universe and assume that S is a I'-
semigroup. Let € be an IF subset of S and let J be the complete congruence relation on
S. Let 9(Q) and 9*(Q2) be the IF subset of S defined by,

0" ()(z) = [N (y);y € [z]o, AQ* (y);y € [2]o]
9 (Q)(x) = [V~ (y);y € [z]o, VT (y);y € [a]o]
Then 9(Q) = (9'(2),0%()) is called an IRF set if §'(Q) # 0*(Q).

Theorem 2.1. [5] Let O be a congruence relation on S. If Q is an IF subset of S and
[/\1, /\2] S D[O, 1], then

(1) (9"(2), [A1, A2]) = 0 (€2, [A1, Aa])

(i) (0"(€2), (A1, A2)) = 9"(€2, (A1, Az)).

Theorem 2.2. [8] Let O be a complete congruence on S and ) prime ideal of S. Then the
following statements are true.

(1) If 01 () # ¢, then ) is a O-lower rough prime ideal of S.

(ii) Q is a O-upper rough prime ideal of S.

3. INTERVAL ROUGH FUzzY I'-IDEALS, INTERVAL ROUGH FUZZY BI-I'-IDEAL AND
INTERVAL ROUGH FUZZY SUB-I'-SEMIGROUP (IRFgI, IRF Bgl AND IRF S¢S)

In this section we introduce the concept of IRF set of S. We also introduce the concept
of IRFgl, IRFSgS and IRF Bgl of S. Example of IRF gl is discussed.
An [F subset of S is called an IRFgI of S if it is both upper and lower IRFgI of S.

Theorem 3.1. If Q is an IF gl of S, then 0*(Q2) is an IFgI of S.

Proof. Assume that ) is an IF' left gI of .S, then for all z,y € S, we have
Qzvy) = Q(y).
IQ(xyy) =V Qpve)

JATISIERTIE

V Qpyq)

pElz]ova€(ylo

> \/] Q(q)

q€lylo

=9"(Q)(y)
Hence 0%“(Q2) is an IFgI of S. O

Theorem 3.2. If Q is an IF gl of S, then 0*(Q) is an IF gl of S.

v
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Proof. Similar to 3.1. O
Theorem 3.3. If Q is an IF gl of S, then 0" () is IRFgI of S.
Proof. By applying Theorems 3.1 and 3.2 we get the result. (]

Example 3.1. Let S = {e,a,b} be a I'-semigroup and I' = {v} with the following
multiplication table

o ® o2
oo aolo
SRS
oo ol

Let 0 be a complete congruence relation S and the equivalence classes of S are
{{e},{a,b}}. Also an IF subset of S are defined by Q(e) = [1,1], Q(a) = [.8,.9] and
Q(b) = [.7,.8]. Then Q is an IRFgI of S.

Theorem 3.4. Let ) be an IF subset of S. Then 2 is an IF'gI of S if and only if for all
[A1, A2] € D0, 1] then (2, [A1, A2])(resp., (Q, (A1, A2)) # &, (2, (M, X\2))) isa gl of S.

Proof. Let us assume that  is an IFgI of S. Assume (€2, [A1, A2]) # ¢.

Let z € (Q,[A1,A\2]), y € Sand vy € T. Then Q(z) > [A1, A2]. Since Q is an [Fgl
of S then Q(a:fyy) > Qx) A Qy) > [A1, A2] implies vy € (€, [A1, A2]). Similarly
yyx € (£, [A1, A2]). Hence (€2, [A1, A2]) is an gI of S.

Conversely, let us take [A1, Ao] € D[0, 1] if (€2, [A1, A2]) # &, then (2, [A1, A2]) is an gI
of S.Letz,y € S and v € I". Then we have two cases

Case(I): If Q(z) < Q(y) and let [A\1, A2] = Q(z). Then z € (2, [A1, A2]).

By assumption (2, [A\1, A2]) is an gI of S. So zyy € (€, [A1, A2]). Then

Qzvy) > [M, Ao] = Q(z) = Q) A Q(y).

Case(Il): If Q(x) > Q(y). Let [A1, A2] = Q(y). Then y € (2, [A1, A2]).
By assumption we’ve (€2, [A1, A2]) is an gI of S. So xyy € (2, [A1, A2])

Qzyy) = [A1, Aa] = Qy) = Q) A Qy).

Hence from Case(I) and Case(II) we have Q(zyy) > Q(z) AQ(y). Therefore Q is an IF gl
of S. Similarly we prove for other case. (]

Theorem 3.5. Let ) be an IF gI of S. Then 0% (2) is an IF gI of S.

Proof. Assume that Q) is an IF gl of S. Let z,y € S and v € I then
Qzvyy) = Qx) vV Q(y).
" Q)(zyy) =V  Qa)

a€lzyyla

= V. Q)

a€lz]ov[ylo

= V Qe

c€lzlad€lylo

Z( V Q()>A< \% Q(d)>
[z] delylo

= 94 (Q)(x) A 9 (Q)(y).

Hence the theorem. O
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An IF subset of S is called an IRF' sub-I'-semigroup of S if it is both upper and lower
IRF sub-I'-semigroup of S.

Theorem 3.6. If ) is an IF sub-T'-semigroup of S, then 0*(Q)) is an IF sub-I'-semigroup
of S.

Proof. Assume that 2 is an [F' sub-I'-semigroup of S. Let z,y € S and v € I". Then
Qzyy) > Q(x) A Qy)

ot (Q)(zvy) = \[/ } Q(pyq)
> Vo (Qpr)

 pelalovaclyls

V. (Qp) AQg))

pElz]ovq€(yla

>(V Qp)A(V Q)

pElx]o q€[zlo

= 0"(Q)(x) A 0*(2)(y)
This proves that 9%(€2) is an IF' sub-I-semigroup of S. Similarly we can prove for lower
approximation. d

v

Theorem 3.7. If Q is an IF sub-T-semigroup of S, then 8'(Y) is an IF sub-T-semigroup
of S.

By combining Theorem 3.6 and Theorem 3.7 we get the following theorem.

Theorem 3.8. Let Q) be an IF sub-T'-semigroup of S. Then ) is an IRF sub-I"-semigroup

of S.

Theorem 3.9. Let ) be an IF subset of S then () is an IF sub-I"-semigroup of S if and

only if (Q, (A1, A2)) is a sub-I'-semigroup of S for all [A1, 2] € D|0,1].

Proof. Suppose 2 is an IF sub-I'-semigroup of S. Let x,y € (£2, (A1, A2)) and v € I then
Q(z) > (A1, A2) and Q(y) > (A1, A2) implies Q(zyy) > (A1, A2)

Thus zvy € (€2, (A1, A2)). Hence (€2, (A1, A2)) is a sub-I'-semigroup of S.
Conversely, suppose that (€2, (A1, A2)) is a sub-I'-semigroup of S for each
[A1,A2] € D0, 1]. For any ;,y € S, and v € T. Let

Q(l‘) = [)\1, /\2] and Q(y) = [/\3,)\4}.

Then Q(I) = ()\1, )\2) > ()\1 A A3, Ag A A4) and Q(y) = ()\3, )\4) > ()\1 AN )\3, Ao A )\4)
Thus z,y € (Q, (A1 A Az, Az A Ay)), since (A1 A A3, A2 A Ag) € D[0, 1]. By hypothesis
xyy € (2, (A A Az, A2 A Ayg)). Hence Q is an IF sub-I'-semigroup of S. O

Theorem 3.10. Let Q) be an IF subset of S then S is an IF sub-I'-semigroup of S if and
only if (Q, [A1, A2]) is a sub-T'-semigroup of S for all [\, \2] € DJ[0, 1].
Theorem 3.11. If Q) is an IF Byl of S, then 0" () is an IF BgI of S.

Proof. Assume that Q2 is an IF' BgI of S. Then Q(x8svy) > Q(z)AQ(y) forall z,y,s € S
and 8,v €T

"(Q)(xBsvy) =V Qr)
relzBsyyla
= V Q(r)
relz]oBlslov[yle
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= V Q(pBant)

pqte(z]aBlslov[y]o

>V Q) A Q)]

p€lz]ote(ylo
= 0"(Q)(x)A"(2)(y) ()
From equation (1) and by Theorem 3.1 we obtain 9% (f2) is an [F' BgI of S. O

Theorem 3.12. If 2 is an IF BgI of S, then 8" () is an IF BgI of S.

Theorem 3.13. Let Q) be an IF subset of S. If QY is an I[F Bgl of S, then Q) is an IRF Bgl
of S.

Proof. Follows from Theorem 3.11 and 3.12 O

Theorem 3.14. An IF subset of S is an IF BgI of S if and only if (Q, (A1, \2)) is a Bgl
of S for all [\, A2] € D[0,1].

Proof. Suppose that Q is an IFBgl of S. Let [A1,A2] € DJ0,1]. Then Q is an IF
sub-I"-semigroup of S. By Theorem 3.9 (€, (A1, \2)) is a sub-I'-semigroup of S. Let
t € (Q, (A1, A2))TST(Q, (A1, A2)),y € S and «,8 € T such that t = zayfz. Since
Qisan IFBgl , Q(zayfz) > Qx) AQ(z) > (A1, A2) implies t € (2, (A1, A2)).

Thus (€2, (A1, A2))TST(2, (A1, A2)) C (2, (A1, A2)). Hence (£2, (A1, A2)) isa Bgl of S.
Conversely, suppose that (€2, (A1, A2)) isa BgI of S, then (£2, (A1, A2)) is sub-I"-semigroup
of S. By Theorem 3.9 €2 is an IF' sub-I"-semigroup of S. For any =,z € S and o, 8 € I
Let Q(!L‘) = [)\3, )\4] and Q(Z) = [)\5, )\6] then z, z € (Q, ()\3 A X5, Mg A )\6))

Lety € S then zaySz € (2, (A3 A A5, Ay A Ag)) implies that

Q(zayBz) > (As A A5, A A Xg) = Q(x) AQ(2). Hence Q) is an IF BglI of S. O

4. INTERVAL ROUGH FUZZY PRIME-I'-IDEAL(/RF PgI)

In this section we introduce the concept of IRF Pgl of S.

Theorem 4.1. Let ) be an IF subset of S. Then §) is an IF Pgl of S if and only if for all
A1y Ae] € DI0, 1], (2, [\, Ae]) is @ Pyl of .

Proof. Assume that Q) is an IF' Pgl of S. Then ) is an IF an gI of S. Assume
(Q,[A1,A2]) # ¢. By Theorem 3.4 (9, [A1,\2]) isa gl of S. Letz,y € Sandy € T
then xyy € Qx, a,]- Since Qis an [F Pgl of S. Q(xvyy) = Q(x) or Q(2vy) = Q(y) and
x € (2, [\, A2]) ory € (Q, [A1, A2]) Therefore (€2, [A1, A2]) is a PgI of S.

Conversely, assume that for all [A;, A2] € DJ0, 1],if (£2, [A1, A2]) # ¢, then (2, [A1, A2])
isaPglof S.Letx,y € Sand~y € I'. By Theorem 3.4 Q is an [F gl of S. This implies
Qzyy) > Qy) and Q(zyy) > Q(z). Let Ay = Q(zyy). Thus zyy € (2, [A1, A2)).
Since (2, [A1, A2]) isa Pgl of S, z € (R, [A1, A2]) or y € (€, [A1, A2]). This implies that
@) > [ da] = Q7)o O(y) > [\, Aa] = Qiyy). Hence Qay) = 9x) or
Q(zvy) = Q(y). Hence Q is an IF PgI of S. O

Theorem 4.2. Let ) be an IF subset of S. Then ) is an IF Pgl of S if and only if for all
[/\1, /\2] S D[O, 1], (Q, ()\1, )\2)) isa Pgl OfS

Theorem 4.3. Let ) be an IF Pyl of S. Then ) is an IRF Pgl of S.

Proof. By applying Theorems 3.4, 4.2, 2.1 and 2.2 we get the result. (]
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5. INTERVAL ROUGH FUZZY PRIME-BI-I'-IDEAL (IRFPBgl)

In this section we introduce the notion of IRFPBgl of S also discuss some property
of this ideal.

Theorem 5.1. Let ) be an IF subset of S. Then 2 is an IFPBgl of S if and only if
(Qa [)‘la )\2])(7”68])., (Qv ()‘h /\2)) # d)) isa PBgl Ofo()V every [)‘17 )\2] € D[Ov ”

Proof. Suppose that 2 is an [FFPBgl of S. Then ) is an [F Bgl of S. Assume that
(Q, [M, A2]) # ¢. By Theorem 3.14 (€2, [A\1, Ao]) isa Bgl of S. Letx,y,a € Sand~, 5 €
I such that zvafBy € (2, [A1, A2]). Since  ia an IF PBgI of S, we have Q(zvafy) =
Q(z) or Q(zyafy) = Q(z). Thusz € (Q, [A\1, A2]) ory € (2, [A1, A2]). Hence (2, [A1, A2])
isa PBgl of S.

Conversely, suppose that for all [A1, As] € D[0, 1],if (€2, [A1, A2]) # ¢, and (£2, [A1, A2])
isa PBgl of S. Letz,a,y € S and v, € I'. By Theorem 3.14 Q is an I[FPBgI of S.
Then, we have Q(zyafy) = Q(x) A Q(y).

Let [A1, A2] = Q(zyaBy) and xvaBy € (2, [A1, A2]). Since (2, [A1, A2]) is a PBgl of S,
we have © € (£2, [A1, A2]) or y € (£2, [A1, A2]) which implies

Q) = [A1, o] = Q(zyaBy) or Q(z) = [Ar, Ao] = Q(ayaBy).
Hence Q2 is an IFFPBglI of S. O

A nonempty set IF set € is called an IRFPBglI of S if it is both lower and upper
IRFPBgI of S.

Theorem 5.2. Let Q) be an IF PBgl of S. Then Q) is an IRF PBgl of S.

Theorem 5.3. Let ) be an IFPBgl of S. Then 2 is a 0-lower IRF PBgl of S if and
only if for all [A1, A2] € DI[0,1] O(Q, [A\1, A2]) # ¢, and (2, [A1, X)) is a O-lower rough
PBglI of S.

Proof. Suppose that Q2 is a 9-lower IRF PBgI of S. 9(Q2) is a [F PBgI of S. By Theorem
5.1 (0(£2), [A1, A2]) is a PBglI of S. By Theorem 2.1 9(£2, [A1, A2])=(0(2), [A1, A2]) and
this implies 9(£2, [A1, A2]) is a PBgI of S. Hence (€, [A1, A2]) is a O-lower rough PBgl
of S. Similarly, we can obtain the converse part. (]

Theorem 5.4. Let Q2 be an IFPBgl of S. Then ) is a O-upper IRF PBgl of S if and
only if for all
[A1, A2] € D[0,1] (2, (A1, A2)) # ¢, and (2, (A1, A2)) is a O-upper rough PBgl of S.

Proof. The proof is similar to Theorem 5.3 and follows from Theorem 2.1 we can obtain
the proof easily. (]

6. CONCLUSION

Fuzzy set theory and rough set theory take into account two distinct aspects of uncer-
tainty that can be experienced in real world problems in many fields. The fusion of fuzzy
set and rough set lead to various models. This paper is deliberated to built up a relation
between rough sets, fuzzy sets and interval-valued fuzzy sets. In the present paper, we use
I"-semigroup instead of universe set, and introduced the notion of interval-valued rough
fuzzy ideals, interval-valued fuzzy bi-ideals and interval-valued fuzzy prime ideals. Also,
we believe, this paper will turn out to be more useful in the theory of rough sets and fuzzy
sets.
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